On the interaction between modal behaviour and shear force behaviour of a pneumatic tyre by Tsotras, Achillefs
Loughborough University
Institutional Repository
On the interaction between
modal behaviour and shear
force behaviour of a
pneumatic tyre
This item was submitted to Loughborough University's Institutional Repository
by the/an author.
Additional Information:
• A Doctoral Thesis. Submitted in partial fulﬁllment of the requirements
for the award of Doctor of Philosophy of Loughborough University.
Metadata Record: https://dspace.lboro.ac.uk/2134/6031
Publisher: c© Achillefs Tsotras
Please cite the published version.
 
 
 
This item was submitted to Loughborough’s Institutional Repository 
(https://dspace.lboro.ac.uk/) by the author and is made available under the 
following Creative Commons Licence conditions. 
 
 
 
 
 
For the full text of this licence, please go to: 
http://creativecommons.org/licenses/by-nc-nd/2.5/ 
 
On the interaction between modal behaviour and contact force
development of a pneumatic tyre
Achillefs Tsotras
Abstract
The in-plane phenomena of interaction between the tyre structural response and contact force generation are
investigated in this work. The challenges of the physical tyre simulation are identiﬁed, primarily associated
with the computational load imposed by the need to capture the space distributed mechanisms that pre-
scribe the above interaction. The method of modal expansion and reduction is proposed for the moderation
of this load. The theoretical framework for the transformation of a tyre modal representation into a transient
contact and shear force generation model is developed. Various modelling approaches are examined with
regards to their modal prediction characteristics. Linear and non linear structural features as well as the
physical properties that deﬁne the broad range modal behaviour are identiﬁed. A discretised form of the ring
model is derived and combined with a foundation of viscoelastic tread elements for simulating the transient
contact behaviour of the tyre. The resulting pattern of the modes’ excitation justiﬁes the validity of the
modal reduction method and reveals the relative importance of various mechanisms and physical properties
in tyre contact behaviour. The interaction between the friction controlled shear slip of the tread, the belt
compliance and the sidewall buckling is found to be reﬂected on the two-dimensional contact pressure distri-
bution patterns. A method able to simulate the dynamic transient rolling and slipping operating conditions
is developed, although the small displacement assumption of the modal approach is dropped. The method,
which is based on the combined modal-time and space-time domain solutions, is applied on the study of
the physical mechanism of the launch process. The examination of the model under steady state kinematic
conditions reveals the saturation of the traction force for profound levels of slip, which highlights the con-
tribution of the structural mechanisms on the macroscopically observed shear force performance of the tyre.
The variation of the modes’ level of excitation, as induced by the operating conditions, is proposed for the
capture of the physical properties eﬀect on tyre behaviour and performance.
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Chapter 1
Introduction
1.1 Problem description and work motivation
Since the beginning of the 20th century, the pneumatic tyre has been the dominant solution for the realisation
of the rolling contact of the automotive wheels with the ground. Its capability of traction force development,
due to the distinctive frictional characteristics of the rubber material, in combination with the vibration
insulation properties of its inﬂated structure gave to the pneumatic tyre a signiﬁcant advantage in comparison
to any other available technical solution. Both the development of the vehicle dynamics engineering and the
evolution of the automotive design have been closely coupled with the technical progress in the ﬁeld of the
tyre science. As the output of the vehicles’ powertrain was reaching new levels it was the tyre development
that allowed or obstructed the parallel progress in the actual performance of the vehicles.
Nowadays the traction potential is just one of the key objectives and challenges that deﬁne the design
of the automotive tyres. Additional factors like the NVH characteristics, the structural integrity, the load
bearing capability and the rolling resistance are just some of the properties and the objectives taken into
consideration not only in the development of a new tyre but in its successful integration in the vehicle
dynamics platform as well. It is by no surprise that the satisfaction of a broad range of technical requirements
constitute a complex engineering problem given especially that in many cases, such as the development of high
traction and low rolling resistance forces for example, these characteristics are accomplished by contradicting
mechanical properties and design solutions. Today, more than ever, the tyre science tries to deﬁne and predict
the optimum balance between the contradicting performance characteristics of a modern automotive tyre.
Various computational engineering tools and an excessive series of measurements and testing procedures are
used in this design optimisation process.
Such is the importance, though, of the pneumatic tyre for the dynamic performance and the NVH rolling
behaviour of the vehicle, that it may be reasonably argued that its chassis is designed and developed around
the tyres’ capabilities, especially for critical applications, such as the motorsport use vehicles. The resulting
requirement for the integration of the tyre’s and the chassis’ design processes in one development platform
generates a vital need for the in-common study and mathematical modelling of their interacting performance
characteristics. The move of the automotive industry towards the virtual development and virtual testing
methods, due to the strict time scales and budgets of the development cycles of the new products, makes the
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new vehicles’ platforms physically available only towards the latest stages of their design. In eﬀect, most of
the engineering development work is accomplished using simulation tools as opposed to physical testing. A
new vehicle-tyre combination is tested for reﬁnement and ﬁne-tuning purposes at a stage that it is practically
impossible any major change to be implemented. On the above basis, the radically increasing importance of
the tyre modelling and simulation science cannot be questioned.
1.2 Tyre modelling background
Historically, as it will be extensively presented in the following chapter, the early attempts for the modelling
of the tyre behaviour were focused in its shear force performance. The characteristic development patterns
of the tyre forces and moments, as functions of the slip and the vertical load, were already experimentally
identiﬁed since the early automotive tyre applications and their crucial eﬀect on the dynamic characteristics
of the ground vehicles has, since then, motivated numerous attempts for their comprehension and prediction.
Furthermore, the repeatability of these patterns, for various tyre designs and a broad range of operating
conditions was the key motivation for the early modelling attempts, which, by no surprise, were empirical
models. Such attempts led to the widespread adoption of certain analytical expressions that capture accu-
rately the tyre shear force behaviour as it is acquired by experimental measurements. Tyre models based on
the same concept, signiﬁcantly developed developed over the years, still constitute the basic tyre modelling
tool widely adopted by the automotive industry.
What the accurate reproduction of the tyre performance measurements cannot, though, oﬀer is an insight
in the actual physical mechanisms that prescribe the macroscopically observable behaviour and performance
of the pneumatic tyre. Although most of these mechanisms are well known (and to some extent well described
in a mathematical way) their non linear nature and their varying, according to the operating conditions, level
of contribution to the tyre behaviour have obstructed the development of their mathematical descriptions
into tyre models that could be used by the automotive industry. On the other hand, the tyre mechanics
science, either industry or academia based, has presented tyre models based on the representation of the
respective physical mechanisms which are able to simulate some particular aspects of the tyre performance
characteristics within considerable level of ﬁdelity. The signiﬁcant computational load and time, though,
associated with these models, together with the complex process of identiﬁcation of their parameters, limits
the application of them to the detailed research on some individual tyre behaviour characteristics, as opposed
to the complete tyre performance and its interaction with the dynamics of the vehicle.
The main reasons for the increased computational eﬀort which is imposed by the physical tyre modelling
approaches may be summarised as:
∙ The tyre structural behaviour is associated with various aspects of the tyre performance, given that
the harmonically varying forces of the rolling contact excite a characteristic vibrational response.
Accordingly, the modelling representation of the whole tyre cylindrical structure is essential for the
capture of the resulting phenomena.
∙ The contact area, in which the tyre shear forces are developed, corresponds to a small only segment
of the tyre circumference. The modelling of the related frictional phenomena imposes, though, the
extremely ﬁne representation of this contact section, as it is displaced along the tyre circumference and
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varies in shape and dimensions.
Obviously, these two characteristics impose the modelling of the whole tyre structure at a level of detail
able to oﬀer an accurate representation of the contact and shear forces, something that increases radically
the computational load associated with the respective calculations. Moreover, as it will become apparent
in the present study, the interaction of these two behavioral aspects (structural response and shear force
development) is a key mechanism that deﬁnes the transient performance of the tyre.
The outcome of the above modelling requirements and challenges is the progressive evolution of two
distinctive tyre modelling approaches. On one side the simulation requirements of the automotive industry
have led to the development of extremely accurate empirical models that can be easily integrated either in
the vehicle dynamics or ride and comfort simulation studies. On the other side the tyre science insists on
the development of physical models which capture the actual mechanisms of the tyre behaviour. Although
such models oﬀer a signiﬁcant contribution to the industry or academia based tyre R&D activities, their
computational load suspends their integration in the general vehicle dynamics simulation platforms.
1.3 The tyre modelling challenge and the scope of the present
work
Obviously, the gap between the two tyre modelling approaches, the physical concepts investigated by the tyre
science and the macroscopic models used by the vehicle dynamics one, could be bridged by the development
of tyre physical models of signiﬁcantly reduced computational load and simpliﬁed parameters’ identiﬁcation
procedures. Ideally, such models would oﬀer a physical insight in the behaviour of the tyre as imposed by its
physical mechanisms under realistic operating conditions and would additionally allow for the investigation
of the tyre’s interaction with the dynamic behaviour of the vehicle. Moreover, this approach would enable
the integration of the tyre model in the vehicle dynamics one at the very early stages of the chassis design
and the parallel development of tyres that would meet the particular speciﬁcations and requirements of
every application. Apart from the achievement of performance optimisation, the reduction of the necessary
physical tests would improve the eﬃciency of the automotive vehicle development process.
On the above basis, the computationally eﬃcient, physical modelling of one of the predominant interaction
mechanisms that deﬁnes the transient behaviour and performance of the tyre will be the main topic of the
present work. The simulation of the two-dimensional interaction between the structural response and the
shear force development of the tyre will be thoroughly investigated. The challenges associated with the
particular attempt will be initially identiﬁed through an analysis of the most established tyre modelling
approaches. This non-exhaustive literature survey will highlight those particular modelling aspects that
such an approach should incorporate so as to contribute to the above tyre modelling challenge.
The present work serves as an investigation of the basic steps and modelling enhancements that are
necessary for the development of an NVH tyre model into a transient shear force one. Various aspects of this
modelling evolvement, even the well established ones, are critically considered against similar approaches and
their contribution in the representation of certain characteristics of the tyre behaviour is highlighted. The
association of these characteristics with the model’s physical properties, examined from the point of view of
the achieved computational eﬃciency, is the key contribution of the study to the tyre modelling science.
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Chapter 2
Tyre modelling methods and
challenges
This chapter consists of two sections. In the ﬁrst part a summary of the main tyre modelling approaches
is given. This presentation brieﬂy captures the general background, the simulation capabilities and the
modelling aims that led to the development of each approach. Although only a brief description is given
for every model, their basic characteristics, advantages and limitations become apparent.The presentation
also highlights the reasons for the development of the modelling approach which will be presented in the
following chapters and identiﬁes the place of this work on the tyre modelling map. For this reason, existing
models that exhibit a similarity in the simulation method and in their capabilities with the model developed
herein, such as the ring models family, will be presented in more detail.
In the second part of the chapter the discussion will be carried over to a crucial aspect of the tyre
behaviour, its viscoelastic properties and their eﬀect on its frictional performance. A brief presentation of
the main viscoelastic material characteristics will be attempted, from a historical point of view. The evolution
of the established contact and tribological theories will be summarised, together with their applications on
the viscoelastic frictional behaviour explanation attempts. The extent of the presentation may surpass the
essential one for the present study, it was, though, considered to be beneﬁciary for the highlight of the
current and future tyre research challenges, not only in respect to the simulation techniques, topic covered
in the ﬁrst part of the chapter, but also in respect to the identiﬁcation and understanding of the physical
mechanisms which dictate the tyre behaviour.
2.1 Tyre models and their categorisation
The number of the tyre models in the existing bibliography is signiﬁcantly high, as the tyre behaviour can be
examined from various, diﬀerent from each other, points of view and consequently the strict categorisation
of the tyre models is a challenging task. Moreover, the capture by each approach of the tyre physical
mechanisms, the associated computational load and its degree of accuracy are just a few of the factors that
have led to the development of numerous hybrid models, matching speciﬁc needs and applications. Three
main perspectives of categorisation, which are presented in ﬁg. 2.1, may be summarised as:
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Figure 2.1 – Three criteria of categorisation of the tyre modelling approaches.
1. Categorisation according to the modelling method:
∙ Physical models
A mathematical description of the physical mechanisms that deﬁne the tyre behaviour is sought
by such models. The complexity and the non-linearity of these mechanisms, though, dictate the
incorporation of radical simpliﬁcations in them, the nature of which varies from model to model.
∙ Empirical or experimental models
These models attempt to correlate analytical mathematical expressions with ranges of experimen-
tal measurements. Common interpolation and extrapolation data-ﬁtting techniques are applied
for the prediction of the tyre performance in conditions close to the experimental ones.
2. Categorisation according to the modelling aim:
∙ Shear force generation models
Such models focus in the prediction of the horizontal shear forces and are commonly incorporated
in vehicle dynamics models. The kinematic conditions of the vehicle prescribe the tyre operating
conditions, while the generated forces act as dynamic excitation inputs to the vehicle.
∙ NVH models
Such models examine the tyre behaviour from the point of view of the structural vibrations,
which are excited by the contact-rolling conditions or by the road-proﬁle irregularities. In the low
frequency range these models focus in the transmissibility of the vibrations to the vehicle’s chassis
through the wheel and the suspension. In the higher frequency range, the noise generation and
propagation phenomena are studied using the respective models.
3. Categorisation according to the capability of transient phenomena simulation:
∙ Steady state models
These models examine the tyre performance under constant rolling and slipping operating condi-
tions.
∙ Transient models
The response of the tyre to transient operating conditions is examined. The modelling of the
interaction between the shear force generation and the structural vibrations phenomena is their
common enhancement compared to the steady state ones.
Apparently, tyre physical representation imposes a greater modelling challenge than the respective em-
pirical one, as the tyre behaviour has to emerge through the superposition and the interaction of various
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Figure 2.2 – The basic characteristics of the empirical, the physical and the intermediate models, after[1].
physical mechanisms. At the same time, an empirical model may oﬀer much higher accuracy and correlation
with the actual tyre behaviour, given that its only requirement is the accurate prediction of certain values.
The distance between the pure physical and the pure empirical representations is covered by a vast num-
ber of hybrid (intermediate) models, placed closer to the one or to the other approach. The construction
and the simulation potential of many of them is comprehensively presented by Pacejka in [1]. The basic
characteristics of the intermediate models are presented in ﬁg. 2.2, after [1].
The conceptual diﬀerence between the shear force and the NVH physical models, derives from the sim-
pliﬁcation approach followed in each of the two cases. In the ﬁrst case an accurate representation of the
contact area phenomena is attempted, while the contribution of the out of contact section of the tyre struc-
ture is neglected or incorporated in a simpliﬁed way. On the other hand, NVH models propose a structural
representation of the whole tyre, usually common for the in and out of contact sections. The possible con-
tact is imposed to these studies through the application of the respective boundary conditions or dynamic
excitations. Apparently, the above modelling diﬀerence imposes a signiﬁcant diﬀerence in the frequency
range of the phenomena that may be captured by each of them. The NVH models may cover a broader
frequency range, the breadth of which increases with their modelling complexity, as discussed by Reinalter
in [2], following the frequency-complexity correlation initially presented in [3] (ﬁg. 2.3).
Trying to follow the complexity induced order, the following presentation of the tyre models will start
from the steady state ones. Firstly, the main characteristics of the tyre behaviour, which are captured by such
models, will be presented. Historically, the tyre modelling science started as an attempt for the physical
identiﬁcation -in the case of the physical modelling- or the mathematical description -in the case of the
12
Figure 2.3 – The categorisation of the tyre models, according to their use by the automotive industry. (after [2], originally
in [3])
empirical modelling- of the steady state tyre behaviour patterns. Interestingly, although these patterns are
easily observed experimentally, the identiﬁcation of the associated with them physical mechanisms remains
one of the greatest challenges of the tyre science, as will be later discussed. The transformation of both
kinds of steady state models (physical and empirical) into simple transient ones will be later presented.
More advanced transient models, with increased simulation capabilities, will follow, but at the same time it
will become apparent that, for reasons related to the computational load of each of them, these advanced
models complement but do not substitute the simpler ones.
2.1.1 The basic characteristics of the tyre shear force generation
The steady state tyre shear force development exhibits some basic, characteristic patterns which are sum-
marised in the following:
∙ The shear forces as functions of slip
Shear force in both the longitudinal and the lateral direction (deﬁned according to the orientation of
its crown plane) is primarily a function of the tyre slip. In the ﬁrst case, the slip value is deﬁned by
the diﬀerence between the velocity corresponding to the rolling motion and the velocity corresponding
to the actual displacement. In the second case (lateral force), the slip is deﬁned as the angle between
the displacement velocity and the crown plane orientation [1]. For low slip values, both force functions
are linear and proportional. For higher slip values, though, a saturation behaviour can be observed,
and a maximum (peak) force slip value can be identiﬁed. Further increase of the slip results in a
slight decrease of the force value and later in its ﬁxation at a constant value. The plateau-shaped
force development with the slip is a vital tyre characteristic and imposes a signiﬁcant eﬀect on the
dynamic behaviour of the vehicle. Typical experimental curves of tyre coeﬃcients of friction with slip
are presented in 2.4, after[4].
∙ The vertical load eﬀect
As the shear force generation is based on a frictional mechanism, both longitudinal and lateral tyre
forces increase with the vertical load. Although for most materials a proportional development is
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(a) Lateral friction coeﬃcient.
(b) Longitudinal friction coeﬃcient.
Figure 2.4 – Shear force coeﬃcient development with slip, for various road surfaces, after [4].
observed, which corresponds to a constant coeﬃcient of friction, this is not the case for the tyre forces.
The force-load function is a non linear one, which corresponds to a decreasing coeﬃcient of friction
with the load. The lateral force development with load under constant slip angle, is presented in ﬁg.
2.5, after [4]. The load eﬀects play a major role in the tyre-vehicle interaction as they introduce a
range of load transfer associated phenomena.
∙ The interaction between the two in-plane forces
Although theoretically the friction along the two, vertical to each, tangential to the road develops
independently, this is not true in the actual tyre behaviour. The simultaneous development of slip
along the two directions (longitudinal slip and slip angle) results is the severe deterioration of both of
them. The interaction is presented in ﬁg. 2.6.
∙ Aligning moment
Apart from the shear forces, the development of the aligning moment is another major performance
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Figure 2.5 – The eﬀect of the vertical force on the lateral force development, after [4].
Figure 2.6 – The deterioration of the tyre shear force under combined slip conditions, after [1].
characteristic which tyre shear models attempt to capture. Its reliance on the slip angle, though,
is diﬀerent from the one of the forces. The aligning moment increases with the slip angle, reaches a
maximum value and deteriorates radically for a further increase of the slip angle. Some typical aligning
moment development functions with the slip angle, for various levels of the vertical load, are presented
in ﬁg. 2.7
2.1.2 The empirical steady state shear force models
In the ﬁrst empirical modelling attempts, experimentally gained data were directly used for the tyre behaviour
representation in the form of look-up tables or graphical plots. Early analytical representation models, such
as the one presented by Sitchin [5], divided the available data range in zones, in order the most appropriate
mathematical function to be applied to each of them. It soon became apparent, though, that the experimental
data follow certain mathematical forms for a wide range of vertical load values. Consequently, a force-slip
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Figure 2.7 – The aligning moment development with the slip angle, after [4].
curve may be adjusted (extrapolated) for diﬀerent load conditions by the vertical and horizontal magniﬁcation
and shifting of an initial single curve. In reverse, a ”non-dimensionalisation” process of a wide range of curves
results in a single one within great accuracy (ﬁg. 2.8). This similarity property was ﬁrst noticed by Pacejka
[6]) while a detailed analysis of it may be found in [7, 8, 1]. A direct result of the similarity property
is the capability of using certain analytical mathematical functions not only for the reproduction of the
experimentally gained data, but also for the extrapolation of them in tyre operating conditions out of the
range of the available data.
The most established empirical tyre model is the Magic Formula one [9, 10], which started as a common
project between Delft University and Volvo. The core of the model consists of a combination of basic
trigonometric functions and a number of shifting, shape, curvature and peak factors, able to adjust the
trigonometric expression so as to match any set of experimental measurements. Magic Formula is able to
describe the combined slip tyre performance and aligning moment generation, based on pure lateral and
pure longitudinal slip measurements. Many enhancements of the Magic Formula model have been proposed
over years, the prediction potential of which now incorporates various eﬀects, such as the camber angle, the
turn slip, the ply steer and the tyre conicity. A comprehensive presentation of the Magic Formula model
and its numerous variations may be found in [1], together with a description of the identiﬁcation process of
its numerous parameters.
Although the model is still based on a data-ﬁtting procedure, substantial eﬀorts have been put not
only into the optimisation of the parameters identiﬁcation procedure, but also into the possible correlation
of them with the tyre physical mechanisms. Such attempts have led to the generation of a number of
hybrid, empirical-physical, models, the so called ”semi-empirical” ones. Sharp and Bettela in [11] and Sharp
in [12] present a systematic analysis of the parameters’ identiﬁcation procedure and the required set of
experimental measurements. An identiﬁcation method based on a ﬁnite element model is proposed by Rao
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(a) Lateral force (b) Aligning moment
Figure 2.8 – Lateral force and aligning moment curves for a range of vertical loads after a ”non-dimensionalisation”
process, after [1]
et al in [13]. The incorporation into the Magic Formula model of external to the tyre factors, such as
the road roughness, the weather conditions and the suspension characteristics of the vehicle is discussed
by Arosio et al in [14]. A genetic algorithm based identiﬁcation procedure is proposed by Lu and Shih in
[15] for the parameters’adjustment to the road characteristics and the vehicle velocity. The most signiﬁcant
enhancement of the Magic Formula model, though, has been the superposition on it of a simpliﬁed transient
behaviour sub-model, which transforms it into an adjustable and computationally eﬀective low frequency
transient model. Such methods have been proposed by Higuchi and Pacejka [16] and by Pacejka and Besselink
[17].The actual transient mechanism will be described later, when such simpliﬁed transient models will be
examined.
2.1.3 The physical steady state models
The physical steady state models oﬀer a simpliﬁed representation of the tyre-road interaction phenomena
along the contact area, resulting in the macroscopic frictional characteristics described above. The funda-
mental mechanism of this method is the prediction of at least two distinctive zones of ﬁnite length in the
contact area. Along one of them the tread of the tyre adheres (stick zone) to the road and along the other
one the tread creeps (slip zone). The non-linear dependency of the shear force on the load and the slip are
accredited to the variations in the relative length of these zones.
Although physical steady state models may incorporate the deformation compliance of the tyre belt,
this is typically accomplished in a simpliﬁed way, focusing in its eﬀect on the friction force generation.
Such approaches cannot prescribe the development of the vertical pressure distribution along the contact
area, which is necessary for the prediction of the transition between the two contact zones. In result, a
certain vertical pressure distribution is a priori assumed, in terms of both magnitude and shape. It has been
experimentally veriﬁed that under common tyre operating conditions, the deviation of the distribution shape
from a parabolic/trapezoidal one is insigniﬁcant [18, 17] and such a shape is commonly adopted.
The underlying mechanism in every physical steady state approach is the contact stiﬀness concept, as
introduced by Winkler in [19]. He proposed a discretised stiﬀness foundation for the prediction of the contact
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Figure 2.9 – A representation of a brush tyre model (from [1]) and the predicted behaviour of the bristles for an increasing
slip angle.
pressure development between two bodies. In the application of the concept in the tyre modelling (brush
models family) the stiﬀness elements are assumed to lie on the road plane, instead of the perpendicular to it
direction. Their shear deformation, as the tips of the bristle elements adhere to the road, and their slip oﬀer
the development of the two contact zones. The concept is visualized in ﬁg. 2.9. A historically organized
survey of the brush models can be found in [20], while a comprehensive analysis of the brush model predicted
tyre behaviour is presented in [1]. It should be mentioned that although physically the brush models’ theory
is based on the discretisation of the tread, the shear force calculation is accomplished in an analytical way,
which oﬀers a signiﬁcant computational advantage over pure tread discretisation approaches.
Sharp and El-Nashar in [21] presented a discretised algorithm based on an approach similar to the
one of the brush concept. Every bristle was equipped with radial, tangential and longitudinal stiﬀness
property, and consequently the model could predict the vertical contact pressure distribution. The shear
force was numerically calculated following the deformation a bristle along the contact area and calculating
its equilibrium position in discretised positions. A stiﬀness-based model for the prediction of the steady
state shear force was also presented by Gim and Nikavresh in a series of articles [22, 23, 24]. The tyre
was modelled as a three-dimensional stiﬀness foundation (radial, longitudinal and lateral) and the approach
incorporated their interaction but not the calculation of the contact pressure distribution, which was a priori
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(a) Lateral force (b) Aligning moment
Figure 2.10 – The eﬀect of tyre compliance incorporation on the lateral force and the aligning moment prediction of
a series of tread elements (a: string type compliance, b: beam type compliance, c: symmetric parabolic
carcass deﬂection, d: rigid carcass; reprinted from [1], originally in [28])
assumed as a parabolic one. Levin in [25] introduced a brush steady state model with enhanced modelling
capabilities, including tread dynamic phenomena, as an inertia property was assigned to each bristle. Two
sliding zones (one at the beginning and one at the end of the contact area) were predicted while the shear
force generation was based on anisotropic friction properties along the two dimensions and diﬀerent static
and sliding friction coeﬃcients. Lately, Salaani [26] used the brush analytical concept for the construction
of a steady state physical model, enhanced by the incorporation of performance parameters derived by the
analysis of experimental results.
The brush model approach encompasses a physical conceptual discontinuity in the transition from the
adhesional to the sliding zone. Along the ﬁrst one, the orientation of the bristle deformation and of the
shear force is dictated by the wheel velocity direction and the relative to each other bristle stiﬀness along
the two in-plane directions. Along the sliding zone, though, the force orientation is solely dictated by the
wheel velocity. A third, transition, zone is introduced by Sorniotti and Velardocchia in [27], where the bristle
elements progressively change their orientation from the one to the other. In the same study, the phenomena
related to the bristles’ stiﬀness non linearity with the vertical load are accounted for.
The stiﬀness property of each bristle of a brush model theoretically represents the combined structural
stiﬀness characteristics of both the tread and the belt (carcass) of the tyre. In respect, a crucial evolution of
the brush models was the incorporation of a separate belt representing deformation mechanism. Although the
particular enhancement concept is associated with the simulation of transient phenomena capability, it also
improves the simulation accuracy of the steady state approaches. In ﬁg. 2.10 the eﬀect of the incorporation
of diﬀerent kinds of carcass compliance on a simple brush model is presented, regarding the lateral force and
aligning moment prediction.
Sharp in [29] discussed the enriched simulation potential resulting from the addition of lateral, longitu-
dinal and yaw relative ﬂexibility between the bristles’ basis and the wheel. Pauwelussen [30] modelled the
belt deformation using a string mechanism and combined it with a brush steady state model. The string
deformation was expressed through the expansion in the structural eigenvectors (Kernel functions) and the
relative participation of the corresponding modes, an approach more common in the NVH models, as will
be later discussed.
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Figure 2.11 – The concept of the inertia equipped translating contact patch, presented by Pacejka and Besselink in [17]
for the implementation of the transient behaviour in the Magic Formula model.
2.1.4 The simpliﬁed transient shear force models
In this section, tyre models able to represent the tyre behaviour under transient operating conditions will be
examined. Simpliﬁed dynamic characteristics are incorporated in the models, representing their macroscopic
eﬀect on the frictional performance of the tyre. The simpliﬁed approach suspends the direct association of
macroscopic transient frictional tyre characteristics with the physical dynamic phenomena along the contact
area. In physical terms, such models remain steady state ones, but in computational capability terms they
may be referred as transient ones.
A major modelling approach for the macroscopic representation of tyre transient behaviour is the single
point contact concept, a detailed presentation of which may be found in [1]. According to that, the contact
area is deduced to a single contact point which is attached to the wheel through a combined lateral and
longitudinal Kelvin-Voigt element. Two ﬁrst-order time diﬀerential equations are derived, one for each in-
plane direction of deformation, which describe the slip development as a function of the relative velocities
between the contact point and the wheel. The calculated slip values may be used as inputs to any steady
state friction model, such as the Magic Formula. This concept was ﬁrstly presented by Pacejka and Besselink
in [17] and later it was further developed with the addition of the inertia property to the contact point [1].
The time coeﬃcients, calculated by the contact point diﬀerential equations, may be explicitly used for
the simpliﬁed modelling of the transient tyre response. The concept leads to the derivation of the relaxation
length property of the tyre [1], representing its ﬁrst order dynamic behaviour. A high relaxation length
value corresponds to a slow, low frequency-like , tyre response, while a low relaxation length corresponds to
a fast, high frequency-like, response. Although the relaxation length property is not directly related with any
physical one, its easy experimental identiﬁcation enables the superposition of low frequency range dynamic
characteristics to any steady state shear model. Clover and Bernard in [31] extended the relaxation length
concept to the study of longitudinal tyre dynamics.
TMeasy is a commercially available semi-empirical tyre model, based on the single contact point concept.
The model was initially presented by Rill [33], while the latest version is described in [34]. Apart from the
ﬁrst order dynamic behaviour of the shear forces and aligning moment development, the eﬀects of excessive
camber angle and varying vertical load are also accounted for. Starting from the comprehensive steady-state
simulation study of Gim and Nikavresh (presented in [22, 23, 24]), a macroscopic transient behaviour was
added to it by Gim et al [32] leading to the construction of a semi-empirical transient model. The model
(ﬁg. 2.12) incorporates analytical functions of physical properties for the force prediction, while the results
are ﬁne-tuned according to experimental data ﬁtting process.
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Figure 2.12 – The combination of empirical and physical-analytical methods for the representation of the tyre’s force
characteristics, in the model, presented by Gim et al, after [32].
The availability of continuously increasing computational power moves the centre of attention of the
simulation studies towards advanced models with increased physical correspondence, which will be later
discussed. At the same time , though, the demand for simpliﬁed but accurate shear force models is also
increasing, as such models are embedded in the software of the modern chassis electronic control systems
(ant-block brake systems, traction and stability control systems, etc.). Such models must be able to simulate
in real time the tyre frictional behaviour close to its traction limit, based on a minimum set of easily measured
chassis’ behaviour values. Other aspects of the tyre behaviour are neglected in favor of the robustness and
the computational speed. The implementation of the tyre as a subsystem of a brake stability control system
is presented in ﬁg. 2.13, after [35].
As a typical example of this category of models the LuGre friction model may be mentioned. The model,
named after the control research groups of the universities of Lund and Grenoble, was initially introduced in
[36, 37], as a direct evolution of the Dahl friction model [38], based on a stress-strain like dynamic relationship.
The LuGre friction model simulates the basic tyre friction characteristics, such as the velocity dependency,
the dynamic (memory) behaviour and the stick-slip motion, all of them associated with the viscoelastic
material properties, as will be later discussed. The model was proposed as a dynamic tyre friction model in
[39]. Various one dimensional and two-dimensional improvements of the initial model have been proposed,
such as the ones described in [40, 41]. The LuGre friction model is comprehensively described by Astro¨m
and de Wit in [42], while Liang[43] presents its latest tyre simulation applications.
Moving towards more advanced transient tyre representations, the physical mechanisms correlating rep-
resentation of the belt dynamic behaviour comes into play. Various models of the carcass deformation have
been proposed, since its actual structure is composed by many diﬀerent materials and exhibits signiﬁcant
anisotropy. As it has been discussed, a ﬁrst approach is the physical representation of the belt deformation
along the contact area as opposed to the structural representation of the complete belt circumference. His-
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Figure 2.13 – The tyre as part of the ESP control system of the vehicle, after [35]
torically, two analytical mechanisms have been proposed for the capture of this deformation [1]: the string
and the bending ones.
The string under tension model was initially introduced by Von Schlippe in [44], while a comparative
study of a number of string based shear force transient models can be found in [45]. Single or multiple
strings are commonly assumed, while radial and axial stiﬀness foundations are used for their support and
wheel attachment. The string mechanism is commonly incorporated in the calculation of the relative slip
velocities along the contact area for the derivation of the models’ equations, while Liu et al in [46] proposed
a method based on the geometrical deformations of the contact area.
The string mechanism introduces a second order diﬀerential equation capturing the belt lateral defor-
mation along the tyre circumference. Interestingly, a mathematical expression similar to the one derived
by the relaxation length concept is acquired. The combination of a string model derived relaxation length
with a Magic Formula tyre is presented by Higuchi and Pacejka in [16]. Both relaxation length concepts
(contact point model and string model derived) are incorporated in the commercial software PAC2002 [47],
as transient enhancements of the Magic Formula model, able for dynamic simulations up to 12퐻푧.
Starting from the discretised contact stiﬀness physical concept, various transient models have been devel-
oped through the incorporation of belt dynamics. The combination of a stretched string with a foundation
of brush elements was introduced by Pacejka in [48] for the study of the tyre shimmy phenomenon, while
later [49] the inertia eﬀect was incorporated to it. An analytical presentation of the combined string-brush
models may be found in [1]. Moreover, the multi-spoke steady state model which was presented by Sharp
and El Nashar in [21] has been developed into a transient one by Zhou et al in [50].
The incorporation of the bending physical mechanism increases the model’s computational load, compar-
atively to the truss one, as the belt deformation is captured by a fourth-order diﬀerential equation. Mastinu
and Fainello [51] presented a bending beam based approach, which was later developed in a semi-analytical
form by Mastinu et al [52]. In general, the bending mechanism based approach broadens the frequency range
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Figure 2.14 – The string mechanism based model (from [1]) in a single and a multiple version, the latter including a
tread foundation.
of the model’s applicability towards the combined shear and structural NVH phenomena representation, as
it will be later discussed in detail. However, before moving the discussion to the modelling of the vibrational
behaviour of the tyres, it should be clariﬁed that the term ”simpliﬁed”, which was used for the description of
the transient models up to this point, is not derived from their frictional phenomena simulation capability,
which may be exceptional. The term refers to the lack of capability of simulating secondary eﬀects related
to the structural deformation, which may be acquired only through complete structural models, such as the
eﬀects of the rolling velocity, the varying contact area dimensions, etc.
2.1.5 The simpliﬁed vibrations models
The vertical vibrational behaviour of the tyre can be easily simulated in case the shear force generation
and the contact area phenomena, in general, are neglected. The tyre behaves as a non-linear viscoelastic
structure, transmitting to the wheel the excitation imposed by the road proﬁle. The stiﬀness non-linearity
is primarily induced by the sidewall structure of the tyre and its shape variations. In a simpliﬁed approach
the rotation and the contact area eﬀects are not taken into consideration and the contact may be regarded
as a single point boundary condition.
The simplest, linear, model which is used for the modelling of the vertical tyre behaviour is the Kelvin
element, consisting of a stiﬀness and a viscous damping element in parallel conﬁguration. The combination of
a number of such elements for the capture of the low frequency radial behaviour of the tyre was investigated
by Dunn [54]and later by Olatunbosun and Dunn [55]. Kao [53] proposed the simulation of the tyre vertical
behaviour through a pair of combined spring and mass elements, in serial conﬁguration (ﬁg. 2.15), the BAT
model. One of the elements corresponds to the sidewall behaviour, while the other one corresponds to the
enveloping property (shape conformation of the belt circularity to the road plane).
Although a non linear stiﬀness property may capture the static vertical deformation behaviour of the
tyre and the combination of multiple elements may accurately describe its low frequency radial dynamic
behaviour, the applications of such models are limited. Their basic limitation is the lack of capability of
coupling with the shear force generation mechanism, of representing the contact area development and of
simulating the rolling eﬀects. Such phenomena are vital for the NVH performance and characteristics of the
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(a) The BAT model. (b) The displacements corresponding to the two stiﬀness
properties.
Figure 2.15 – The simpliﬁed BAT model and the physical analogy of the two stiﬀness properties, after [53].
tyre, which are studied by the models of the following category.
2.1.6 The advanced transient models
The tyre models examined in this section, approach the tyre as a complete circular (two-dimensional) or
cylindrical (three-dimensional) structure. The vibrational behaviour is not deduced any more to its vertical
corresponding component but the complete radial, circumferential and out of plane behaviour may be theo-
retically captured. The possible incorporation of the actual tyre shape into the model enables the simulation
of the contact area generation, as imposed by the operating conditions. In result, transient phenomena asso-
ciated with the interaction between the structural deformation and the shear force generation (shuﬄe eﬀect,
drive-train dynamics, traction/braking induced vibrations, secondary ride phenomena) may be captured by
the more advanced models of this category. The broad and enhanced simulation capabilities of these models,
though, is usually accompanied by the signiﬁcant increase of the respective computational load, especially
in case such a model is used for the simulation of transient interaction phenomena between the shear force
generation and the vibrational behaviour of the tyre.
Although the frequency range of the majority of these models, makes them applicable to both shear force
and NVH studies, usually they are developed with a clear orientation towards the one or the other. This has to
do with certain simpliﬁcations, diﬀerent in each case, introduced in order to decrease the computational load.
Apparently, shear force oriented models incorporate simplifying assumptions on the structural deformation
of the belt, while the NVH models assume simpliﬁed contact conditions.
Obviously, the frequency range of the tyre NVH behaviour is signiﬁcantly broader than the range as-
sociated with the dynamic behaviour of the vehicle. The shear force generation based interaction between
the tyre and the vehicle is captured by a shorter frequency range than the NVH one. In case, though, the
contact deformation and the contact area phenomena are studied as part of the vibrational behaviour of the
study, instead of being apriori imposed to the model, the shear force generation associated modal range of
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interest radically broadens. Moreover, the current development of advanced traction and braking control
systems has signiﬁcantly increased the importance of the high frequency tyre dynamics and their eﬀect on
its frictional performance.
Following the study of Sugiyama and Suda [56], the transient tyre models may be categorised according
to their degree of belt compliance. Accordingly, rigid belt, ﬂexible belt and detailed discretised modelling
categories may be deﬁned, in an increasing frequency range order. These categories will be examined in the
following, together with their capability of shear forces prediction.
The rigid ring model
The simplest transient approach, satisfying the circular shape criteria, is the rigid ring model. The model
assigns a full set of six spatial degrees of freedom (three translational and three rotational ones) to the
carcass circular structure, which is reduced to a two-dimensional (in-plane) ring. All the degrees of freedom
are suspended by the sidewall stiﬀness foundation, attaching the ring to the wheel. Apart from the relative
displacement between the wheel and the belt no other deformation pattern is accounted for. The in and out
of plane modes of a rigid ring model are presented in ﬁgs. 2.16(b) and 2.16(c) respectively.
As a direct result of the ring non ﬂexibility simpliﬁcation, the contact area development, the eﬀect of
the road irregularities and the load related phenomena are omitted from the simulation. Obviously, as the
tyre vertical pressure distribution cannot be represented, no physical friction generation mechanism may
be incorporated in the model. The modelling discontinuity between the belt deformation and the frictional
phenomena, though, allows for the artiﬁcial superposition of any macroscopic shear force model to the rigid
ring modal behaviour, according to the desired accuracy and the available computational resources.
The rigid ring was ﬁrstly proposed as a transient in-plane tyre model by Jagt [57] and Zegelaar [58], while
the concept was later extended to the lateral tyre behaviour [59]. Zegelaar et al in [60] proposed the in-plane
rigid ring model as a simpliﬁcation of a ﬂexible ring model, which was used for the numerical identiﬁcation
of the common modes. A brush model was used for the derivation of the relaxation length property of the
single point contact. As the belt non-deformability would result in the overestimation of the contact stiﬀness,
the concept of the residual stiﬀness is introduced for the correct static behaviour of the tyre. Zegelaar and
Pacejka, in [61], use the quasi-static behaviour of a ﬂexible ring for the derivation of the corresponding to
the rigid ring excitation caused by road unevenness. In [62] a rigid ring model equipped with a relaxation
length transient shear force sub-model was used for the study of the tyre response to brake torque variations.
The potential of the rigid ring model for the representation of the dynamic cornering and braking behaviour
of the tyre was experimentally veriﬁed by Maurice in [63].
An interesting comparison of the longitudinal simulation performance of three models based on the Magic
Formula one was presented by Jansen et al in [64]. In particular, a steady state one, a relaxation length
transient and a rigid ring equipped model were compared. The study is focused in the simulation of the
response to brake force variations induced by a typical ABS braking system. The results indicate that the
steady state assumption, cannot be applied above 10퐻푧, while the application limit of the relaxation length
transient model is in the area of 30퐻푧. The rigid ring model was found able to capture higher frequency
phenomena.
A relaxation length equipped Magic Formula is also used as a shear force generation sub-model in the
commercially available version of the rigid ring model (TNO MF-SWIFT), which is analytically presented in
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(a) General overview.
(b) The in-plane rigid modes of the ring.
(c) The out-of-plane rigid modes of the ring.
(d) The residual stiﬀness concept.
Figure 2.16 – Some basic characteristics of the SWIFT model, after [1].
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Figure 2.17 – The CDTire family of models, after [68]
[1, 65]. The model (ﬁg. 2.16) is proposed for a broader frequency range of studies (60−100퐻푧) compared to
the simple transient Magic Formula (8퐻푧). Interestingly, the simulation of the response to short wavelength
road proﬁle irregularities is incorporated in the above model, although the single point contact assumption is
retained, using an eﬀective road proﬁle concept. Another rigid ring based semi-empirical transient model is
the UniTire, introduced in [66] for real-time applications up to 8Hz. The model, the latest version of which
is described in [67], proposes an analytical, polynomial-exponential, relationship between the developed slip
and the frictional force. The ﬁrst member of the CDTire family of models (ﬁg. 2.17) [68], the CDTire 20
one, is also based on a rigid ring approach, combined with a viscous-elastic sidewall and an analytical shear
force generation sub-model.
Obviously, the next step in the models development is the incorporation of the belt structural deformation
at an in or out of plane level. The belt deformability enables the implementation of the contact deformation
and the resulting contact pressure distribution in the simulation process, oﬀering the capability of the repre-
sentation of the shear force generation through a physical mechanism. This major simulation enhancement
oﬀers a physical insight into the interaction between the frictional characteristics and the structural response
of the tyre.
It should be highlighted, though, that the calculation of the shear force behaviour of the tyre through
the structural deformation mechanism imposes a signiﬁcant increase in the computational load which is
associated with the model. This increase results from the realisation of the contact along a small portion
of the tyre’s circumference (less than 10% for typical tyre loads according to [18, 1]). Accordingly, the belt
deformation has to be examined at an extremely high level of spatial resolution in order an accurate friction
generation mechanism to be incorporated in the model. Consequently, although the structural behaviour of
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(a) The experimental set up.
(b) The mode shapes and the natural frequencies.
Figure 2.18 – The modal experiment and the theoretical ring model eigendata, as presented by Bo¨hm in [69].
the tyre has long ago been mathematically modelled and numerous analytical or discretised models have been
proposed, this did not lead to the generation of physical shear force tyre models. Such structural models have
been traditionally used for the theoretical investigation of the vibrational characteristics of the tyre, but not
for detailed investigation the contact area phenomena. As presented in the following, even when the contact
tyre vibrational behaviour was to be modelled, simpliﬁed boundary conditions were applied (single point
contact or constant boundary conditions). Only lately the available computational power has enabled the
generation of models that may accurately model both the shear force generation, the structural deformation
of the tyre and most important their interaction along the contact area. Following this historical order,
the structural vibrations focused tyre models will be ﬁrstly presented and the models with the capability of
combined frictional and vibrational simulation will follow.
The deformable ring model
Historically, the ﬁrst analytical structural representation of the tyre belt, from a vibrational point of view,
has been the ﬂexible ring on elastic foundation (REF) model foundation. Although the ﬁrst analysis of the
modal behaviour of the ring may be attributed to Hoppe [70], its proposal as a tyre in-plane vibrations
simulation tool was accomplished much later (1960’s). Tielking [71], Dodge [72], and Clark [73] (all aﬃliated
with Michigan University) presented ring model based studies simultaneously, while almost at the same
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time, Bo¨hm [69] veriﬁed the correlation between the vibrational characteristics (natural frequencies and
mode shapes) of his ring model with the experimental data acquired by him and earlier by Chiesa et al [74].
The existing literature is rich in experimental validation studies of ring models, such as the studies presented
by Potts et al [75], Zegelaar [76], Yam et al [77], Guan et al [78], Perisse and Hamet [79] and Geng et al
[80].
Tielking in [71] introduced the inextensibility assumption, leading to the simpliﬁcation of the ring equa-
tions of motion through the coupling of radial and tangential deformation along the ring circumference.
Inextensibility is commonly introduced in low frequency range studies. Pacejka, in his contribution to the
classic work of Clark [81], introduced the tangential sidewall stiﬀness in addition to the previously proposed
pure radial one. Viscoelastic characteristics were attributed to the ring model by Padovan in [82], a study
focused in the standing waves formation.
The analytical ring model remains even today the most established simulation tool of the in-plane tyre
vibrational behaviour. This does not source solely from its excellent correlation with the experimental results,
but is also related to the straightforward application on it of the modal expansion technique. The double
axis symmetry of the ring entitles the expression of its structural mode shapes (the radial and tangential
deformation patterns associated with each of the ring’s natural frequencies) in an analytical way, using
trigonometric functions. Although the response of the tyre is theoretically synthesized by inﬁnite modes,
the modal basis is practically reduced to a small number of modes, depending on the frequency range of
the model. The structural response of the tyre is expressed by the linear combination of the mode shapes
participating in the solution. The method (to be presented and analysed in detail in the following chapters)
oﬀers a signiﬁcant advantage over the representation of the model in the space domain. Using the modal
expansion approach the spatial discretisation of the structure is independent from the frequency range of the
model, which can be decided upon the simulation aims of the study. Soedel in [83] oﬀers a broad analysis of
the method and its capabilities and limitations.
Although the ring model has been presented and used in various tyre simulation studies, the diﬀerent
mathematical expressions proposed for its equations of motion, which will be presented in chapter 3, are
certainly confusing. To a great extent, this lack of consistency derives from the various ways in which the
ring equations may be acquired as simpliﬁcations of the shell equations of motion. The classic work of Leissa
[84] oﬀers a detailed presentation of the diﬀerent assumptions that may be used and the resulting equations
of motion.
The ring model ,when proposed as a tyre simulation one, is imposed to the inﬂation or combined inﬂation
and rotation induced pretensions, which alter its vibrational characteristics. In order such phenomena to be
captured by the model, non-linear terms are introduced in the equations, as has been shown by Pacejka in
[81], Padovan [82] and Potts [75]. Diﬀerent approaches may be followed for the derivation of the non-linear
terms, a case which is also captured by work of Leissa. Further discussion on the computational eﬀects of
the mathematical inconsistency of the ring equation of motions may be found in chapter 3.
The rotation eﬀects
Before examining the application of the contact on the ring models, the theoretical rotation eﬀects should be
discussed. The centrifugal force imposes a pretension eﬀect, resulting in a stiﬀer modal behaviour. Coriolis
acceleration on the other hand is associated with more complicated modal eﬀects. Bryan proposed ﬁrst
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(a) Inextensional modes. (b) Extensional modes.
Figure 2.19 – The bifurcation eﬀect of the Coriolis acceleration on the inextensional and the extensional modes, as
presented in [96]. Both the rotation speed (horizontal axis) and bifurcated natural frequencies (vertical
axis) are given as ratios to the stationary natural frequencies for every mode (푛).
the equations of the rotating ring in his classic work of investigation of the rotating wine glass [85]. Later,
Carrier [86] and Johnson [87] presented improvements to the initial theory.
Coriolis acceleration results in a bifurcated modal behaviour of the structure, compared to the stationary
one. Every double mode of the non rotating model is substituted by two rotating ones with the same modal
number but with diﬀerent to each other natural frequencies. These natural frequencies emerge as functions of
the stationary ones and the angular velocity. Although, in general, the rotating ring frequencies increase with
the velocity, the contrary behaviour may be initially observed in the low velocity range for low modal numbers,
a behaviour which, though, depends on the applied modelling assumptions. The bifurcation behaviour
of various models of rotating rings or cylindrical structures in general have been analytically derived by
Padovan [88] (for prestressed structures), Endo et al [89] (in correlation with experimental results), Bickford
and Reddy [90] (including shear deformation and rotary inertia), Saito and Endo[91] (for diﬀerent kinds of
cylinder boundary conditions), Lin and Soedel [92] (comparison between thick and thin ring assumptions)
and Natsiavas [93] (the eﬀect of the rotation velocity magnitude). The rotational eﬀects on the out of plane
modal behaviour of ring structures have been presented by Eley et al [94] and Kim and Chung [95].
Focusing in the ring rotation eﬀects from a tyre modelling point of view, their implementation in respective
tyre models has been presented by Padovan [97] and Potts [75]. Huang and Soedel [96] presented the
centrifugal and Coriolis eﬀects on a ring tyre model (ﬁg. 2.19). The case of a stationary point load applied
on a rotating ring was compared to the inverse problem of a rotating excitation on a standing ring. The
two responses were found to be in good agreement, for low rotation speed. As the excitation frequency
of the rotating excitation, though, approaches the natural frequencies of the stationary model (condition
commonly referred as critical speed for the lowest rotation velocity - mode combination) the two cases predict
signiﬁcantly diﬀerent responses. It should be mentioned that according to their analysis, the rotating ring
shows no critical speed, as both pretension and Coriolis acceleration (for high rotation velocities) result in
the increase of the natural frequencies with the angular velocity. In the same study it was also concluded
that the Coriolis eﬀect is stronger than the pretension one for common tyre rotation conditions and model’s
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Figure 2.20 – The formation of the tyre standing wave, after [102]
properties. The study was extended by the same authors in [98], where the pretension eﬀect of the inﬂation
pressure was also included and the general response to harmonic and periodic load cases was examined. The
coupling of a rotating tyre model with a wheel and a suspension system was latter accomplished by Huang
and Hsu [99]. Wei et al [100] applied a method initially proposed by Meirovitch [101] for the capture of the
transient response of a rotating ring model under a point concentrated excitation.
Typically, the study of the rotation eﬀects has been associated with the prediction of the possible struc-
tural instabilities, given that such a condition may be imposed by the contact boundary conditions of a fast
rotating tyre. Under the non rotating assumption, where contact rolling is simulated by a rotating excita-
tion on a stationary structure, instability is commonly associated with the critical speed and the standing
wave formation, as it may be observed by a stationary observer (ﬁg. 2.20). This approach (stationary tyre
- rotating excitation) was followed by Tielking [71] and later by Soedel [103], although the latter study
assumed a thin shell model, instead of the ring one. When, though, the rotation eﬀects are incorporated
into the structural models, the examination of the possible instability occurrence is not easy, as the natural
frequencies are derived by non-linear, diﬀerent for every mode, functions of the rotation velocity (ﬁg. 2.19).
The existence or not of a critical speed and a resulting instability behaviour for a rotating ring model has
been for long a topic of contradicting theoretical simulation results. In most cases, such results could not be
experimentally veriﬁed, as the coexistence of the viscoelastic damping mechanism practically suspends the
unstable behaviour.
Padovan [88] using a rotating prestressed cylinder model predicted the existence of a critical speed and an
unstable behaviour. Extending this approach, he added the viscoelastic eﬀects on a standing wave formation
study [82]. Endo et al [89] proposed a diﬀerent set of equations of motion to theoretically support their
experimentally gained conclusions that no instability was identiﬁed in the behaviour of a rotating ring.
Bickford and Ready [90] supported the above conclusion in their theoretical study. Lin and Soedel [92],
though, showed that rotation may cause the extensional ring modes to be associated with lower frequencies
than ﬂexural ones and that the non-prediction of instability by the previous researchers was a result of
incomplete inclusion of the rotation in the equations of motion. The theoretical prediction or not of the
rotation induced instability depends on the followed modelling approach, as has been discussed by Kim and
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(a) The model proposed by Kropp, after [108]. (b) The evolution of the Kropp model to a two layers structure,
after [109].
Figure 2.21 – The plate models developed by Kropp and Larsson.
Chung in [95]. Focusing in the usual tyre modelling ring models and properties, the instability case was
investigated by Huang and Soedel in [96] and a non existence of a critical speed was predicted. The coupling,
though, of the tyre model with a suspended wheel [99] introduces the possibility of an unstable behaviour,
although in rotation velocities out of the range of interest for automotive applications. Doorman [104]
presented an instability analysis on a similar system, expressing the equations of motion in a non-rotating
system of axis. A comprehensive presentation of the rotation phenomena implementation in a modal model
has been included in the work of Soedel [83].
Other modal models and their NVH simulation potential
The simulation of the tyre vibrational behaviour is not accomplished purely by ring based models. Other
two-dimensional and three-dimensional models have been proposed for the capture of the tyre deformation.
A three-dimensional, thin shell model, for example, was proposed by Soedel in [103] for the study of the
standing wave phenomena of a rolling tyre and a toroidal membrane model was described by Saigal et al in
[105].
As the interest of the studies moves from the vibrations related, low frequency range, towards the noise
related, high frequency one, the eﬀects of the circularity and the inﬂation pretension on the modal behaviour
fade and the bending mechanism of the belt becomes the dominant factor. Accordingly, a two-dimensional
plane plate is the common modelling approach in the frequency range above the one associated with the
ring behaviour. The model properties that aﬀect the modal behaviour in each frequency range has been
discussed by Perisse et al [106] and by Muggleton et al [107]. The ring and plate models were compared with
experimentally gained modal data by Perisse and Hamet [79]. Better frequency correlation was exhibited by
the ring model in the low frequency range and by the plate model in the higher one.
Kropp in [110] proposed an orthotropic, pretensioned, planar plate model for the simulation of high
frequency tyre modal behaviour, including both the circumferential belt and the sidewalls (ﬁg. 2.21(a)).
Later the model was further developed by Larsson and Kropp [109] and a tread representing, plate layer (ﬁg.
2.21(b)) was added.This approach was used by Dinkova and Kropp [111] for the simulation of the modal
behaviour of a truck tyre. In the plate model proposed by Muggleton et al [107] the vertical to each other
tread and sidewall plates are connected by a stiﬀness foundation ﬁg. 2.22. Pinnington and Briscoe [112]
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(a) Overview. (b) Representation of a section.
Figure 2.22 – The plate model proposed by Muggleton, after [107].
(a) The model used for the derivation of the wave equation. (b) The bending, shear and rotational
belt waves.
Figure 2.23 – The wave model of Pinnington and Briscoe, after [112].
proposed the modelling of the tyre vibrational behaviour using waves propagating along the belt, which was
modelled, together with the sidewall, as a plane plate (ﬁg. 2.23). In the latest development of this approach
[113, 114] the geometrical eﬀect of the belt and the sidewall curvatures is also included in the equations used
for the wave derivation.
Moving the discussion from the analytically expressed models to the discretised ones, it should be men-
tioned that the modal expansion and reduction techniques can be also applied to such models, decoupling
the space discretisation from the modal range of the model. In general, the discretised models which are
used for the capture of the tyre modal behaviour are diﬀerent from the high number of degrees of freedom
models that are used for the detailed representation of the response of the structure to contact induced exci-
tation, that will be later presented. The discretised modal models represent basic geometrical and material
characteristics that aﬀect the tyre modal behaviour. In respect, the necessary, for the accurate capture of
the vibrational characteristics, number of elements is much lower than the number of elements required to
represent the contact behaviour of the model.
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(a) The curved ﬁnite element devel-
oped by Chang et al, after [115].
(b) The tyre as a doubly curved thin shell, after [116].
Figure 2.24 – The ﬁnite element used by Chang et al for the simulation of the tyre modal behaviour and the represen-
tation of the tyre as doubly curved thin shell of revolution.
Figure 2.25 – The discretised modal model proposed by Mousseau and Hulber, after [117].
Chang et al [115] used a thin, doubly-curved, axisymmetric, shell element for the tyre belt representation
(ﬁg. 2.24). The derived model was modally expanded for the calculation of the dynamic behaviour of a
radial tyre, under a traveling sinusoidal point excitation. The modal prediction of the model was correlated
with a respective ring one in [116], where also both of them were used for the study of the transition from the
modal behaviour of a tyre mounted to a ﬁxed wheel to the one of a tyre mounted to a free wheel. Mousseau
and Hulbert [117] presented a discretised modelling approach, assigning membrane under tension properties
to the sidewall and a beam-bending behaviour to the belt (ﬁg. 2.25).
The contact implementation in the NVH models
The tyre modal behaviour acquired by the theoretical models and validated by experimental work was used
in numerous studies for the investigation of rolling contact related vibrational phenomena, such as the above
described standing wave formation [103, 97]. The road contact though, apart from a dynamic excitation, also
imposes a boundary (non penetration) condition and, as such, alters the modal characteristics of the tyre.
Soedel and Prasad in [118], proposed a theoretical method for the prediction of the tyre modal behaviour
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(a) The non-contact mode shapes. (b) The contact mode shapes.
Figure 2.26 – The non-contact mode shapes and their transformation under contact conditions, under [118].
under point contact boundary conditions, based on the non-contact one, as acquired by any theoretical or
experimental method. A bifurcation-like splitting of the modes was predicted, induced by their orientation
ﬁxation according to the position of the contact along the circumference. Applying a similar method, Huang
[119] and Huang and Su [120] calculated the modal characteristics of a rotating, pretensioned, ring tyre
model, under point, vertical and vertical/tangential respectively, contact boundary conditions.
Kung et al dropped the single contact point assumption in their study of the eﬀect of the tread pattern
on the tyre modal response [121]. The point excitation was ﬁrstly upgraded to a line one, characteristically
modelled as an knife edge along the axial dimension, and later to a series of edges along the tyre circum-
ferential direction, corresponding to contact area of ﬁnite dimensions(ﬁg. 2.27). The study took also into
consideration the contact pressure distribution along and across the contact area for the calculation of the
excitation force at every point. The important step towards the combined shear forces and structural re-
sponse simulation was the adoption of the contact stiﬀness foundation concept. The contact in not realised
any more by road adherence boundary conditions but a discretised stiﬀness foundation is introduced between
the belt and the road, in a way similar to the respective steady state tread modelling approach (presented in
section 2.1.3). Furthermore, and in contrast to the steady state application of the concept, the foundation
may now extend to two dimensions, enabling the physical and transient derivation of the contact pressure
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(a) Single point excita-
tion.
(b) Multi point, single knife edge excitation. (c) Multi point, multi knife edge excitation.
Figure 2.27 – Visualization of the knife edges concept introduced by Kung et al for the study of the tread patten induced
excitation, after [121].
distribution.
Zegelaar in [76] used a two-dimensional stiﬀness foundation for the study of the contact modal charac-
teristics of a ring model, while a similar model was proposed by Zegelaar and Pacejka [61] for the study of
the frictionless rolling of a tyre over a cleat. A similar approach was followed by Kim and Savkoor [122]
for the study of frictional steady state rolling of a tyre on a plane road surface. Rustighi and Elliot [123],
presented a ring model study where the dynamic road excitation was calculated as a function of the surface
roughness and the rolling velocity. The model was extended to a three-dimensional one by Rustighi et al
in [124], where the analytical ring model was substituted by a respective ﬁnite element formulation. The
contact stiﬀness concept has been also combined with plate models for the simulation of the high frequency
contact dynamics. The tangential road interaction and friction phenomena are neglected in this high fre-
quency category of contact models. Such studies, focused in the tyre noise generation, have been presented
by Kropp [110], by Larsson and Kropp [109] and by Andersson and Kropp [125]. An enhanced advanced
approach was proposed by Wullens and Kropp in [108], where the belt plate model was coupled to a tread
representing one. The contact behaviour of the latter plate was modelled using an elastic half-space, under
a uniform normal pressure, in contact with the rough road surface. Lopez et al [126] presented a vibration
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(a) The model and its properties, after [122]. (b) The model under road contact deformation, af-
ter [76].
Figure 2.28 – The combination of the ring on elastic foundation belt model with the contact stiﬀness foundation.
model where the eﬀect of the structural non linearity, exposed by the contact deformation, is also captured
by the modal model, which is then excited by the road roughness.
From the modal models to the complete tyre behaviour modelling: Challenges and diﬃculties
Summarising the above discussion on the modelling of the tyre vibrational behaviour, it may be concluded
that the structural modal characteristics and the eﬀects of contact and rotation on them may be captured
by various models. The arising question, though, is why given the computational eﬃciency of the above
modal representations, such models have not been further developed to include the simulation of the shear
force generation. The answer to this question may be given through the analysis of the additional modelling
challenges associated with the physical shear force calculation.
In contrast to the vertical contact reaction, the transient shear force generation cannot be directly trans-
formed into a modal excitation problem. The friction is a non linear force, the value of which does not
depend only on the structural response of the belt but also on the shear motion (slip) characteristics. These
characteristics change radically over time and the transient shear force generation can only be acquired in
the time domain of calculation as opposed to the frequency one. The computational advantage of the belt
behaviour representation in the modal (frequency) domain is lost, as the solution has to be acquired through
a numerical simulation process over time. The case is further discussed by Wullens and Kropp in [108],
where a mixed modal-time simulation method is also proposed.
Using a model based on a modal representation for the combined tyre simulation, the vertical pressure
distribution (a necessary input for the friction model) is derived by the contact induced structural deforma-
tion. Although the modal basis necessary to capture this structural response under pseudo-static contact
equilibrium conditions can be easily identiﬁed the derivation of a similar modal basis under transient contact
conditions is diﬃcult. The varying contact area dimensions and belt deformation continuously change the
vertical contact pressure distribution, together with the necessary breadth of the modal basis which is able to
capture these physical changes. An obvious answer would be that an extended modal basis, including higher
modes, would deﬁnitely increase the accuracy of the model. Given though that such a modal basis extension
certainly increases the computational load of the model, the appropriate modal basis breadth cannot be
easily derived.
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Continuing on the above, the frequency range of the tread-road interaction mechanism, must be identiﬁed
in order the belt modal basis to be accordingly expanded or reduced. The frictional contact of the tyre,
though, imposes a very wide frequency range of excitation. The road roughness and proﬁle irregularities,
the stick-slip shear motion of the tread and the friction force non linearity theoretically correspond to step
excitation patterns and in order to be captured by a modal domain model an inﬁnite frequency breadth is
theoretically necessary. In reality, though, the range of the excited belt modes is not exactly the same with
the theoretical frequency range of the excitation. The energy dissipation, induced by the various damping
mechanisms of the tyre, deduces the actual number of modes participating in the belt response and the
associated frequency range. The tyre damping mechanisms are related to the viscoelastic properties of the
tyre, which are present in both the belt and the tread structures. Whether the response corresponding
to a certain modal excitation will be present in the total tyre response or not, depends on the damping
coeﬃcient of that mode. The tyre viscoelastic mechanisms, on the other hand, are diﬃcult to be identiﬁed
and accurately modelled as they depend on a number of factors that cannot be practically included in the
model, such as the thermal behaviour. For the above reasons, the uncertainty associated with the modal
range able to represent the interaction between the frictional and structural tyre phenomena is the main
reason that suspends the application of the modal models on the combined simulation approaches.
Another factor which is believed to suspend the use of the modal based models for the shear force
generation modelling is the actual nature of the contact deformation. Although contact takes place in a
small portion of the tyre’s circumference, the respective radial deformation in this area is high. Moreover,
the physical mechanism which controls this deformation is a non linear one, due to the sidewall buckling
behaviour. If a linear sidewall stiﬀness is assumed for the contact behaviour of the tyre, the contact pressure
overestimation severely deduces the accuracy of the acquired results. Characteristically, Miege and Popov in
[127] predict a 44% higher contact stiﬀness value than the experimental one, under a linear sidewall approach.
It is evident that the resulting contact pressure distribution cannot be used for the accurate simulation of
the shear force generation. Bo¨hm, in his original study [69], presented the sidewall geometry eﬀect on
the sidewall stiﬀness, as did Zegelaar and Pacejka in [61] and Pinnington in [128]. In all these studies, a
membrane mechanism is used for the capture of the sidewall behaviour. Such a mechanism, though, may
only be incorporated in a space domain calculation, since it requires the derivation of the belt deformed
dimensions. Accordingly, the simulation of the tyre’s contact behaviour cannot be accomplished solely in the
modal domain and a intermediate step of sidewall behaviour calculation in the space domain is necessary.
An apparent solution to the above problem would be the use of the in-contact modal data for the belt
representation instead of the ones corresponding to an undeformed condition. The procedure may be based
on either experimental or theoretical modal data (as described in section 2.1.6). The contact, in this case,
is not treated as an external excitation to the model, as its eﬀect has already been incorporated in the
modal expression of it. If steady or within a certain range contact deformation or boundary conditions are
applied, this method signiﬁcantly improves the accuracy of the predicted response to other excitation inputs
(torque, road irregularities). If, though, the contact deformation and the contact area are to be predicted
by the model, or a broad range of operating conditions are to be applied to it, such an approach cannot
be used. Obviously, the transient simulation potential of the model is deduced when the contact boundary
conditions are not calculated as part of the total response of the system but are a priori induced to the model.
Especially in case where the variations of the contact conditions are believed to play an important role in
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the development of the transient phenomena (e.g. shuﬄe eﬀects, coupling of the tyre and the suspension
dynamics) the computational expensive method of the on-the-run calculation (in the space domain) of the
contact variations is the only valid approach. The above discussion could similarly cover the incorporation of
the rotation eﬀects on the modal characteristics. Although the eﬀects of the rotation under constant angular
velocity may be easily incorporated into a modal model (see section 2.1.6), when this model is to used for the
response calculation across a range of angular velocity values, the modal expansion should be either repeated
or a computational error should be accepted. On the other hand, the rotation eﬀects are embedded in the
space domain expression of the equations of motion and accordingly, a varying angular velocity value may
be accounted for without any further computational requirement [129].
It is clear from the above discussion that the evolution of a tyre structural models into combined vibra-
tional and shear force generation one is not a straight forward task. Characteristically, even when such a
physical modelling approach is chosen for the belt deformation, an indirect link with the shear force genera-
tion mechanism is chosen. The second member of the CDTire family [68], the CDTire 30 (ﬁg. 2.17), consists
of a ﬂexible ring on a viscoelastic sidewall foundation to which a brush model shear force model is coupled.
Kim et al [130] proposed a three-dimensional model that is based on a modally expressed belt model and
a discretised two-dimensional contact stiﬀness foundation. The approach, though, uses a pseudo-transient
contact interaction algorithm which reduces the modal content of the interaction to a shape conformation
corresponding one.
A slightly diﬀerent, modal based, approach for the modelling of the tyre transient behaviour was proposed
by Guan et al in [131]. Instead of using the experimentally gained modal data for the identiﬁcation of the
physical properties of a model, these data (natural frequencies and mode shapes) were directly used for
the construction of the modal basis. This method was used in [132] for the modelling of the tyre vertical
properties, while in [133] a detailed analysis on the frictional contact interaction with the road, including
the enveloping behaviour, was presented. The model was developed further in [134] by the addition of a non
linear sidewall foundation. A similar approach was used by Guan et al [135] and by Shang et al [136] for the
simulation of the transient cornering behaviour of the tyre. This method, which is summarised by Guan et al
in [67], overcomes the dilemma of the appropriate belt structural model, but at the same time its accuracy
is directly dependent on the breadth of the experimental range. In many cases, as it will be discussed in
chapter 4, the experimentally observed frequency range is not broad enough to capture the contact area
phenomena which aﬀect the tyre-road shear interaction.
Although the coupled modelling of the, expressed in the modal domain, transient behaviour of the tyre
with the shear force generation has not ﬂourished, a diﬀerent approach to the same problem has started to
develop rapidly. The increasing level of the broadly available computational power has enabled the generation
of models based on the space domain discretisation and calculation of the belt and its combination with a
similarly discretised tread foundation. Although such discretised approaches are not a new idea (similar
models have been proposed in [137, 138, 139]), only lately has the available computational power been
suﬃcient for the adoption by them of a high enough level of discretisation that may lead to the accurate
shear force prediction. Such models will be presented in the following section.
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(a) The degrees of freedom of the belt nodes.
(b) The radial sidewall foundation. (c) The calculated contact pressure distribution during a
parking manoeuvre.
Figure 2.29 – Some basic characteristics of the FTire model, after [140].
The discretised models
Theoretically, the accuracy of such models depends on the conformation of their modelling approach to the
actual tyre physical mechanisms and their degree of discretisation. The space-time domain calculation is
theoretically able to capture and represent various aspects of the tyre transient behaviour, including the
changing dimensions of the contact area, the response to road proﬁle irregularities, the eﬀect of drivetrain
and torque variations and the physical coupling with the vehicle dynamics behaviour through the wheel and
the suspension.
A discretised, three-dimensional, tyre modelling approach, able to capture both the tyre structural be-
haviour and the contact area frictional phenomena, was developed by Mavros in [129]. The belt model was
composed by discrete nodes, to which three-dimensional degrees of freedom were attached, and stiﬀness
elements modelled their interaction. The contact was realised by viscoelastic elements, attached to the belt
nodes. Although the model was able to capture the pressure distribution development, a data ﬁtting process
of a parabolic pressure model was preferred, so that the distribution accuracy did not directly depend on
the degree of discretisation. A similar approach is followed by the third member of the CDTire family [68],
the CDTire 40, which is based on a discretised, three-dimensional, ﬂexible shell structure, combined with a
brush type contact (ﬁg. 2.17).
An advanced, three-dimensional, discretised tyre model which is proposed for both ride and shear force
studies is the FTire (ﬁg. 2.29), presented in [140, 141]. Three translational degrees of freedom are assigned
40
(a) The eﬀect of the de-
gree of discretisation on
the prediction of deforma-
tion of a tyre running over
a road irregularity.
(b) The scattering of the massless sensor points into
the discretised structure.
Figure 2.30 – The discretisation eﬀect on the deformation accuracy and the concept of the scattered sensor points, after
[142].
to each of the belt nodes while both torsional and bending compliance around the circumferential axis are
accounted for (ﬁg. 2.29(a)). The nodes are connected to the wheel through a viscoelastic foundation, the
radial part of which is presented in 2.29(b). Contact is realized through a discretised non-linear stiﬀness and
damping foundation in radial , tangential and lateral direction. The degree of tread discretisation is higher
than the belt one, as typically 10–100 tread bristles correspond to each belt node. The contact pressure
distribution is calculated by the model and fed to the tread friction law, which is able to simulate stick-slip
phenomena. Simpliﬁed thermal and tread-wear sub-models may be incorporated to the model. The proposed
frequency range of application of the model extends to ∼ 150퐻푧.
A obvious consequence of the space discretised physical modelling approach is that the level of discreti-
sation is directly related to the frequency range of the model. As a high degree of discretisation is necessary
for the capture of the contact area phenomena, the associated broad frequency range makes the numerical
simulation computationally heavier as higher order dynamics are involved. The computational load increases
radically not only because of the higher frequency of the modes (resulting in smaller calculation time steps)
but also because of their stiﬀer behaviour, induced by the damping mechanism. The eﬀect of the damping
mechanism and distribution on the modes’ stiﬀness behaviour is analysed in chapter 3. Here, it should
be mentioned that although damping ﬁnally deduces the participation of the high frequency modes in the
response, their eﬀect on the computational process and the associated load remains present. This issue has
been treated by Oertel in [142], where a method for the decoupling of the space discretisation from the modal
range of the model is proposed. Firstly, the suﬃcient degree of discretisation for the accurate prediction
of the tyre response to short wavelength road unevenness is investigated. Secondly, a network of massless
nodes is introduced into the discretised belt structure, scattered into the mesh of the inertia-equipped nodes.
The massless nodes do not introduce additional diﬀerential equations, as their state is expressed by pure
algebraic ones. The order of the system is not increased by the existence of the additional network of the
”sensor” points, although the deformation of them can be calculated. The high degree of space discreti-
sation enables the prediction of the transient contact pressure distribution and the resulting shear forces.
The modal behaviour of the structure, though, is captured by the layer of the inertia equipped nodes, which
shows a signiﬁcantly coarser discretisation. The above idea of the sensor nodes network has been developed
into a commercial simulation software, named RMOD-K, presented in its various development stages in
[142, 143, 144].
Apparently, the next step in the development of the discretised models is related to the application of
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(a) The model discretisation. (b) The road contact deformation.
Figure 2.31 – A typical FEM tyre model and the contact induced deformation, after [145].
pure Finite Element Method (FEM) on the shear force calculation. Although similar studies already exist,
the approach cannot yet be proposed as a tyre simulation one, given that the associated computational load
restricts its application to the study of speciﬁc contact interaction phenomena. As the available computa-
tional resources increase, such models may be proposed not only as structural studies of the tyre deformation,
but as complete tyre models, able to simulate the tyre behaviour for a time period, which is suﬃciently long
in order such a model to be coupled with a transient vehicle dynamics one.
It should be mentioned that if the space discretisation level exceeds a certain limit, the tyre-road interac-
tion cannot be modelled any more as an interaction between two smooth surfaces. The tread pattern eﬀects,
the local stiﬀness behaviour of the tread viscoelastic materials and the road roughness must be taken into
consideration and their eﬀect on the shear force generation has to be modelled (see section 2.2.3). The math-
ematical modelling of such concepts of the tyre behaviour is a sector of intensive scientiﬁc research, as the
physical mechanisms that control the viscoelastic materials behaviour and their contact with rough surfaces
haven’t been interpreted yet. A brief summary of the current level of understanding of these mechanisms,
together with their historical evolution from a contact mechanics point of view, is attributed in section 2.2.
The lack of established and experimentally veriﬁed modelling methods of such mechanisms impose a barrier
to the transformation of FEM models into physical tyre simulation tools, which is probably more diﬃcult to
overcome than their computational load and requirements.
In the early discretised approaches, a substantial eﬀort was put in the incorporation of the physical
eﬀects of the structural shape on the tyre behaviour, with the minimum number of required elements. The
already mentioned approach of Chang et al [115], or the ones of Noor et al [146] and Danielson et al [139]
are characteristic examples. As the available computational power was increasing, the studies focused in the
modelling of the anisotropy and the detailed contact behaviour. A computational eﬀective method for the
synthesis of such an element, incorporating the structural anisotropy and non-homogeneity of the tyre, was
proposed by Burke and Olatunbosun in [147]. Moreover, a number of FEM models has been proposed for the
study of particular aspects of the tyre contact behaviour, such as the localised deformation prediction [148],
the wear mechanism [149], the structural strength of the belt [150] and the interaction with deformable
surfaces [151, 152]. Such studies use commercially available ﬁnite element software packages which oﬀer
elements able to represent the distinctive viscoelastic behaviour of the typical materials used for the tyre
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construction (e.g. the hyperelastic element of the NASTRAN/PATRAN commercial FEM software).
A FEM model constructed by hyperelastic elements was proposed by Pelc [145] (ﬁg. 2.31) for the study
of the in-contact tyre deformation caused by three-dimensional static loading conditions, while a survey of
similar approaches may be found in [153]. FEM based models able to simulate the transient shear force
generation have been proposed by Kabe and Koishi [154], and by Chae et al [155, 156]. As the degree of
discretisation increases, FEM tyre algorithms are focused in the local frictional interaction between the tread
blocks and the road surface, in an attempt to associate the tyre frictional characteristics with the actual tread
pattern and the local viscoelastic deformation. Such a ﬁnite element modelling approach, which associated
the tread pattern design with a stiﬀness matrix, has been presented by Braghin et al [157]. The model
is used to predict both the vertical contact reactions and the local shear forces. A dynamic, viscoelastic,
contact model of a tread block, based on ﬁnite element discretisation, was also presented by Liu et al in
[158]. Nakajima in [159] presented a simulation study of tyre traction on various road surfaces, based on
the ﬁnite element method predicted deformation of the tread blocks. A discussion on the current level of
understanding of the tread pattern eﬀect on the macroscopically observed and experimentally measured tyre
behaviour is presented by Mundl et al in [160].
Identiﬁcation of parameters and experimental ﬁne tuning of the models
A summary of the various tyre modelling approaches which were presented in the previous sections is at-
tributed in table 2.1, following an order deﬁned by their complexity and modelling potential. Obviously
the number of tyre models is so high that an excessive overlap in regards to their uses and applications is
generated. This overlap makes the question of which model should be preferred, for a certain simulation
task or virtual testing project, diﬃcult to be answered. The confusion is intensiﬁed by the diﬀerent sets
of parameters that have to be identiﬁed (according to diﬀerent experimental procedure) for the use of each
model. Moreover, every tyre model needs a speciﬁc procedure in order to be incorporated in an on-purpose
developed or commercially available vehicle dynamics simulation software.
An attempt to overcome the above issues was made introducing a standard virtual test procedure [161].
Although this concept does not oﬀer a solution to the diﬀerent parameters’ identiﬁcation method required
by each model, it may oﬀer directions on the simulation capabilities and computational eﬃciency of certain
combinations of tyre models with vehicle dynamics ones. The standardized virtual testing concept has been
provoked by the TMPT research group ([162]), located in the Technical University of Vienna, composed
by representatives from both the academia and the tyre/automotive industry. Combinations of simulation
packages and tyre models (based on experimental results oﬀered by the tyre industries) are tested according
to standard simulation procedures. The acquired results may be directly compared, oﬀering the special
characteristics, the advantages and the shortcomings of each combination. The accomplished work and the
further aims of the group are described in [163].
It can be concluded from the above sections that none of the described models may be regarded as a pure
physical one as all of them incorporate an empirical process: actual tyre measurements or other experiments
are necessary for the identiﬁcation of their parameters. The procedure compensates for the physical mech-
anisms that were neglected or simpliﬁed by the model’s concept and consequently the process varies from
model to model. The successful parameters’ identiﬁcation is vital for the acquisition of accurate simulation
results and a possible non correlation between them and the experimental data usually originates from a
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Empirical models - Sitchin [5]
- Magic Formula (Pacejka et al) [1,9,10]
Empirical models with - Based on the Magic Formula concept:
physical enhancements Sharp & Betella [11], Sharp [12], Arosio [14]
Steady state - Based on the brush concept:
physical models Pacejka [1], Sharp & El Nashar [21], Gim & Nikavresh [22,23,24], Salaani [26],
Sornioti & Velardocchia [27], Sharp [29], Pauwelussen [30]
Simpliﬁed transient - Relaxation length concept: Pacejka [1], Clover & Bernard [31]
shear force models - Magic Formula-single point contact: Pacejka & Besselink [17]
Magic Formula-string model: Higuchi & Pacejka [16]
- TM Easy (Rill) [33,34]
- Multi-spoke based models: Gim et al. [32], Zhou et al [50]
- Lu Gre models [39,40,41,42,43]
- PAC2002 [47]
- Brush-string model: Pacejka [1,49]
- Brush-string model-inertia properties: Pacejka [49]
- Bending beam model: Mastinu & Fainello [51], Mastinu et al [52]
Simpliﬁed vibration - Stiﬀness-Viscous elements concept: Dunn[54], Dunn & Olatunbosun [55]
models - BAT model (Kao) [53]
Circular vibration - Flexible ring concept: Tielking[71], Dodge [72], Clark [73], Bo¨hm [69],
models Chiesa et al [74], Potts [75], Zegelaar [76], Yam et al [77], Guan [78],
Perisse & Hamet [79], Geng et al [80], Clark [81], Padovan [82], Soedel [83]
- Thin shell model: Soedel [103], Chang et al [115]
- Toroidal membrane model: Saigal et al [105]
- Plate model: Kropp [110], Muggleton et al [107],
Pinnington & Briscoe [112,113,114]
- Bending beam-membrane sidewall model: Mousseau & Hulbert [117]
- Vibration models under contact conditions: Soedel & Prasad [118],
Huang [119], Huang & Su [120], Kung et al [121], Zegelaar [76],
Rustighi & Elliot [123], Larsson & Kropp [109], Dinkova & Kropp [110],
Andersson & Kropp [125], Lopez et al [126], Wullens & Kropp [108]
- Vibration models under rotation conditions: Padovan [97],
Huang & Soedel [96,98], Huang & Hsu [99], Wei et al [100], Soedel [83]
Physical transient - Rigid ring concept: Zagt [57], Zegelaar [58], Maurice [59,63],
shear force models Zegelaar et al [60], Zegelaar & Pacejka [61], TNO-MF SWIFT [1,65],
UniTire [66,67], CD Tire 20 [68]
- Flexible ring concept: Zegelaar et at [60],
Zegelaar & Pacejka [61], Kim & Savkoor [122], CDTire 30 [68]
- models with direct modal belt representation:
Kim [130], Guan [131,132,133], Shang et al [136]
- Discretised models: Padovan & Paramadilok [137], Faria et al [138],
Danielson et al [139], Mavros [129], CDTire 40 [68],
FTire (Gipser) [140,141], RMOD-K [142,143,144]
FEA based models Bozdog & Olson [148], Cho & Jung [149], Kabe et al [150],
Oida et al [151], Shoop et al [152], Kabe & Koishi [154], Cae et al [155,156],
Braghin et al [157], Liu et al [158], Nakajima [159], Mundl [160]
Table 2.1 – A summary of the basic tyre simulation approaches and some representative models.
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Figure 2.32 – The relative cost of the identiﬁcation of the tyre properties which are commonly used by semi-empirical
models, after [164].
wrong identiﬁcation method. The importance of the parameter’s identiﬁcation is highlighted in the accom-
panying literature of all the advanced physical or semi-empirical tyre models, while all of them incorporate
software applications specially designed for the correct implementation of the parameters’ identiﬁcation data.
Moreover, the commercial success of a tyre model is to a great extent deﬁned by the correct design of the
identiﬁcation method, and the associated time and cost resources that are required. The relative cost of the
various identiﬁcation procedures is presented by Mundl and Duvernier in [164].
A comparative presentation of some commercially established transient models may be found in [165],
following the above discussed standardized virtual testing concept. Actual experimental data were used for
the validation of the models and the required identiﬁcation procedures. The tyre models were combined
with diﬀerent, multi-body-systems, commercial software packages. Under the above followed categorization,
four of the models belong to the simpliﬁed transient family ( TM-easy, MF-tyre, PAC2002, Uni-Tire) and
three models belong to the advance transient family (SWIFT, F-Tire and RMOD-K, in increasing complexity
order). The conclusions drawn by that study [165] may be regarded as summarising the current trends of the
tyre simulation research: Although the simpliﬁed models exhibit satisfying simulation accuracy in the low
frequency range, accompanied by a relatively easy parameters’ identiﬁcation process, the demand for models
that combine accurate and physical representation of the interaction between the structural deformation and
the shear force generation, is evident for studies extending to the tyre behaviour in the higher frequency
range.
2.2 The tyre behaviour from a viscoelastic materials science and
contact mechanics point of view
In the previous section, the tyre behaviour was examined from the simulation strategy point of view. Al-
though the simulation potential and the limitations of a broad range of models was comprehensively exam-
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ined, little insight was oﬀered into the actual physical mechanisms that control the macroscopically observed
tyre behaviour. In the following sections the framework of the physical mechanisms that deﬁne the tyre-road
frictional interaction will be investigated and presented from a historical point of view. The importance of
the incorporation of this analysis is promoted and ampliﬁed by the previously identiﬁed current trend of
the tyre simulation science towards the understanding and capture of the behaviour deﬁning mechanisms.
Consequently the identiﬁcation and understanding of the broad physical background of these mechanisms is
a necessary initial stage of the design of any physical modelling strategy or concept.
The tyre-road interaction is primarily deﬁned by two major physical mechanisms:
∙ Its materials viscoelasticity.
∙ The road surface roughness and the micro-scale contact characteristics.
Interestingly, although the eﬀect of both of them has been long ago experimentally identiﬁed, as will be
presented in the following discussion, none of them has been fully understood and mathematically modelled.
Moreover, the interaction between these two mechanisms is regarded as one of the most challenging problems
for the modern science
2.2.1 Basic properties of a viscoelastic material
Setting a starting point, the physical behaviour of a viscoelastic material has to be identiﬁed. The classic
work of Ferry [166] oﬀers a valuable guidance on the topic. In general, a material is deﬁned as ideally elastic
when its stress and strain are proportional to each other and but one independent from the time rate of
application of the other. This proportional relationship is captured in the law of Hooke. In contrast, a
material is deﬁned as ideally viscous when the stress is proportional to the time rate of the applied strain,
but independent from the level of strain. This behaviour is described by the law of Newton. A material
which combines both the elastic and the viscous behaviour is deﬁned as viscoelastic.
In reality, none of the ideal pure elastic or viscous behaviour can be found in solids. All materials exhibit
viscoelastic characteristics, being closer to the one or to the other idealized cases. Polymers, materials which
are typically used for the tyre manufacture, show, though, a behaviour in which both characteristics are
profound. The relationship between the stress and the strain in a viscoelastic material is a dynamic function
of time. In ﬁg. 2.33, for example, the strain development with time is presented as the response to a
constant stress excitation. It is evident that the strain level increases in a non linear way with the time of
stress application. This characteristic behaviour can be explained in an oversimpliﬁed way by the chain-like
shape of the polymer’s molecules (ﬁg. 2.34). When a tension is applied to the polymer, these chains elongate
and align with the direction of the stress, a process which needs a ﬁnite time to be activated.
The time dependency of the mechanical behaviour of the viscoelastic materials is typically summarized
in the stress relaxation and creep properties (ﬁg. 2.35). When an excitation of constant strain is applied to
a viscoelastic material the resulting stress deteriorates with the time and asymptotically reaches a constant
value. The decrease of the stress level with time is named stress relaxation (ﬁg. 2.35(a)). In accordance,
when a constant stress is suddenly applied to a viscoelastic material, the resulting strain increases with the
time, and asymptotically reaches a constant value. The increase of the strain level with the time is named
creep (ﬁg. 2.35(b)). Apparently, in contrast to the common elastic behaviour, the deﬁnition of the elastic
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Figure 2.33 – The strain response over time of a viscoelastic material to the application of a constant stress, after [167].
Figure 2.34 – A polymer molecule, in initial (left) and under stress condition (right), after [168].
(a) The imposed shear strain, its time rate and the stress
relaxation mechanism.
(b) The imposed shear stress and the creep mechanism.
Figure 2.35 – The viscoelastic shear relaxation and creep mechanisms, after [166].
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Figure 2.36 – The material elastic modulus as a function of the loading time, after [167].
Figure 2.37 – Three diﬀerent variations of the stress-strain relationship from the loading to the recovery phases, after
[169].
modulus of a viscoelastic material incorporates the eﬀect of time (ﬁg. 2.36). As an increase in the application
time of a load (stress) results in an increase in the resulting deformation (strain), the elastic modulus of
the material decreases with the time. As is it is presented in ﬁg. 2.36 the range of the elastic modulus
can theoretically extend from a very high, glassy material corresponding value to a very low, ﬂow-behaviour
corresponding, one.
A direct result of the viscoelastic property, which is characteristically reﬂected in the tyre behaviour, is
the non correspondence between the deformation and the recovery phases of a ﬁnite time loading process.
The stress-strain relationship varies from the one phase to the other and this variation reﬂects the energy
dissipation mechanism of the viscoelastic material (ﬁg. 2.37). Moreover, when not only the magnitude of
the load but also the application time exceed certain limits, a permanent deformation may be exhibited by
the viscoelastic material.
The dynamic behaviour of a viscoelastic material is also exhibited under the application of a harmonic,
stress or strain, excitation. The resulting response is not in phase with the excitation (ﬁg. 2.38) and it may
be decoupled in two components, one being in phase with the excitation and one 180∘ out of phase. The
constant of the in phase component transfer function is named storage modulus and reveals the portion of
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Figure 2.38 – The stress response of a viscoelastic material to a harmonic strain excitation, after [166]
the energy that is stored and recovered by the material during a cycle. The constant of the out of phase
transfer function is called loss modulus and reveals the portion of the energy that is dissipated in every
cycle. None of the modulus properties has a constant value but both of them are functions of the excitation
frequency. Their ratio is called loss tangent and oﬀers an indication of the energy dissipation across the
frequency range of interest.
The dependency of the storage and loss modulus, expressed respectively as the real and the imaginary
parts of the complex elastic modulus, on the excitation frequency is presented in ﬁg. 2.39. In the low
frequency range the material exhibits a rubber-like behaviour transforming into a glass-like one, in the
frequency increases. The behaviour may be divided in two respective zones, in which the storage modulus
exhibits modest value variation. The transition between these two characteristic behaviors takes place in
a certain frequency range (transition region), in which the storage modulus increases radically. The loss
modulus initially increases with the frequency, reaches a maximum value in this transition region, and
decreases after that. In result, the loss tangent exhibits a parabolic development with the frequency. The
maximum value is placed in the transition region, and the loss tangent deteriorates rapidly in the rest of the
frequency range.
Viscoelasticity imposes a temperature dependence similar to the rate or duration of excitation one. In the
low temperature range, the viscoelastic material shows a glassy behaviour, similar to the one corresponding
to a high frequency excitation, while in the high temperature range, the material behaviour becomes rubber-
like, similar to the low frequency one. This behaviour is captured in ﬁg. 2.40. The transition between the two
characteristic behaviour patterns of the viscoelastic material, the glassy and the rubbery, although it is not
a step one, can be identiﬁed in the range of a certain temperature value. The glass transition temperature is
an important viscoelastic material property which oﬀers a certain indication of the material behaviour. The
elastic and loss modulus of various materials in the range of the glass transition temperature is presented in
ﬁg. 2.41. The elastic modulus (ﬁg. 2.41(a)) decreases sharply, while the loss modulus (ﬁg. 2.41(b) exhibits
a parabolic behaviour and reaches its maximum value for the glass temperature.
The characteristic correspondence between the temperature and the frequency (time) eﬀects on the
mechanical properties of a viscoelastic material enables their interchange in an experimental study. This is
evident in ﬁg. 2.42, where experimental data acquired for the same range of loading duration but in diﬀerent
temperatures, are used for the derivation of a common curve, called master curve. Consequently, the master
curve may extend to a much broader time or temperature range than the one that may be experimentally
studied. A common transformation is the one corresponding to the glass transition temperature, the WLF
49
Figure 2.39 – The storage modulus, the loss modulus and their ratio (loss tangent) as functions of the excitation fre-
quency, after [170]
Figure 2.40 – The material elastic modulus as a function of the temperature, after [166].
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(a) The young modulus variation. (b) The shear loss modulus variation.
Figure 2.41 – The variation of the mechanical properties of the viscoelastic materials in the area of the glass temperature,
after [171].
Figure 2.42 – The construction of an elastic modulus - time - temperature master curve from experimental data acquired
at diﬀerent temperatures, after [172].
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(a) The representation of the element. (b) The predicted response, after [172]. (D:steady state strain, D’:
storage strain, D”:loss strain)
Figure 2.43 – The Voigt viscoelastic element and its behaviour.
transformation, which was ﬁrstly proposed by Williams, Landel and Ferry, in their classic work [173]. A
detailed analysis of the time and temperature eﬀects correspondence may be found in [166].
Models of viscoelastic materials
Apparently the modelling of the viscoelastic behaviour is a challenging task. In practice and under a linear
assumption, a stiﬀness model captures the elastic behaviour and a viscous damping model captures the
viscous one. The diﬀerent combinations of these simple elements result in diﬀerent viscoelastic modelling
approaches. The simplest of them are the combination of two elements (one elastic and one viscous) in
parallel (Kelvin-Voigt element, ﬁg. 2.43(a)) or in serial conﬁguration (Maxwell-Voigt element, ﬁg. 2.44(a)).
The excitation frequency dependency of the storage and loss modulus of each of them is respectively presented
in ﬁgs. 2.43(b) and 2.44(b).
Obviously the viscoelastic behaviour of the above linear models does not correlate accurately with the
actual one. These simple models may only predict one transition region, while the real material exhibit
more, one of them corresponding to the rubber to liquid transition and the others introduced by the mixture
of diﬀerent viscoelastic material in the ﬁnal compound. Moreover, even if the actual viscoelastic behaviour
of the material is accurately captured in the transition region, severe deviation will be observed away from
this point. The combination of a higher number of parallel and serial models (the generalised models, ﬁg.
2.49) has been proposed for the enhancement of the simulation accuracy across a broad range of conditions.
The actual energy dissipation mechanism and its simpliﬁcation assumptions
In the above discussion it was assumed that the energy dissipation mechanism may be fully captured by
a mechanism generating a force proportional to the time rate of strain (viscous analogy). The actual
mechanism though exhibits a dynamic (memory equipped) behaviour and the calculation of the damping
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(a) The representation of the element. (b) The predicted response, after [172].(D:steady state stress, D’: stor-
age stress, D”:loss stress)
Figure 2.44 – The Maxwell viscoelastic element and its behaviour.
(a) The generalized Voigt element. (b) The generalized Maxwell element.
Figure 2.45 – Generalized viscoelastic elements, after [166].
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force should be accomplished by a time integration of a state variable, not explicitly associated with the
strain time rate (velocity). The latter was actually an assumption proposed by Lord Raleigh in 1896 [174] and
commonly adopted since then for various damping modelling purposes. A summary of the most important
non-viscous dissipation models may be found in [175]. The uncertainty related to the actual mechanism and
the circumstances under which the mechanism may be deduced to the viscous one has been comprehensively
discussed by Adhikari and Woodhouse [176, 177].
Viscosity (velocity-analogous force) is not the only non-memory modelling approach. As it is discussed
in [169], the viscous mechanism introduces a direct frequency dependency of the amount of energy loss
per cycle, something not correlating with the actual material’s behaviour. A hysteretic energy dissipation
mechanism compensates for this shortcoming of the viscous one. The constant proportionality coeﬃcient of
the strain rate, proposed by the viscous model, is divided by the frequency excitation in the case of forced
vibration. Due to its mathematical expression, hysteretic damping mechanism cannot be applied neither
to the free structural vibration case nor for the calculation of the response in the time domain. Ribeiro
et al [178] proposed a uniﬁed, viscous and hysteretic, modelling approach entitling the simulation of the
dissipation mechanism in the time domain.
The actual tyre energy dissipation mechanism is diﬃcult to be identiﬁed, although its eﬀect is apparent
on both shear force generation and energy dissipation phenomena. Holding the friction related discussion for
the following section, the rolling resistance of the tyre constitutes the most observable eﬀect related to the
tyre energy dissipation. Although a viscous damping mechanism is assumed in the majority of the models,
as summarised in [18], the non linear velocity dependence of the rolling resistance experimentally conﬁrms
the coexistence of both dissipation mechanisms (viscous and hysteretic) in the tyre structure. A survey of
the followed approaches for the modelling of tyre damping mechanism can be found in the work of Miege
and Popov [127].
Various approaches have been proposed for the incorporation of the tyre structural energy dissipation
mechanism in the tyre models. Lu and Segel [179] assumed a radial hysteretic mechanism embedded in the
tyre sidewall for the study of the rolling resistance development. The low predicted values, in comparison
to the experimental results, prove that dissipation is also associated with belt deformation and contact area
phenomena. A similar, radial foundation only, approach is followed by Stutts and Soedel for their string
under tension model [180]. Padovan [82], in contrast, proposed a viscous mechanism associated with both belt
and sidewall structure. Miege and Popov in [127] assume a equally distributed, in terms of modes, damping
property as they associate each mode of their analytical ring model with the same damping ratio. Kim and
Savkoor [122], motivated by the small dependence of the rolling resistance on the velocity, associated tyre
damping with a hysteretic mechanism, incorporated in a ﬂexible ring model. Miege and Popov comment in
[127] that in the low frequency range the nature of the assumed damping model (viscous or hysteretic) does
not aﬀect much the predicted modal behaviour.
Popov and Geng [181] and Geng et al [80] investigated the validity of common tyre damping related
assumptions, based on experimental results and a complex modes identiﬁcation procedure. The linearity
and reciprocity (property related to the interchangeability between the positions of excitation application
and response measurement) were the ﬁrst characteristics to be veriﬁed. The common viscous assumption,
associated with the structure description by real modes, was found to be valid in the frequency range up to
200Hz, but complex modes have to be used for the modal expression of the tyre deformation in the higher
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than that frequency range. The legitimacy of the application of Rayleigh’s small damping approximation
and the resulting simpliﬁcations (see [174, 182, 176, 177]) are comprehensively discussed in the same study.
Tyre linearity is experimentally proved by Guan et al [78], where diﬀerent excitation methods are com-
pared in respect to their linearity proof capability. In the same study, cross ply tyre construction was found
to result in higher damping coeﬃcients than radial construction. This conclusion is in accordance with the
rolling resistance diﬀerence between tyres following each of the construction method, proving the interaction
between rolling resistance and structural damping. The decrease of the damping ratios with the inﬂation
pressure was also veriﬁed. The inﬂation pressure dependency of the damping ratios was also experimentally
concluded by Yam et al [77] and by Kim et al [183].
The tyre damping mechanisms and their eﬀect on its modal characteristics will be further analysed in
chapter 3, where also the validity of many of the above modelling assumptions and simpliﬁcations will be
further investigated.
2.2.2 The contact and tribological behaviour of the viscoelastic materials
Having brieﬂy presented the basic characteristics of the viscoelastic materials and the related modelling
approaches, the discussion here moves to their contact behaviour and the friction force development.
Historically, Leonardo Da Vinci was, according to Dowson [184], the ﬁrst who observed that the sliding
friction force between two solids is proportional to the vertical load and independent from their phenomenal
contact area. His tribological experiments (ﬁg. 2.48(a)) were described in his classic Codex Atlanticus
and Codex Arundel work. Isaac Newton [185] reached the same conclusions also through his experimental
studies. These observations, which are still regarded as the two basic characteristics of friction force, are
known today as the Amontons or Coulomb laws of friction, after the two pioneers of tribology who reached
the same conclusions [186, 187]. Coulomb proposed various surface roughness representations in order to
support the sliding friction development (ﬁg. 2.48(b)), but Euler was the ﬁrst to propose a certain model
for the roughness, the triangular asperities one [188, 189]. Dowson in [184] oﬀer a comprehensive review of
the early steps of the science of tribology.
Even since those early experimental investigations it was evident that the actual contact and the frictional
interaction between two solids do not take place in the nominal macroscopic contact area, but in a small
portion of it, deﬁned by the load and the surface roughness. This observation led to the development
of two diﬀerent study approaches in the science of tribology. The ﬁrst approach investigates the actual,
physical interaction between the asperities of the two surfaces and identiﬁes the mechanisms that deﬁne the
developed forces, often at a molecular level (nano-tribology and nano-scale friction [190, 191]). This approach
aims at the mathematical formulation of the friction mechanisms. The second approach investigates the
friction mechanics from a macro-scale point of view. The experimentally observable tribological behaviour
of the materials is studied as a function of the imposed physical conditions of interaction (velocity, pressure,
temperature). The challenge of this approach is the synthesis of an accurate model, able to capture the
various factors of the friction development even if this model is not directly related to the actual physical
mechanisms. A comprehensive and comparative survey of the main macroscopic models may be found in
the work of Al-Bender and Swevers [192].
In this discussion, a brief summary of the evolution of the contact mechanics theories will be ﬁrstly
attempted. The macroscopic frictional behaviour of the viscoelastic materials will be later discussed. Finally
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(a) The friction experiments of da Vinci, as presented in
Codex Atlanticus and Codex Arundel.
(b) The sketches of Coulomb, on the eﬀect of surface
roughness on friction.
Figure 2.46 – The pioneering studies of friction, after [184].
the interaction and the possible overlap of the two approaches, examined from the point of view of the tyre
shear force development, will be investigated, according to the still developing theories.
A brief introduction to the theories of contact mechanics
The start of the modern contact mechanics science is associated with the investigation of a scientiﬁc paradox.
Hertz, in [193], derived an analytical solution for the elastic frictionless contact of a sphere. The calculated
pressure distribution was an ellipsoidal one, the so called -Hertzian- pressure distribution. This distribution
predicts the development of a contact area which is proportional to the applied load, raised to the 2/3 power.
Given that the real contact between two surfaces takes place at the top of the surface roughness asperities, the
real contact area between two, even phenomenally smooth, surfaces may be assumed as following the above
power law. As research progress, though, started associating the friction force with the real contact area
between two surfaces [194, 195, 196], the physical background of the experimentally established proportional
dependency of the friction force on the vertical load, could not be veriﬁed.
Bowden and Tabor, in their classic work, The Friction and Lubrication of Solids [197], proposed a theory
for the justiﬁcation of the above paradox. The actual contact area between the two surfaces was believed to
be so small that the elastic deformation pressure limit of the softest of the two materials is always reached.
The resulting plastic ﬂow makes the real contact area proportional to the load. The plasticity contact theory,
though, could not justify the non proportionality in the case of repeated contacts.
A radical theory was proposed by Archard [199, 198] for the explanation of the paradox, based on
the realisation of the contact at multiple levels of asperities, representing the surface roughness. The key
assumption of Archard’s theory is that the increase of the vertical load does not result in the magniﬁcation
of the already existing contact areas, but in the multiplication of the number of the contacts, as ﬁner levels
of asperities come in contact. If this assumption is combined with the elastic Hertzian contact a proportional
contact area (or force) development with load is predicted. Archard’s model may be regarded as the ﬁrst,
simpliﬁed, description of a fractal surface model many years before such theories were applied to contact
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Figure 2.47 – The multiple levels of asperities-on-asperities roughness model proposed by Archard, after [198].
physical representations.
Greenwood and Williamson in [200] reached a similar conclusion to the above, assuming a more generic
statistical distribution (Gaussian) of the asperities’ heights. The asperity was deﬁned as a point higher than
its neighboring ones, a process emerging from experimental measurements of the surface roughness. This
model leads to the prediction of a perfect proportionality between the load and the number of contacts. In
contrast to Archard’s approach, the area of the existing contacts increases with the load, but the addition of
new contacts keeps the average area value constant. In result, the proportionality between the real contact
area and the applied load was not attributed to the possible plastic deformation of the asperities but to the
distribution of the surface roughness.
As it became obvious soon, the accurate measurement and mathematical description of the surface micro-
roughness was necessary for a further development of the tribology theories and the respective science,
the topography, attracted signiﬁcant interest. Whitehouse and Archard in [201] approached the surface
roughness as a random proﬁle, fully described by its height distribution and its autocorrelation function.
Moreover, experimental results showed that the majority of the materials may be described by a Gaussian
height distribution and an exponential autocorrelation function. Greenwood in [202] extended the above
approach to a two-dimensional one, modelling the surface roughness as a two-dimensional random noise
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(a) The experimentally derived, Gaussian, height distri-
bution of the measured heights (×) and the peaks’ heights
(∙) of a surface.
(b) The predicted real contact area as a function of the
load for 10푐푚2 (solid line) and 1푐푚2 (dashed line) nominal
areas. The load proportionality and the insigniﬁcant eﬀect
of the nominal area are apparent.
Figure 2.48 – The contribution of the Greenwood-Williamson study to the ﬁrst contact mechanics theories, after [200].
signal. The work of Greenwood and Wu [203] may be regarded as the ﬁnal member of this group of topology
theories. Greenwood, 35 years after his statistical surface topology approach [200], redeﬁnes the concept of
the asperity and decouples that from the experimentally measured sequence of summits and peaks,as the
statistical description of the surface roughness depends directly on the measuring method (accuracy and
sampling length).
At that point of the tribology progress, a phenomenologically diﬀerent science, the geography, lent a
breakthrough mathematical tool to the topography: the fractal theory. The concept was initially proposed
for the mathematical description of the brownian motion and the islands’ coastline [206, 207] and was quite
later applied to the case of the surface roughness [208]. The deﬁnition of a fractal surface (according to the
Weierstrass-Mandelbrot function) may be found in the classic work of Mandelbrot [209, 210]. Two basic
properties of this function deﬁne its signiﬁcance for the topography: the properties of self-similarity and self-
aﬃnity [210]. The roughness shape of a surface is repeated for increasing levels of magniﬁcation, diﬀerent in
each dimension. Numerous topography and surface roughness fractal models have been proposed [211, 212],
each of them leading to a respective contact mechanics theory [213]. Interestingly, Ciavarella et al [205] used
a fractal based contact theory to prove the original Greenwood-Williamson concept, although the originally
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Figure 2.49 – A scan of a rough surface, after [204] and two fractal surfaces constructed using the Weierstrass-Mandelbrot
mathematical model, after [205].
used for that statistical methods are aﬀected by the measuring resolution.
The late progress of science enabled the study of surface topology and contact mechanics at a molecular
level and various theories emerged, associating the frictional behaviour with atomic level physical mechanisms
[214], such as the atomic vibrations. A survey of the most important of them may be found in [215, 190,
191]. Although the description of the micro- and nano-scale friction theories diverges from the aims of this
presentation, the multi-level and multi-dimensional dependency of the friction physical mechanisms on the
surface roughness is the conclusion that should be highlighted in regards to the tyre-road physical interaction.
The viscoelastic friction as an experimental science
The obvious question arising from the above discussion, is to what extent the analytical contact theories are
able to oﬀer the computational background for the accurate representation of the macroscopically observable
frictional behaviour and especially the one of the viscoelastic materials. Before trying to give an answer to
that question, the actual viscoelastic friction characteristics, as identiﬁed by the macro-scale, experimental
studies should be presented.
The ﬁrst uses of the physical rubber were associated with its high elastic deformability, in the temperature
range above the transition one and not with its frictional properties. As Roberts has characteristically written
[216], early motorists were hardly troubled by skidding problems of the road tyres given that travel speed
was limited by the vehicle design and the poor road conditions. The frictional behaviour of the polymers
had attracted minimal scientiﬁc interest before 1940’s. By then, though, basic characteristics of it, such as
its dependency on the sliding velocity and temperature, had been experimentally identiﬁed. Ariano [217]
and Derieux [218] mentioned the increase of the friction coeﬃcient with the sliding velocity, while Ariano
comments also its decrease with the temperature friction. The surface transformation (conditioning and
abrasive wear) of soft rubber materials had been also observed, as had also been the load dependence of the
friction coeﬃcient [218].
A systematic experimental study was accomplished by Schallamach [219] and a mechanism for the the-
oretical support of the similar to the above results was proposed. His theory was based on a molecular
activation mechanism: The rubber molecules are in adhesional contact with the surface and may jump to
the next adhesional position only after an energy barrier (activation energy) is overcome. The suﬃcient
energy for that is provided by the temperature rise. The friction increase with the velocity was attributed
to the conditioning of the rubber surface, resulting in the increase of the contact area. The molecular acti-
vation mechanism may be regarded as the ﬁrst hint for the association of the viscoelastic friction with the
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(a) The spherical asperities contact model.
(b) The theoretical and experimental dependency of the friction coeﬃcient on
the load.
Figure 2.50 – The initial viscoelastic contact model presented by Schallamach, for the explanation of the load eﬀect on
the friction coeﬃcient, after [220].
viscoelastic material properties, given that the respective energy theories for the viscous ﬂow had already
been proposed.
Schallamach in [220], tried also to associate the viscoelastic materials coeﬃcient of friction with the
load, proposing a physical mechanism. According to that, the viscoelastic contact is realised at the edges
of similar to each other spherical asperities, following the classic Hertz deformation law, and the actual
contact area is predicted by a load function, similar to the one of the other materials. As the load increases,
though, the profound deformation of the viscoelastic materials results in the rapid decrease of the tangential
distance between the asperities and any further increase of the contact area is suspended (ﬁg. 2.50). That
theory could be regarded as an oversimpliﬁed one according to the modern standards, oﬀered, though, a ﬁrst
coupling between the tribological behaviour and the bulk properties of the viscoelastic materials.
Although the initial viscoelastic tribology models associated the frictional phenomena with the adhesional
mechanisms of the actual contact area, the profound bulk deformation, imposed by the sliding motion, very
soon led to new theories based on that. Some of the early experimental studies on the association of the
sliding friction with the hysteretic deformation losses may be found in [221, 222]. The deformation mechanism
is, theoretically, the sole source of friction in the case of sliding on a lubricated surface. In the case of a
dry surface, the ratio of the adhesional to the deformational contribution of the friction is a function of the
sliding velocity and the temperature.
The next fundamental step in the evolution of the viscoelastic friction theories was based on the experi-
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Figure 2.51 – The construction of a friction coeﬃcient master curve, after [223].
Figure 2.52 – Master curves of the sliding friction coeﬃcient of a rubber material on three diﬀerent surfaces; A: on
smooth glass, B: on a silicon carbide surface(rough) and C: on powder covered silicon carbide [224])
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Figure 2.53 – The correspondence between the loss modulus and the maximum values of the adhesional sliding friction
coeﬃcient (left) and the correspondence between the loss tangent and the maximum values of the hysteretic
friction coeﬃcient (right), after [223].
mental measurements of Grosch [224]. He concluded that the coeﬃcients of sliding friction measured across
a range of temperatures and velocities can be represented by a single master curve (ﬁg. 2.51), through the
WLF transformation [173], in a way similar to the elastic modulus master curve (ﬁg. 2.42). Moreover, Grosch
investigated the eﬀect of surface roughness on the shape of the master curve. In the case of sliding on a
smooth surface, the curve shows a single maximum value (curve A of ﬁg. 2.52), the position of which (in the
common temperature-velocity axis) lies in a constant distance from the maximum value of the loss modulus
(in the common temperature-frequency axis). This distance corresponds to a molecular level length value
(derived as the velocity to frequency ratio), which prescribes the molecular mechanism of the adhesional
friction. Many theories were proposed trying to describe the actual mechanism, a summary of which can be
found in [216].
In the case of sliding on a rough surface, the coeﬃcient of friction master curve exhibits a diﬀerent
shape (curve B of ﬁg. 2.42). Although the adhesion-related peak may be identiﬁed, the total curve shape
is deﬁned by a second peak which develops at a higher temperature-velocity value and corresponds to a
higher coeﬃcient of friction. The distance of this second peak value from the frequency at which loss tangent
reaches its maximum value corresponds to the distance between the asperities of the rough surface. In
other words, the frictional behaviour associated with the second peak is the contribution of the deformation
induced energy dissipation. The above correspondence between the frictional and the viscoelastic properties
is presented in ﬁgs. 2.53 and 2.54. Interestingly, when the rough surface is covered with a powder media
which theoretically suspends the adhesional mechanism contribution the ﬁrst peak disappears and only the
deformation-related one (curve C of ﬁg. 2.52) may be observed. Accordingly, the coeﬃcient values decrease
across the whole temperature-velocity range.
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Figure 2.54 – The correlation between the friction and deformation maximum values, after [223].
Figure 2.55 – The formation of the ”Schallamach” waves on a rubber surface as the photographic lens slides on it, after
[225]
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A signiﬁcant step towards the understanding of the macroscopic rubber sliding mechanism was made by
Schallamach and presented in [225]. He observed that, under certain conditions, actual sliding does not occur
between a soft viscoelastic material and a hard surface (in accordance to the ﬁrst molecular theory presented
by him!). In contrast, deformation waves propagate along the contact area, forcing the viscoelastic material
to detach form the surface and to adhere to it at a diﬀerent position. The formation of the ”Schallamach
waves” is based on a pure hysteretic mechanism and the process incorporated excessive deformation of the
viscoelastic material.
At the same period the viscoelastic theories of adhesion were enhanced with the contribution of Johnson,
Kendall and Roberts [226]. They observed that the viscoelastic contact between a sphere and a plane surface
cannot be described by the classic contact theory of Hertz (see section 2.2.2). Molecular attraction not only
increases the magnitude of the contact area in comparison to the one predicted by the Hertzian theory,
but also increases the attachment force to a value higher than the applied load. The energy mechanism
of the transformation of the above contact equilibrium into a sliding one and the conditions leading to the
generation of the propagation waves have been discussed in the review paper of Barquins [227].
2.2.3 From the laboratory experiments of rubber specimens to the tyre shear
force simulation
As soon as the basic characteristics of the viscoelastic tribological behaviour were experimentally identiﬁed,
great research eﬀort was put in the association of them with the tyre traction performance, from the ve-
hicle dynamics point of view. Such an early coupling attempt was made by Savkoor [228]. Topics such as
the tread pattern and the macroscopic contact deformation eﬀects on the developed stress distribution, the
identiﬁcation of the contribution of the adhesional and hysteretic friction mechanisms and the road surface
properties factor were mentioned. A little later, Ludema [229] proposed four viscoelastic friction mechanisms
deﬁning the tyre traction behaviour: the adhesion, the bulk deformation, the viscous properties and the tear
mechanism. Putting aside the contribution of the structural deformation and the contact pressure distribu-
tion, as mechanical inputs, the correspondence between the experimentally derived viscoelastic friction of
the materials used for tyre tread manufacture and the macroscopic shear force performance of the tyre is
diﬃcult to be deﬁned for a number of reasons:
∙ The materials’ tribological experiments are accomplished under strictly controlled velocity conditions,
for reasons of measuring accuracy and repeatability. Tread shear motion, though, covers a broad range
of sliding velocity values, which cannot be accurately measured or calculated. Under rolling-slipping
conditions, the tread accelerates and decelerates rapidly as it crosses the stick (adherence) and slip
zones of the contact area.
∙ Similarly, the temperature conditions are also controlled and the sliding velocity is limited to values
that no signiﬁcant increase due to the friction occurs. This is not true, though, for the actual tyre
operation as severe heating is caused by the sliding process, severely aﬀecting the friction development
mechanism. The friction induced temperature change as a function of the sliding speed is presented in
ﬁg. 2.56). The transient sliding contact conditions excite a dynamic heat generation and dissipation
mechanism, which is diﬃcult to be measured or simulated.
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Figure 2.56 – The measured surface temperature as a function of the sliding speed, after [223]
∙ The actual surface roughness of the road cannot be reproduced in the laboratory and its eﬀect cannot
be mathematically simulated. Although the roughness can be measured down to a level deﬁned by the
accuracy of the applied methods, the actual physical mechanism associating each level of roughness
with a certain frictional contribution has not been yet identiﬁed, neither is the actual level magniﬁcation
to which such an association should be extended to. Moreover, the existence of particle and liquid
debris changes the eﬀective road roughness and changes radically its tribological properties.
Grosch in [223] presents the current level of understanding of the association between the experimentally
measured tribological characteristics of the tread materials and the frictional behaviour of the tyre. The
tyre shear force development as a function of the slip may, to some extent and across a certain velocity
range, be correlated with the tread material master curve. In terms of temperature, though, such a direct
association cannot be proposed. Although the eﬀect of the temperature increase (due to friction) may be
superimposed on the macroscopic temperature and velocity operating conditions, the actual measurement
of the transient temperature ﬁeld across the contact area raises a challenge. Interestingly, the load eﬀect on
the friction coeﬃcient may be accounted for using the respective associated temperature increase and the
resulting transpose of the problem to a new conditions’ section along the master curve. This observation
leads to the idea of a physical mechanism of interaction between the macroscopic non linear load eﬀect on
the tyre friction with the contact area thermal phenomena. Apparently, such a study of the local micro-scale
tribological and thermal eﬀects cannot be accomplished using the smooth road assumption and he physical
eﬀects of the road multi-level roughness have to be incorporated in that.
Having already brieﬂy referred to the fractal theory based representations of the surface roughness, the
obvious question is to what extent a typical road surface may be mathematically represented using such
an approach. Various studies have given a positive answer to this question, oﬀering the fractal properties
of diﬀerent types of road surface [231, 232, 233]. The development of advanced roughness measurement
techniques and the analytical representation of the results, enables the correlation between the experimental
results and the simulation studies of the friction force as a function of the road multi-level roughness. Such
studies may be developed following either a discretised or an analytical tread representation approach.
The discretised studies of the roughness contribution to the viscoelastic friction may be regarded as a
further development of the mechanisms proposed for the association of the tyre structural deformation with
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Figure 2.57 – Roughness of some typical road surfaces, after [230].
Figure 2.58 – Simulation of a deformed tread block sliding on a rough surface, after [234]
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Figure 2.59 – The viscoelastic material - surface roughness contact model of Persson, after [170]
Figure 2.60 – The eﬀect of dust contamination and water on the roughness friction model of Persson, after [239]
.
the friction force development (discussed in section 2.1.6). Kuwajima et al in [234] developed a FEM based
contact model 2.58 for the prediction of the viscoelastic material sliding behaviour on an rough surface and
the calculation results were correlated with experiential results. Hofstetter et al [235] presented a FEM
based study of a tread block, subject to a stress ﬁeld generated by its sliding on a rough surface.
The discretised modelling of the sliding friction on a rough surface using a multi-level roughness repre-
sentation is suspended by the level of the discretisation coarseness. The contribution of only a few of the
levels of roughness may be practically examined and the generation of friction cannot be associated only with
them. As discussed by Persson et al [236], the attempts for correlation between certain levels of roughness,
identiﬁed by empirical sand ﬁlling methods, and road frictional characteristics have failed.
The incorporation of a broad range of roughness levels in a friction model may be better addressed by
the analytical representation of the surface. Kluppel and Heinrich [237] proposed an analytical mechanism
coupling the sliding friction of tyres with the hysteretic losses caused by the fractal road surface. The model
was used in [238] for the capture of the non linear tyre friction dependence on the vertical load and velocity,
in correlation with a typical brush model predicted tyre characteristics.
Persson in [240] introduced a viscoelastic contact theory, which incorporates both the bulk deformation
of the material by the roughness asperities and the adhesional attraction between the two surfaces (ﬁg. 2.59)
and following a similar approach a friction model was proposed by Persson and Tossati [241]. The pressure
and velocity dependency of the friction were attributed to their eﬀect on the conformation of the viscoelastic
material to the fractal surface roughness. A transient dynamic expression of the same dependance was
given in [242]. The decrease of the sliding coeﬃcient of friction in the case of water or dust debris on the
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(a) The predicted temperature increase as a function of
the sliding velocity, for two magniﬁcation levels.
(b) The predicted coeﬃcient of friction as a function of the
sliding velocity, for two typical tyre tread compounds, with
and without the incorporation of temperature increase.
Figure 2.61 – The predicted sliding induced temperature increase and its eﬀect on the friction coeﬃcient, after [170].
road surface was accredited to the partial suspension of this deformation mechanism [239] (ﬁg. 2.60). A
comprehensive discussion on the present level of understanding of the eﬀect of the surface roughness on the
frictional performance may be found in [236].
According to Persson[170] and in agreement to the concluding remarks of Grosch [223], the present trends
of the viscoelastic friction research focus in the exploration of the slip and load related phenomena through
the local temperature eﬀects and the roughness based mechanisms (ﬁg. 2.61). In general, the predicted
temperature increase eﬀect of the sliding speed activates more roughness levels in the friction mechanism (ﬁg.
2.61(a)). Interestingly, although a steady increase of the friction coeﬃcient with the velocity is theoretically
predicted, the incorporation of the local temperature eﬀects changes radically this pattern and the coeﬃcient
decreases for sliding velocities above 1푐푚/푠푒푐 (ﬁg. 2.61(b)). In other words, the local temperature increase
results in the tyre operation along a much wider section of the friction master curve, as the correlation of
ﬁgs. 2.52 and 2.61(b) reveals.
It is evident from the above discussion that the attribution of viscoelastic friction special characteristics
to a local deformation and thermal mechanism is at the moment the centre of attention of the tyre research
activity in regards to the physical identiﬁcation of the process. Both analytical and discretised approaches
may contribute to that, as the ﬁrst approach exhibits better computational performance in regards to the
multi-level roughness induced deformation, while the second approach can represent more accurately the
transient dynamic deformation characteristics of the material and the associated propagation of the generated
heat. The transformation of such approaches, though, into accurate and robust tyre simulation tools is still
suspended by the ignorance of the actual transient phenomena that take place in the tyre-road contact area.
The local micro-slip and stick behaviour of the tread material, as it enters and exits the contact area, and
the propagation of the related dynamic phenomena to the rest of the tyre structure have not been identiﬁed
to a suﬃcient extent in order to be incorporated in surface roughness based tyre models. Further research
on the tyre dynamic behaviour is expected to demystify the physical tyre traction mechanism and to enable
the transformation of the above promising material friction models into tyre ones.
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2.3 Basic conclusions from the tyre models survey
From the above analysis it may be concluded that the latest challenges of the tyre science can be met
only by the development of advanced physical models, acting as an integration platform for the advanced
tread viscoelastic representations. Such a modelling combination is able oﬀer an insight into the interaction
between the thermal phenomena of the viscoelastic friction and the tyre’s transient performance, as captured
by its macroscopic behaviour. It became clear as well that the physical study of this interaction necessitates
a very ﬁne space discretisation of the tyre contact area, as the kinematic and dynamic conditions vary
signiﬁcantly across and along it. This particular requirement generates the biggest barrier to the widespread
adoption of such models by the vehicle dynamics science, which is their computational load. In parallel, the
complex identiﬁcation procedures of the physical models’ properties make their integration in vehicle models
a diﬃcult and time consuming task, which often has to be repeated even for slight tyre design modiﬁcations.
A certain gap among the tyre modelling methods may be identiﬁed, due to the lack of computational eﬃcient
physical models with a simple and straightforward process of parameters’ identiﬁcation.
It may be also argued that a certain category of physical models qualiﬁes well for meeting the above re-
quirements. These are the models that propose a modally expanded and reduced belt structural representa-
tion, acquired through either a theoretical belt model (e.g. [144]) or experimental data (e.g. [134]). The com-
bination of such a belt model with a discretised tread representation may lead to a computationally eﬃcient
physical tyre model which can be used for transient, time-domain, simulation purposes. Indeed, such a mod-
elling approach has already been presented in various tyre simulation studies (e.g. [76, 122, 144, 134, 130]),
which have been proposed for the capture of the interaction between the structural and the shear force
related phenomena of the tyre performance.
As it has been extensively discussed in section 2.1.6, the frequency range of the modal base of such a
structural model which is able to oﬀer a suﬃcient level of accuracy of the tyre transient phenomena simulation
cannot be strictly deﬁned, as it depends on the operating conditions that are imposed to the model by the
vehicle dynamics modelling platform. Although in the case of an experimentally derived modal basis the
complete available range is obviously used for the belt representation, the deﬁnition of the suﬃcient modal
range in the case of a theoretically derived modal basis is not easy and certainly corresponds to key gap in
the available literature.
Attempting to ﬁll this gap, a number of belt models, which represent the basic physical mechanisms that
control the belt structural deformation, will be compared in regards to their modal prediction characteristics.
The actual eﬀect and the importance of the various physical mechanisms and model properties on the modal
behaviour of each of them will be highlighted across a broad frequency range. Although the capability of
the examined representations to capture the actual tyre modal behaviour has been experimentally veriﬁed
in various studies (e.g. [79]), the actual mechanisms and properties that aﬀect the level of correlation across
the frequency range have not been suﬃciently examined.
As a second step, the present study will attempt to identify the actual modal range which is excited
by the tyre operating conditions. Using the well established ring model the participation of the structural
modes in the contact deformation will be examined. The analysis of the physical mechanisms, properties and
conditions that control the balance between the contact simulation accuracy and the computational load of
a modally reduced model is a key contribution of the present work.
The simulation of the large displacement rolling operating conditions using a modal based model is
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commonly accomplished through pseudo-transient methods, kinematically superimposing the transient con-
ditions to the tyre rigid motion (e.g. [130]). Indeed, the simulation of real transient conditions in the
mixed modal-time domain methods, necessary to capture the frictional phenomena, has not been previ-
ously addressed. In the present study the theoretical framework for the simulation of dynamically induced,
time domain transient conditions is developed. Moreover, the method may be proposed as applicable on
various dynamic problems of engineering where certain deformation patterns are imposed by the operating
conditions, allowing for the signiﬁcant modal reduction of the respective model.
Finally, the identiﬁcation of the eﬀect of the physical properties of the tyre on its performance characteris-
tics, through the sensitivity of the excited modes to them, is proposed as a concept. Certain operating condi-
tions aﬀect the degree of excitation of certain modes, while the eﬀect of the physical properties on the modal
characteristics is easier to be derived (experimentally or theoretically) than their respective eﬀect on the
performance characteristics. The method is believed to be capable of capturing the properties-performance
association, based on the excited physical mechanisms. It is suggested that some of the experimental mea-
surements which are necessary for the capture of the variation of the performance characteristics of the tyre
as a function of the structural properties could be substituted by a respective experimental or simulation
modal work.
2.4 Methodology and structure of the work
The present work is divided in three distinctive chapters, which correspond to the three major intermediate
modelling steps towards the simulation of the rolling operating conditions.These steps may be summarised
as:
∙ the modelling of the modal characteristics of the tyre and the structural deformation phenomena
∙ the simulation of the frictional contact of the tread and the interaction with the belt deformation
∙ the simulation of the large displacement, transient, contact operating conditions and the shear force
development as a function of the macroscopic slip
The comparative examination of the tyre structural models is based on the predicted by them modal
characteristics, as the modal expansion of the tyre structure is a major component of the present approach.
The ring on elastic foundation model is used as a comparison basis, given that its good correlation with the
actual low frequency in-plane modal behaviour of the tyre has been experimentally veriﬁed. Starting from the
simple analytical rectilinear models, the string under tension and the bending beam ones are examined, as
both of them correspond to basic mechanisms of the tyre structural behaviour. The diﬀerences in the strain
development between the rectilinear and the circular modelling approaches is highlighted. The sensitivity
of the ring modal characteristics to its physical properties is examined and the modal zones, in which the
properties’ eﬀects are predominant, are identiﬁed. The modal prediction characteristics of simple discretised
models, composed by rectilinear elements, are presented and the respective eﬀect of discretisation is analysed.
Using the ring model, the incorporation of the inﬂation pressure eﬀects in the modal prediction, through
the circumferential pretension and membrane sidewall mechanisms, is examined. The combined modal
behaviour of the wheel and the tyre belt is presented, as it is also the eﬀect of the rotation on the modal
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characteristics. The discussion of the simulation of the tyre structural behaviour is completed by the analysis
of the energy dissipation mechanisms. Applying simpliﬁed damping models, the capability of the prediction of
the experimentally identiﬁed damping behaviour is examined. This chapter oﬀers the theoretical background
for the incorporation of various physical factors and mechanisms in a tyre structural model and their eﬀect
across a broad modal range. In result, the actual range of the modal prediction correlation of the proposed
models is identiﬁed and physically justiﬁed.
In the second chapter, the ring model is used for the simulation of the frictional contact behaviour of the
tyre. For this purpose, its analytical structural expression is transformed into a discretised one and coupled
with an also discretised tread foundation. This foundation consists of pairs of, vertical to each other, Kelvin-
Voigt elements and is capable of predicting the possible shear slip of the tread on the road surface, as imposed
by the vertical load, its viscoelastic properties and the frictional conditions. The resulting two-dimensional
pressure distribution ﬁelds are acquired for a range of operating conditions and the eﬀect of the buckling
sidewall on the tread contact behaviour is identiﬁed. The interaction between the belt deformation, the
tread frictional slip and the imposed load will be found to capture the mechanism of the horizontal pressure
distribution development and justify some contradicting to each other observations and results of the existing
studies, in regards to that.
The modelling potential of the modal reduction method is investigated, by the examination of the contact
induced excitation of the modes across their range and the developed pattern of their participation in the
deformation solution. Furthermore, the accuracy of the model is examined as a function of the operating
conditions and the degree of modal reduction. These results, accompanied by the eﬀect of the degree of
modal reduction on the computational load, prescribe the applicability and the computational eﬃciency
characteristics of a modally expanded structural model on the capture of the contact behaviour of the tyre.
The major theoretical challenge of the transformation of the contact model into a transient rolling one,
is that the small displacement assumption, associated with the linearity of the modal expansion method,
cannot be regarded to remain valid. This problem is tackled by the simulation framework which is developed
in the following chapter, where the simulation of the rolling conditions is examined. A double level simulation
algorithm is proposed, which retains the computational eﬃciency of the modal expansion for the calculation
of the deformational response of the system, but combines that with a space domain calculation of its large
displacement rigid motion.
Based on that approach, the launch physical mechanism of the tyre is investigated and the friction and
damping eﬀects on the interaction between the translational and the rotational motions is highlighted. The
dynamic model may be simpliﬁed for the simulation of kinematic steady state slipping conditions and the
typical saturation development of the tyre force with the slip is predicted. The latter tyre behaviour charac-
teristic, given that it has been acquired using a simpliﬁed tread friction law, proves that the contribution of
the structural phenomena of the tyre to its macroscopically observed shear force non linearities is signiﬁcant.
Finally, the eﬀects of the rolling and slipping conditions on the structural response is examined by the re-
spective variations of the modes’ level of excitation. Comparing that with the corresponding to the contact
static conditions modal excitation, certain conclusions on the physical properties which prescribe the rolling
and frictional interaction are drawn.
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Chapter 3
The simulation of tyre in-plane modal
behaviour
In this chapter the simulation of the tyre modal characteristics will be investigated. The natural frequencies
and deformation mode shapes, as they are predicted according to diﬀerent modelling approaches, will be
comparatively presented. This comparison is crucial for the rest of the work, given that the belt deformation
under various tyre operating conditions will be calculated by its modally expanded representation. Moreover,
the comparison will not be limited to the low frequency range but it will cover the total one as the actual
modal content of the belt response will be later examined.
Both analytical and discretised belt representations will be investigated. In the ﬁrst case, the modal
contribution of basic mechanisms, such as the bending and axial stiﬀnesses and the string under tension one,
will be presented. The ring on elastic foundation model will be comprehensively presented, as it plays a crucial
role in the whole study. Comparing the ring modal prediction capabilities with the respective ones of the
simple rectilinear assumptions, the eﬀect of the incorporation of the circularity in the model will be identiﬁed.
Moreover, using the ring model, the inﬂuence of the physical properties on the modal characteristics will be
analysed. Basic discretised modelling approaches will be later presented, in correlation to the analytical ones.
The implementation of similar physical mechanisms in discretised and analytical models will be investigated,
as will also be the actual eﬀect of the discretisation on the modal characteristics.
Using the ring on linear elastic foundation model as a basis, a physical mechanism that simulates the shape
and inﬂation pressure non linear factors on the sidewall stiﬀness will be presented. The modal prediction of
the resulting nonlinear ring model, as a function of the inﬂation pressure, will be investigated and compared
to the linear one. The ring model will be also used for the study of the theoretical modal eﬀect of the
assignment of rotational and translational degrees of freedom to the wheel.
Finally the modal eﬀect and the simulation techniques associated with two crucial mechanisms of the
actual tyre behaviour, the rotation and the energy dissipation will be investigated. In regards to the rotation,
the theoretical background of its modelling incorporation will be presented, but also the computational
error of its possible omittance will be examined along the frequency range. The tyre energy dissipation
will be studied through various damping models and ways of implementation into the physical structural
representation. The eﬀect of each of the diﬀerent approaches on the damping coeﬃcients of the modes will
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be discussed.
3.1 The modal range of interest and the basic modelling approaches
Prior to presenting and comparing the various methods and techniques for the simulation of the tyre belt
modal behaviour, the frequency range across which such a comparison will be attempted should be inves-
tigated. Typically, the tyre modal behaviour can be assumed to develop as a pure in-plane one in the
frequency range up to 400Hz [79]. In the higher frequencies range the tyre response is three-dimensional
and the vibration modes incorporate also an axial deformation component [108]. A large number of tyre
transient phenomena is mainly associated with in-plane physical mechanisms. Longitudinal traction and
braking, straight line rolling resistance, response to road proﬁle irregularities and the transmission of them
to the rest of the vehicle through the suspension, are phenomena for which the tyre in-plane dynamics is the
signiﬁcant factor and the out-of plane ones may be neglected for computational reasons. Respectively, it is
a common practice that the two-dimensional study approach is extended to a frequency range in which the
actual tyre behaves as a three-dimensional structure.
As it has already been discussed in section 2.1.6, the bandwidth of the tyre transient behaviour, from a
physical modelling perspective, is diﬃcult to be identiﬁed. Although excitations such as noise generation and
macro-scale road irregularities may be associated with certain frequencies, these frequencies cannot directly
constitute the model’s bandwidth. The accurate prediction of the contact reaction stress ﬁeld, necessary
for the shear forces simulation, requires the representation of the contact area generation. The required
modal/frequency range for the capture of the above mechanism cannot be a priori determined as it depends
on the actual contact boundary conditions and their space distribution. The not so obvious eﬀect of the
space distribution of the excitation on the model’s modal range is presented in ﬁg. 3.1. A ring modal model,
to be later presented, is used for the representation of the deformation induced by the contact between the
tyre with a plane surface (ﬁg. 3.1(a)) or a point cleat (ﬁg. 3.1(b)). It may be observed that the simulation
of the second case requires a broader modal range than the plane surface one.
An additional obstacle for the determination of the optimum structural model of a tyre is that the
experimentally identiﬁed modal range is narrowed by damping phenomena and practical restrictions related
to the measuring methods [106]. Practically, tyre modal data in the range up to 500Hz can be experimentally
extracted, a range which is not suﬃcient for the simulation of the contact phenomena, as will be explained
in chapter 4. In result, tyre modal behaviour cannot be explicitly associated with a certain modelling
approach. Consequently, diﬀerent modal simulation approaches have to be compared along a broad frequency
range. The actual breadth and its association with the accuracy of the simulation results will be gradually
investigated in the following chapters.
The followed modal simulation approaches may be divided in three basic categories:
∙ Analytical rectilinear models
∙ Analytical circular models
∙ Discretised models
In the ﬁrst case the modal contribution of the tyre circularity is neglected and instead the eﬀect of
the basic stiﬀness mechanisms is captured. The belt is modelled as a rectilinear structure, in terms of its
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(a) Road excitation.
(b) Point excitation.
Figure 3.1 – The required modal range for the solution convergence of the steady state response calculation. The 푛푚푎푥
number refers to the upper limit of the radial modal range of the model.
stiﬀness behaviour, with common degrees of freedom, though, assigned to its ends. From a computational
point of view this is the simplest in-plane belt representation as the only degree of freedom of every point
is assigned to its vertical deformation. In the second case, the representation is enhanced by the theoretical
interaction between the two in-plane degrees of freedom (horizontal/vertical or radial/tangential). The ring
model is the most established model of this category and for this reason its modal behaviour will be used as
a comparison basis for the ﬁrst, rectilinear, approach. The eﬀect the incorporation of this interaction on the
modal characteristics will be outlined.
The third, discretised, approach will be discussed in direct correlation to the analytical ones. Simple mod-
els will be examined, in order an analytical representation of their stiﬀness mechanism to be also available.
In this way the actual eﬀect of the discretisation on the predicted modal characteristics may be identiﬁed
and highlighted.
3.2 Analytical rectilinear models
Historically [1], two basic physical mechanisms have been proposed for the capture of the tyre belt structural
deformation:
∙ The string under tension model
∙ The bending beam model
The modal characteristics analysis will start from these two approaches, as the two respective mechanisms
are called to describe the, vertical to their axis, vibrational behaviour of the rectilinear models. In both cases
the models are combined with a distributed linear stiﬀness foundation, representing the contribution of the
radial sidewall one to the modal behaviour.
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Figure 3.2 – The analytical rectilinear models of the belt radial and tangential deformation.
3.2.1 The string under tension model
The string on elastic foundation is a fundamental model of the radial modal behaviour of the tyre, as it
is presented in the review work of Mundl [164], while over the years numerous studies have associated the
low frequency range behaviour of the tyre with a string under tension or a membrane mechanism [49, 105].
Perisse et al [106] validated experimentally the string-like low order modal behaviour of the tyre. The
diﬀerential equation of the transverse vibrations of the combined string-sidewall mechanism, normalised to
its length, may be written as:
−푇 ∂
2푢푟
∂(푠)2
+ 푘푟 ⋅ 푢푟 + 휌 ⋅퐴∂
2푢푟
∂t2
= 0 (3.1)
where:
푇 the string tension force
푠 the circumferential length variable
푢푟 the belt radial deformation, as analytical function of the circumferential position (푠)and the time (t)
∂
∂ partial derivative
푅 the belt radius
휃 the central angle
푘푟 the radial sidewall stiﬀness, normalised to the circumferential length
휌 the belt material density
퐴 the cross-section area of the belt
t the time
The tension force, as induced by the inﬂation pressure, may be calculated as:
푇 = 푃0 ⋅푅 ⋅ 푏 (3.2)
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푃0 the inﬂation pressure
푏 the belt width
It should be highlighted that for the calculation of the string tension force the belt is assumed to retain
its circular shape, although this assumption is later dropped in favor of the rectilinear one. The circular
assumption permits the expression of the length variable 푠 of the belt arch as a function of the central angle:
푠 = 푅 ⋅ 휃 ⇒ ∂
∂푠
=
1
푅
∂
∂휃
(3.3)
Diﬀerential equation 3.93 may be now written as:
−푃0 ⋅ 푏
푅
∂2푢푟
∂(휃)2
+ 푘푟 ⋅ 푢푟 + 휌 ⋅퐴∂
2푢푟
∂t2
= 0 (3.4)
The above expression is a separable partial diﬀerential equation with time and space components. The
time function 푒휄⋅휔⋅t, where 휄 =
√−1, may be proposed as a solution to the time component. Regarding
the space one, a harmonic function is used for the capture of the deformation [243], as a function of the
modal number of each mode, which corresponds the number of complete deformation periods along the
structure. Moreover, in the present approach such a harmonic function must be able to describe the in-plane
deformation of a double axis symmetry structure. For this reason, a characteristic modal concept [83] of
the ring models, to be later described, is applied. Every natural frequency or mode is associated with two
vibration shapes, being orthogonal to each other. The concept of modes duplicity, although not justiﬁed by
a rectilinear structure, is essential for the representation of any in-plane orientation of the response:
푢푟(휃, t) = cos (n(휃 − 휑)) ⋅ e휄⋅휔⋅t (3.5)
from which the two mode shapes may be derived as:
푢1푟(휃, t) = cos
(
n(휃 − 휑1)) ⋅ e휄⋅휔⋅t (3.6)
푢2푟(휃, t) = cos
(
n(휃 − 휑2)) ⋅ e휄⋅휔⋅t (3.7)
where:
푛 the modal number of the mode
휔 the natural frequency
휑 the mode shape orientation angle
The diﬀerent orientation angles of the two components of the double mode (휑1 and 휑2 respectively)
enables the rotation of it according to the excitation. The rotation of the response, although it is not
predicted by a rectilinear structure, is a vital characteristic of the modal behaviour of a double axis symmetry
one. As no particular orientation of the mode shapes of the circular belt is physically preferable, the global
orientation of the mode shape couples may be arbitrarily selected. Their necessary property of orthogonality,
though, imposes the following relationship to their relative to each other orientation:
휑1 − 휑2 = 휋
2 ⋅ 푛 (3.8)
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Figure 3.3 – The composition of an arbitrary orientation of the 푛=2 mode as a linear combination of two modes of
certain orientation.
The rotation of a particular mode shape according to the excitation is achieved by the linear combination
of the respective components, as it is presented in ﬁg. 3.3.
Substituting the proposed solution to eqn. 3.4, the characteristic equation may be derived, as a second
order polynomial equation:
푃0 ⋅ 푏
푅
푛2 + 푘푟 − 휔2 ⋅ 휌 ⋅퐴 = 0 (3.9)
By solving that the natural frequency of every ”double” mode, as a function of the modal number, emerges:
(3.4)
(3.5)
}
⇒ 휔 =
√
푃0 ⋅ 푏
푅 ⋅ 휌 ⋅퐴푛
2 +
푘푟
휌 ⋅퐴 (3.10)
3.2.2 The bending beam model
The equation that describes the transverse vibrations of a bending beam [243], including the distributed
radial sidewall stiﬀness, may be written as:
퐸 ⋅ 퐼 ∂
4푢푟
∂(푅 ⋅ 휃)4 + 푘푟 ⋅ 푢푟 + 휌 ⋅퐴
∂2푢푟
∂t2
= 0 (3.11)
where additionally to eqn.3.93:
퐸 the elastic modulus of the material
퐼 the cross section second moment of inertia, 퐼 = 푏 ⋅ 푑3/12
A solution similar to the above is proposed and the characteristic equation reads:
퐸 ⋅ 퐼
푅4
푛4 + 푘푟 − 휔2휌 ⋅퐴 = 0 (3.12)
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Apparently, the same principles with the string rectilinear model apply in regards to the duplicity of the
mode shapes. The natural frequencies of the modes are given by the following equation:
휔 =
√
퐸 ⋅ 퐼
푅4 ⋅ 휌 ⋅퐴푛
4 +
푘푟
휌 ⋅퐴 (3.13)
3.2.3 The combination of the string and beam models
As both string and bending mechanisms contribute to the actual modal behaviour of the tyre belt, an obvious
next step is the combination of both mechanisms in one model. The respective equation reads:
퐸 ⋅ 퐼
푅4
∂4푢푟
∂휃4
+
푃0 ⋅ 푏
푅2
∂2푢푟
∂휃2
+ 푘푟 ⋅ 푢푟 + 휌 ⋅퐴∂
2푢푟
∂t2
= 0 (3.14)
while the respective natural frequencies are given by the equation:
휔 =
√
퐸 ⋅ 퐼
푅4 ⋅ 휌 ⋅퐴푛
4 +
푃0 ⋅ 푏
푅 ⋅ 휌 ⋅퐴푛
2 +
푘푟
휌 ⋅퐴 (3.15)
3.2.4 The tangential modes of the rectilinear models
In the above rectilinear approaches, the vertical/radial modes of vibration were presented. Although a hori-
zontal/tangential vibrations model may be adopted, this will correspond to an independent modal behaviour,
not coupled or interacting with the ﬁrst one. The longitudinal vibration behaviour of a prismatic bar [243]
is proposed, which, with the inclusion of a tangential distributed stiﬀness foundation, reads:
−퐸 ⋅퐴∂
2푢푡
∂푠2
+ 푘푡 ⋅ 푢푡 + 휌 ⋅퐴∂
2푢푡
∂t2
= 0 (3.16)
where:
푢푡 the belt tangential deformation, as analytical function of the circumferential position (푠)and the time (t)
푘푡 tangential sidewall stiﬀness, normalised to the circumference length
A solution form similar to the radial one is proposed for the derivation of the tangential modes. The
respective natural frequencies are given by the equation:
휔 =
√
퐸
푅 ⋅ 휌푛
2 +
푘푡
휌 ⋅퐴 (3.17)
3.3 Analytical circular models
The main diﬀerence between the rectilinear representations and the circular ones is that in the second case
the interaction between the radial and the tangential deformation of the structure is included in the model.
The ring model is the most established representative of this approach, which captures the coupling between
the bending behaviour in the radial direction and the extensional one in the tangential direction. The ring
equations of motion may be derived from a sequence of simpliﬁcations applied on the thin shell equations,
imposed by an in-plane, closed structure of steady curvature [83]. As, though, diﬀerent simpliﬁcation methods
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have been proposed for the derivation of the thin shell equations from the solid body ones, many variations
of the ring model exist. A systematic survey of the various thin shell modelling concepts may be found in
[84]. The approach proposed by Love [244] and extended by Soedel [83] will be used in this study. Love’s
equations of motion of an one-dimensional (arch) thin shell of revolution [83] read:
−∂
2푀푠푠
∂푠2
+
1
푅푠
푁푠푠 + 휌 ⋅ 푑∂
2푢푟
∂푡2
= 0; (3.18a)
−∂푁푠푠
∂푠
− 1
푅푠
∂푀푠푠
∂푠
+ 휌 ⋅ 푑∂
2푢푡
∂푡2
= 0; (3.18b)
where:
푁푠푠 the tension (membrane) pressure of the arch
푀푠푠 the bending moment of the arch, normalised to its length and width
푠 the length variable along its central axis
푅푠 the curvature radius of the arch
The above force and moment terms correspond to the following strains:
휅푠푠 =
푀푠푠
퐷∗
(3.19a)
휖푠푠 =
푁푠푠
퐾∗
(3.19b)
where:
퐷∗ the bending stiﬀness
퐾∗ the tension (membrane) stiﬀness
휅푠푠 the bending strain
휖푠푠 the tension (membrane) strain
The above stiﬀness values are functions of the material properties and the dimensions of the structure:
퐷∗ =
퐸 ⋅ 푑3
12
(3.20a)
퐾∗ = 퐸 ⋅ 푑 (3.20b)
where 푑 is the height (on the radial direction) of the belt cross section. The strain and deformation terms
are coupled using the following equations:
푘푠푠 = −∂
2푢푟
∂푠2
+
1
푅푠
∂푢푡
∂푠
(3.21a)
휖푠푠 =
∂푢푡
∂푠
+
1
푅푠
푢푟 (3.21b)
Eqns. 3.21 capture the coupling between the two deformation patterns predicted by the ring model, the
radial and the tangential one. The eﬀect of this coupling on the modal behaviour of the model will be
analysed in the following sections.
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The arch radius of curvature along the ring circumference is constant (푅 = 푅푠) and the position coordinate
(푠) may be deduced to a respective angular one, as it has already been assumed for the rectilinear models.
For reasons of agreement of the equations form to the rectilinear models one, the eﬀect of the width of the
ring cross section (푏), is introduced in the equations:
퐷 = 퐷∗ ⋅ 푏 (3.22a)
퐾 = 퐾∗ ⋅ 푏 (3.22b)
The ring equations of motion (3.18) may be written as:
퐷
푅4
(
∂4푢푟
∂휃4
− ∂
3푢푡
∂휃3
)
+
퐾
푅2
(
푢푟 +
∂푢푡
∂휃
)
+ 푘푟 ⋅ 푢푟 + 휌 ⋅퐴∂
2푢푟
∂t2
= 0 (3.23a)
퐷
푅4
(
∂3푢푟
∂휃3
− ∂
2푢푡
∂휃2
)
− 퐾
푅2
(
∂푢푟
∂휃
+
∂2푢푡
∂휃2
)
+ 푘푡 ⋅ 푢푡 + 휌 ⋅퐴∂
2푢푡
∂t2
= 0 (3.23b)
The above couple is a linear system of separable partial diﬀerential equations, and each of them may be
separated into one time and one spatial component, in which both radial and tangential deformations are
present. The proposed solutions read:
푢푟(휃, t) = Ur(휃) ⋅ e휄휔⋅t = Rm ⋅ cos (n(휃 − 휑)) ⋅ e휄휔⋅t (3.24a)
푢푡(휃, t) = Ut(휃) ⋅ e휄휔⋅t = Tm ⋅ sin(n(휃 − 휑)) ⋅ e휄휔⋅t (3.24b)
where:
푈 belt deformation, as analytical function of the circumferential position (휃)
푅푚 the radial deformation amplitude of the mode shape
푇푚 the tangential deformation amplitude of the mode shape
The co-existence of both radial and tangential deformations in the mode shapes of a mode is the signiﬁcant
diﬀerence of this approach from the rectilinear ones. In the latter ones, as the modes were independently
associated with pure vertical or horizontal deformation, the deformation amplitude of each mode shape could
be arbitrarily chosen and was assumed as equal to unit. In the case of the circular models, though, as every
mode is associated with both of the deformation patterns, the terms 푅푚 and 푇푚 may be still arbitrarily
chosen but their ratio is a characteristic property of each mode. Substituting the deformation expressions
(eqn. 3.147) in the system of the equations of motion 3.23 and rewriting them in a matrix form, it is derived:[
퐶1 퐶2
퐶3 퐶4
]
×
[
푅푚
푇푚
]
=
[
0
0
]
(3.25)
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where:
퐶1 =
퐷
푅4
푛4 +
퐾
푅2
+ 푘푟 − 휌 ⋅퐴 ⋅ 휔2 (3.26)
퐶2 = 퐶3 =
퐷
푅4
푛3 +
퐾
푅2
푛 (3.27)
퐶4 =
(
퐷
푅4
+
퐾
푅2
)
푛2 + 푘푡 − 휌 ⋅퐴 ⋅ 휔2 (3.28)
Setting the determinant of the coeﬃcient matrix of eqn. 3.25 equal to zero, the characteristic equation
of the system is derived:∣∣∣∣∣퐶1 퐶2퐶3 퐶4
∣∣∣∣∣ = 0⇒ 퐶1 ⋅ 퐶4 − 퐶2 ⋅ 퐶3 = 0⇒ Λ4 ⋅ 휔4 + Λ2 ⋅ 휔2 + Λ0 = 0 (3.29)
where:
Λ4 =휌 ⋅퐴2 (3.30)
Λ2 =− 휌 ⋅퐴 퐷
푅4
푛4 − 휌 ⋅퐴
(
퐷
푅4
+
퐾
푅2
)
푛2 − 휌 ⋅퐴
(
퐾
푅2
+ 푘푟 + 푘푡
)
(3.31)
Λ0 =
⎛⎜⎜⎝퐷
(
퐷
푅4
+
퐾
푅2
)
푅4
− 퐷
2
푅8
⎞⎟⎟⎠푛6 + (퐷 ⋅ 푘푡푅4 − 2 ⋅퐷 ⋅퐾푅6
)
푛4 (3.32)
+
((
퐷
푅4
+
퐾
푅2
)
⋅
(
푘푟 +
퐾
푅2
)
− 퐾
2
푅4
)
푛2 + 푘푡
(
푘푟 +
퐾
푅2
)
(3.33)
A conceptual diﬀerence between the rectilinear and the circular models is the order of the corresponding
characteristic equations. The ring model equation is a fourth order polynomial one in respect to 휔푗 which
may be written as a second order one in respect to 휔2푗 . In result, four vibration modes are associated with
each modal number, which emerge, though, as two modal couples. The two modes of each modal couple,
share the same natural frequency and similar mode shapes rotated to each other to an orthogonality derived
angle, in agreement with the double modes concept discussed in the rectilinear models analysis. The two
couples, though, are associated with diﬀerent natural frequencies and diﬀerent mode shapes, in respect to
their radial to tangential deformations ratio. The frequencies of the modal couples are given by:
휔21 =
퐵 −√Δ
2 ⋅퐴 ⋅푅4 ⋅ 휌 (3.34a)
휔22 =
퐵 +
√
Δ
2 ⋅퐴 ⋅푅4 ⋅ 휌 (3.34b)
where:
퐵 = 퐷 ⋅ 푛4 + (퐷 +퐾 ⋅푅2)푛2 +퐾 ⋅푅2 +푅4(푘푟 + 푘푡) (3.35a)
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and:
Δ = 퐷2 ⋅ 푛8 + (2 ⋅퐷2 − 2 ⋅퐷 ⋅퐾 ⋅푅2)푛6
+
(
퐷2 +퐾2 ⋅푅4 + 12 ⋅퐷 ⋅퐾 ⋅푅2 + 2 ⋅퐷 ⋅푅4(푘푟 − 푘푡)
)
푛4
+
(
2 ⋅퐾2 ⋅푅4 − 2 ⋅퐷 ⋅퐾 ⋅푅2 − 2 ⋅푅4(퐷 +퐾 ⋅푅2)(푘푟 − 푘푡)
)
푛2
푅4
(
퐾 +푅2(푘푟 − 푘푡)
)2
(3.35b)
Typically, the double mode associated with the low frequency value, 휔1, exhibits a predominant radial
deformation, while the double mode associated with the high frequency value, 휔2, is mainly associated with
the tangential deformation. For this reason the modes corresponding to the ﬁrst value are named radial
ones, while the modes corresponding to the second value are named tangential ones. This correspondence
will be also followed in the present study and the indices 1 and 2 will be substituted by 푟푎푑 and 푡푎푛푔 from
now on. Substituting the calculated natural frequencies to one of the eqns. 3.25 the ratio of the radial to
the tangential deformation amplitudes (푇푚/푅푚) of every mode may be calculated:
(휌 ⋅퐴 ⋅ 휔2 + 퐶1)푅푚 + 퐶2 ⋅ 푇푚 = 0 (3.36a)
퐶3 ⋅푅푚 + (휌 ⋅퐴 ⋅ 휔2 + 퐶4)푇푚 = 0 (3.36b)
It may be derived for the two mode shapes of every modal number 푛:(
푇푚
푅푚
)
푟푎푑
=
퐵푠 −
√
Δ푠
2
(
퐷⋅
푅2
푛3 +퐾 ⋅ 푛
) (3.37a)
(
푇푚
푅푚
)
푡푎푛푔
=
퐵푠 +
√
Δ푠
2
(
퐷⋅
푅2
푛3 +퐾 ⋅ 푛
) (3.37b)
where:
퐵푠 = − 퐷
푅2
푛4 +
(
퐾 +
퐷
푅2
)
푛2 −퐾 −푅2(푘푟 − 푘푡) (3.38)
and
Δ푠 =
Δ푛
푅4
(3.39)
The ﬁrst ﬁve radial and tangential mode shapes are presented in ﬁg. 3.4.
3.3.1 The zero modes of the ring
The modal number (푛푗) of the 푗th mode prescribes the number of the complete periods of the characteristic
deformation which can be identiﬁed along the ring circumference in the associated mode shape. This number
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(a) radial mode shapes
(b) tangential mode shapes
Figure 3.4 – Ring model mode shapes
is the same for both the radial and the tangential deformations of the mode(ﬁg. 3.4). The examination of
the zero modes, though, requires a slightly diﬀerent approach. The substitution of 푛 = 0 in the mode shape
functions (eqns. 3.147) leads to:
푢푛=0푟 = 푅
푚
푛=0 ⋅ cos
(
0(휃 − 휑)) = 푅푚푛=0 (3.40a)
푢푛=0푡 = 푇
푚
푛=0 ⋅ sin
(
0(휃 − 휑)) = 0 (3.40b)
The modal calculation resulting from the above substitution, though, is not complete, as it can only predict
one zero mode corresponding to a constant radial deformation and another zero mode corresponding to a
tangential one.Every mode of a double axis symmetry structure evolves as a double one, with the same
frequency but orthogonal mode shapes. The orientation angle 휑 of them can be arbitrarily selected as long
as the relative to each other orthogonality condition is satisﬁed:
휑2 = 휑1 − 휋
2 ⋅ 푛 (3.41)
Accordingly, the corresponding to the angle 휑1 mode shape functions may be now written as:
푢푛=0,휑
1
푟 = 푅
푚
푛=0 ⋅ cos
(
0(휃 − 휑1)) = 푅푚푛=0 (3.42a)
푢푛=0,휑
1
푡 = 푇
푚
푛=0 ⋅ sin
(
0(휃 − 휑1)) = 0 (3.42b)
The corresponding to the angle 휑2 mode shape functions can be written as:
푢푛=0,휑
2
푟 = 푅
푚
푛=0 ⋅ cos
(
푛(휃 − 휑2)) = 푅푚푛=0 ⋅ cos(푛 ⋅ 휃 − 푛 ⋅ 휑1 + 푛 ⋅ 휋2 ⋅ 푛) = 푅푚푛=0 ⋅ cos(푛 ⋅ 휃 − 푛 ⋅ 휑1 + 휋2)
(3.43a)
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푢푛=0,휑
2
푡 = 푇
푚
푛=0 ⋅sin
(
푛(휃−휑2)) = 푇푚푛=0 ⋅sin(푛 ⋅ 휃 − 푛 ⋅ 휑1 + 푛 ⋅ 휋2 ⋅ 푛) = 푇푚푛=0 ⋅sin(푛 ⋅ 휃 − 푛 ⋅ 휑1 + 휋2) (3.43b)
and substituting 푛 = 0 in the above:
푢푛=0,휑2푟 = 푅
푚
푛=0 ⋅ cos
휋
2
= 0 (3.44a)
푢푛=0,휑2푡 = 푇
푚
푛=0 ⋅ sin
휋
2
= 푇푚푛=0 (3.44b)
In conclusion, one of the zero modes exhibits constant radial deformation but zero tangential one, while the
second zero mode exhibits constant tangential deformation but zero radial one. Substitution of 푛 = 0 in
eqns 3.28 leads to:
퐶1 = − 퐾
푅2
− 푘푟 (3.45)
퐶2 = 퐶3 = 0 (3.46)
퐶4 = −푘푡 (3.47)
(3.48)
The characteristic equation is expressed as:
(휌 ⋅퐴)2휔4푛=0 + 휌 ⋅퐴(퐶1 + 퐶4)휔2푛=0 + 퐶1 ⋅ 퐶4 = 0 (3.49)
(휌 ⋅퐴휔2푛=0 + 퐶4) ⋅ (휌 ⋅퐴휔2푛=0 + 퐶1) = 0 (3.50)
and the corresponding frequencies are:
휔푛=01 =
√
푘푡
휌 ⋅퐴 (3.51a)
휔푛=02 =
√
퐾 + 푘푟 ⋅푅2
푅2 ⋅ 휌 ⋅퐴 (3.51b)
The radial zero mode frequency (휔푛=01 ) is a function of the tangential sidewall stiﬀness only, while the
tangential zero mode frequency (휔푛=02 ) is a function of the ring membrane stiﬀness and the radial sidewall
one. Examining the associated mode shapes, the fact that 퐶2 = 퐶3 = 0 and the form of the characteristic
equation (3.50), allow only one of the eqns. 3.36 to be able to predict the mode shape of each of the zero
mode frequencies, as the other transforms into an identity. In result, the constant deformation of each of
the zero modes refers to the supplementary deformation pattern to the one it is named after. The radial
zero mode (eqn. 3.51a) exhibits constant tangential deformation (eqn. 3.44), while the tangential zero mode
(eqn. 3.51b) exhibits constant radial one (eqn. 3.42). Both of them are presented in ﬁg. 3.4.
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3.3.2 The rigid modes of the ring
In the previous analysis, the ring model was theoretically attached to a ﬁxed wheel through the sidewall
stiﬀness foundation. The omission of this foundation enables the free in-plane motion of the ring, which
is composed by a rotational and a translational component. In regards to the predicted modal behaviour,
the ring free motion corresponds to two of the frequencies having zero values, while the associated mode
shapes express the free motion of the ring. The term rigid is used for these modes, as no ring deformation
is developed.
Examining the mode shapes in ﬁg. 3.4, it could be proposed that the rotational rigid mode emerges from
the radial 푛 = 0 one, by the omission of the tangential sidewall stiﬀness. The omission or not of the radial
stiﬀness does not aﬀect the particular mode, as it is not associated with any radial motion or deformation.
The translational rigid mode evolves from the 푛 = 1 mode and its prediction necessitates the omission of
both of the sidewall foundations. Substituting 푛 = 1, 푘푟 = 0 and 푘푡 = 0 in eqn. 3.34, it is derived:
휔푛=11 = 0 (3.52a)
휔푛=12 =
2 ⋅퐾 ⋅푅2 + 2 ⋅퐷
푅4 ⋅ 휌 ⋅퐴 (3.52b)
Obviously the translational rigid modes emerges from the ﬁrst, (radial 푛 = 1) mode. Although the tangential
푛 = 1 mode is aﬀected by the sidewall omission, it still corresponds to a stress/strain (deformational)
condition for the ring.
The rigid modes prediction capability is a crucial characteristic of the ring model, especially if it is
combined with a non-linear sidewall structure. In that case, the linear foundation is omitted and the sidewall
eﬀect is imposed to the ring as a force excitation. Although the above, simple, form of the ring equations
of motion predicts the rigid modes, more complicated ring models, as it will be later discussed, have to be
carefully examined in respect to this characteristic.
3.3.3 The pretension eﬀect
The ring model may capture the bending mechanism of the tyre belt and the circularity induced interac-
tion between the radial and the tangential deformations, the actual modal behaviour of the tyre, though,
incorporates another major mechanism, the membrane one, induced by the inﬂation pretension. As it has
been discussed in section 2.1 and in various published studies [105, 106, 183], the low frequency range modal
behaviour of the tyre is deﬁned by the inﬂation pretension eﬀects and this behaviour is captured by various
implementations of the string/membrane mechanisms in the model. Although the inﬂation dependent be-
haviour is usually associated with the sidewall mechanism, its eﬀect on the circumferential belt behaviour
cannot be neglected. Only the latter one will be examined here, while a sidewall inﬂation dependent physical
mechanism will be later presented.
Many diﬀerent methods have been proposed for the incorporation of the pretension induced non linearity
in the ring model, in accordance to the various forms of its equations of motion and a comprehensive
analysis of the topic may be found in the classic work of Leissa [84]. In the majority of the ring model
studies ([119, 79, 245, 123] the incorporation of the pretension eﬀect follows the approach described by Endo
et al in [89] or by Huang and Soedel in [96]. According to this approach, an additional, inﬂation pressure
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(푃0) induced, strain term is incorporated in the model, which is given by the following equation:
휖푝푟푒푡푒푛푠푖표푛푠푠 =
1
2푅2
(
푢푟 +
∂푢푡
∂휃
)2
+ (
∂푢푟
∂휃
− 푢푡)2
)
(3.53)
The actual derivation of the pretensioned ring equations of motion can be found in [84, 96, 83, 100] and is
omitted from the presentation. Their ﬁnal form reads:
퐷
푅4
(
∂4푢푟
∂휃4
− ∂
3푢푡
∂휃3
)
+
퐾
푅2
(
푢푟 +
∂푢푡
∂휃
)
+
푃0 ⋅ 푏
푅
(
푢푟 + 2
∂푢푡
∂휃
− ∂
2푢푟
∂휃
)
+ 푘푟 ⋅ 푢푟 + 휌 ⋅퐴∂
2푢푟
∂t2
= 0 (3.54a)
퐷
푅4
(
∂3푢푟
∂휃3
− ∂
2푢푡
∂휃2
)
− 퐾
푅2
(
∂푢푟
∂휃
+
∂2푢푡
∂휃2
)
+
푃0 ⋅ 푏
푅
(
푢푡 − 2∂푢푟
∂휃
− ∂
2푢푡
∂휃
)
+ 푘푡 ⋅ 푢푡 + 휌 ⋅퐴∂
2푢푡
∂t2
= 0 (3.54b)
where the underlined terms correspond to the pretension eﬀect. The frequencies of the modes, radial and
tangential, associated with every modal number are given by eqn. 3.34, where the 퐵푛 and Δ푛 terms may be
expressed as functions of the corresponding non pretensioned terms according to the following equations:
퐵푝푟푒푡푒푛푠푖표푛 = 퐵 + 2 ⋅ 푃0 ⋅ 푏 ⋅푅3 ⋅ (푛2 + 1) (3.55)
Δ푝푟푒푡푒푛푠푖표푛 = Δ+ 16 ⋅푅3 ⋅ 푃0 ⋅ 푏 ⋅ 푛2(푃0 ⋅ 푏 ⋅푅3 + 푛2 ⋅퐷 +퐾 ⋅푅2) (3.56)
while the mode shapes are given by eqn. 3.36, the 퐵푠 and Δ푠 terms of which are:
퐵푝푟푒푡푒푛푠푖표푛푠 = 퐵푠
푛2 ⋅퐷 +퐾 ⋅푅2
푛2 ⋅퐷 +퐾 ⋅푅2 + 2 ⋅ 푃0 ⋅ 푏 ⋅푅3 (3.57)
Δ푝푟푒푡푒푛푠푖표푛푠 =Δ푠 −
4 ⋅ 푃0 ⋅ 푏 ⋅ (퐾 ⋅푅2 − 푛2 ⋅퐾 ⋅푅2 + 푘푟 ⋅푅4 − 푘푡 ⋅푅4 − 푛2 ⋅퐷 +퐷 ⋅ 푛4)2
푅 ⋅ (푛2 ⋅퐷 +퐾 ⋅푅2 + 2 ⋅ 푃0 ⋅ 푏 ⋅푅3)2
⋅ (푛2 ⋅퐷 + 푃0 ⋅ 푏 ⋅푅3 +퐾 ⋅푅2)
(3.58)
The above method, though, introduces an anomaly in the predicted modal behaviour, which usually
remains unnoticed by the ring model studies. As it is obvious in the pretensioned equations of motion
(3.54), the pretension factor 푃0 ⋅ 푏/푅 is multiplied with non derivated deformation terms (푢푟 and 푢푡), in
a similar way to the sidewall stiﬀness factors (푘푟 and 푘푡). Consequently, the ring rigid modes cannot be
anymore predicted by the omission of the sidewall stiﬀness. The torsional mode (radial 푛 = 0) frequency for
the pretensioned model is given by the equation:
휔푛=01 =
√
푘푡
휌 ⋅퐴 +
푃0 ⋅ 푏
푅 ⋅ 휌 ⋅퐴 (3.59)
A non zero frequency is obviously predicted in the case of the tangential sidewall omission. Similarly, the
substitution of 푛 = 1, 푘푟 = 0,푘푡 = 0 in eqn. 3.34a for the pretensioned case leads to:
휔푛=11 =
푃0 ⋅ 푏
퐴 ⋅푅 ⋅ 휌 ∕= 0 (3.60)
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The drawn conclusion is that the sidewall stiﬀness-like incorporation of the pretension eﬀect prevents the
prediction of both of rigid modes of the ring, in case the sidewall foundation is omitted.
In case the above terms are dropped from the equations of motion, the rotational rigid mode prediction
is re-established, but a new anomaly in the prediction of the translational rigid one is generated. An
imaginary, instead of zero, value is predicted for the 휔1∣푟푎푑 frequency. The same anomaly is introduced by
the possible omission of the respective deformation term only from the tangential equation of motion(3.54b).
Furthermore, as it is concluded by Leissa [84], many ring models fail to predict the existence of the rigid
modes, even without the incorporation of the pretension eﬀect. The experimental results presented in the
same work, though, reveal that the eﬀect of the pretension not only on the 푛 = 0 and 푛 = 1 modes but on
the whole low frequency range is insigniﬁcant. In conclusion, the complete omission of the pretension eﬀect
from the 푛 = 0 and 푛 = 1 modes could be proposed for the rigid mode prediction capability re-establishment,
without the introduction of a signiﬁcant computational error.
3.3.4 The inextensibility assumption
A very common ([60, 122, 80]), experimentally validated, simpliﬁcation of the analytical ring model is the
inextensibility assumption, which was introduced by Tielking in [71]. According to it, the membrane strain
of the ring is omitted and the radial and tangential deformations are additionally coupled by the following
equation:
푢푟 = −∂푢푡
∂휃
(3.61)
The derivation of the ring equations of motion under the inextensible assumption has been presented by
Soedel [83] for the simple, excluding the pretension and sidewall eﬀects, case. Here, the equations of motion
of the inextensible model, including the above eﬀects will be derived, so that its modal characteristics may
be directly compared to the respective ones of the extensible model. As the membrane strain is suspended,
the terms that correspond to it have to be eliminated from the equations of motion 3.18. In order to do so,
eqn. 3.54a is solved for the tension stress corresponding terms. The time derivative of the expression is then
substituted in eqn.3.54b. In detail:
(3.54푎)⇒ 퐾
푅2
(
∂푢푡
∂휃
+ 푢푟
)
= − 퐷
푅4
(
∂4푢푟
∂휃4
− ∂
3푢푡
∂휃3
)
−푃0 ⋅ 푏
푅
(
푢푟 + 2
∂푢푡
∂휃
− ∂
2푢푟
∂휃2
)
−푘푟 ⋅푢푟−휌⋅퐴∂
2푢푟
∂t2
(3.62)
⇒ 퐾
푅2
(
∂푢푟
∂휃
+
∂2푢푡
∂휃2
)
= − 퐷
푅4
(
∂5푢푟
∂휃5
− ∂
4푢푡
∂휃4
)
−푃0 ⋅ 푏
푅
(
∂푢푟
∂휃
+ 2
∂2푢푡
∂휃2
− ∂
3푢푟
∂휃3
)
−푘푟 ∂푢푟
∂휃
−휌⋅퐴∂
2푢푟
∂t2
(3.63)
{
(3.54푏)
(3.63)
}
⇒
퐷
푅4
(
∂6푢푡
∂휃6
+ 2
∂4푢푡
∂휃4
+
∂2푢푡
∂휃2
)
+
푃0 ⋅ 푏
푅
(
∂4푢푡
∂휃4
+ 2
∂2푢푡
∂휃2
+ 푢푡
)
− 푘푟 ∂
2푢푡
∂휃
+ 푘푡 ⋅ 푢푡 + 휌 ⋅퐴
(
∂2푢푡
∂푡2
− ∂
4푢푡
∂휃2∂t2
)
(3.64)
As it is evident from eqn. 3.64 the inextensibility assumption reduces the system of the equations of
motion to one equation. The derived equation of motion is a sixth order one if it is expressed as a function
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Model Physical Propertiesa
elastic modulus E [ 푘푔푚⋅푠 ] 10.4× 109
density 휌 [ 푘푔푚3 ] 8.1× 103
radius r [m] 0.3
belt section height d [m] 3.1× 10−3
belt section width b [m] 15.2× 10−2
inﬂation pressure 푃0 [Pa] 2.2× 105
radial sidewall stiﬀness 푘푟 [
푘푔
푚⋅푠2 ] 192.9× 106
tangential sidewall stiﬀness 푘푡 [
푘푔
푚⋅푠2 ] 648.7× 105
a after [76]
Table 3.1 – The physical properties of the model.
of the tangential deformation or a ﬁfth order one if it is expressed as a function of radial deformation.
Following the usual procedure, a harmonic function may be proposed for the mode shape deformation
description. The inextensibility assumption results in the following coupling between the radial and the
tangential deformations of the mode:⎧⎨⎩ 푢푡(휃, t) = T
m ⋅ sin (n(휃 − 휑)) ⋅ e휄⋅휔⋅t
푢푟(휃, t) = −∂ut
∂휃
⎫⎬⎭⇒
{
푢푡(휃, t) = T
m ⋅ sin (n(휃 − 휑)) ⋅ e휄⋅휔⋅t
푢푟 = −푛 ⋅ 푇푚 ⋅ cos
(
푛(휃 − 휑)) ⋅ 푒휄⋅휔⋅t
}
(3.65)
The ratio of the radial to the tangential mode shape amplitudes is equal to the modal number of the mode:
푅푚
푇푚
=
−푛 ⋅ 푇푚
푇푚
= −푛 (3.66)
In regards to the zero modes, the inextensibility obviously prevents the development of the breathing mode
deformation pattern but does not aﬀect the torsional one. Following eqn. 3.66 the radial and the tangential
deformations exhibit equal amplitudes for 푛 = 1, while for 푛 > 1 the tangential component of the mode
shape decreases proportionally to the modal number.
The characteristic equation of the inextensible ring model reads:
퐷
푅4
(−푛6 + 2푛4 − 푛2) + 푃0 ⋅ 푏
푅
(푛4 − 푛2 + 1) + 푘푟 ⋅ 푛2 + 푘푡 + 휌 ⋅퐴(휔2 + 푛2 ⋅ 휔2) = 0 (3.67)
⇒ 휔 =
√√√⎷ 퐸 ⋅ 퐼푅4 푛2(푛2 − 1)2 + 푃0 ⋅ 푏푅 푛2(푛2 − 1) + 푘푟 ⋅ 푛2 + 푘푡 + 푃0 ⋅ 푏푅
휌 ⋅퐴(푛2 + 1) (3.68)
3.4 The modal behaviour prediction of the analytical models
In this section the modal prediction characteristics of the analytical models will be comparatively presented.
The modal behaviour imposed by the two basic mechanisms of the rectilinear models will be examined,
together with the ring one, in its various forms. The circularity induced coupling between the deformation
patterns will be highlighted in regards to its modal contribution and the eﬀect of the model’s physical proper-
ties will be analysed. The physical properties, which are used in the calculation of the modal characteristics
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Figure 3.5 – The respective frequency ranges of the examined modal groups.
are given in table 3.1.
As it has been discussed in section 3.3.1, the zero modes of the ring exhibit a deformation pattern which is
complementary to the one they are named after, (pure radial deformation for the tangential 푛 = 0 -breathing
mode- and pure tangential deformation for the radial 푛 = 0 -torsional mode-). As the main mechanism that
aﬀects their mode shape development coincides with the one prescribing the complementary to theirs modal
group, zero modes will be examined as belonging to that: the breathing -zero tangential- mode will be
incorporated in the radial modal group examination, while the torsional -zero radial- in the tangential one.
The comparison of the models will be accomplished in two stages:
∙ Firstly, the models will be compared in regards to the predicted natural frequencies.
∙ Next, the relative development of the radial and the tangential deformations of the circular models will
be discussed.
3.4.1 Modal sensitivity analysis of the ring model
In order the ring model to be used as a comparison basis, the physical mechanisms that deﬁne its modal
behaviour across the frequency range should be identiﬁed. This may be accomplished through the capture
of the eﬀect of the ring’s properties on its modal characteristics and its natural frequencies in particular.
Imposing a range of percentage variations (−25% to +25%) to some of the basic physical properties of the
model, the corresponding deviation of the natural frequencies along the modal range is monitored and the
range in which the inﬂuence of each of the properties is dominant is identiﬁed. The examined properties are:
∙ The inﬂation pressure
∙ The material elastic modulus
∙ The sidewall radial stiﬀness
∙ The sidewall tangential stiﬀness
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(d) Ring elastic modulus.
Figure 3.6 – The sensitivity of the ring model radial modes to the basic model properties.
The modal range up to the 40th mode, of both the radial and the tangential modes will be examined, as
this range has been found capable of capturing the inﬂuence of the properties, without though, this range
being indicative of a suﬃcient tyre modelling breadth, something that will be examined in the following
chapters. The sensitivity analysis will be presented in regards to the modal number of the modes and the
respective frequencies of them are presented in ﬁg. 3.5.
Radial modes sensitivity
The sensitivity of the frequencies of the radial modes is ﬁrstly examined, in ﬁg. 3.6, where the zero -breathing-
mode is also included. It is obvious that each of the properties can be associated with a certain zone of
the modal range, in which its inﬂuence is predominant. Tangential sidewall stiﬀness aﬀects the natural
frequencies of the ﬁrst few modes only. The highest inﬂuence is identiﬁed for the 푛 = 2 mode, and the
eﬀect can be neglected for the 푛 > 3 modes. The radial sidewall stiﬀness is the predominant property in the
next zone,the corresponding variation to which reaches its maximum value for the n=3 mode, but covers a
broader range (up to the 푛 = 10 mode) than the tangential one. The eﬀect of inﬂation pressure becomes
predominant in the low to medium modal range, with maximum variation identiﬁed around the 푛 = 10 mode,
while signiﬁcant dependence can be observed up to the 푛 = 20 mode. The elastic modulus of the material has
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(a) Ring elastic modulus.
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(d) Inﬂation pressure.
Figure 3.7 – The sensitivity of the ring model tangential modes to the basic model properties.
an asymptotically increasing eﬀect with modal number, being the sole frequency factor in the 푛 > 20 modal
range. Its eﬀect is insigniﬁcant in the low modal range, apart from the breathing mode, the frequency of
which is controlled by the elastic modulus and insigniﬁcantly aﬀected by the radial sidewall stiﬀness property.
The above analysis is in agreement with the experimental tyre model identiﬁcation procedure, presented in
[106]. According to that, pretension (expressed in the ring model by the sidewall and the inﬂation eﬀect) is
the dominant property when it comes to low frequency modal behaviour, while bending stiﬀness (property
directly proportional to the material elastic modulus) dominates higher frequencies.
Tangential modes sensitivity
As the frequency range of the tangential modal group signiﬁcantly exceeds the experimentally observable
range (ﬁg. 3.5(b)), the analysis of the second modal group sensitivity to the model’s properties cannot be
experimentally veriﬁed. At the same time, though, this range shows no practical interest for common tyre
studies, as will be made clear in chapter 4. Numerical results are presented in ﬁg. 3.7. Torsional mode
frequency is controlled by the tangential sidewall stiﬀness and slightly aﬀected by the pretension. The rest
of the modes exhibit a strong dependency on the elastic modulus, quantitatively equal along the frequency
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range. is the inﬂuences on the natural frequencies of the tangential group, an eﬀect equal across the whole
modal range (ﬁg. 3.7(a)).
3.4.2 The frequencies prediction of the rectilinear models
The natural frequencies of the ﬁrst 41 modes (푛 = 0 to 푛 = 40) of the rectilinear models are examined
and compared to the respective radial ring ones (ﬁg. 3.8). Both the frequency values and their percentage
deviation from the ring ones are presented. The string model shows an almost linear increase in the frequency
values with the modal number, along the whole modal range, while the bending model shows a parabolic
one, similar to the frequency development of the ring model (ﬁg. 3.8(a)). In result the deviation of the string
model increases with the modal number, while the deviation of the bending model remains almost constant.
Interestingly, the frequencies predicted by the combined beam-string model exhibits an excellent correlation
to the ring model ones, along the whole modal range.
Examining the percentage deviation of the frequency values from the ring corresponding ones (ﬁg. 3.8(b)),
it is evident that all the rectilinear models underestimate the breathing frequency and overestimate the 푛 = 1
one at an almost equal level. As the modal number increases, the string model deviation becomes negative
(underestimation) for 푛 ≥ 6 and the percentage underestimation raises steadily. In contrast, the two bending
mechanism incorporating models exhibit a broad range frequency agreement with the ring one. Initially, the
simple bending model underestimates the frequencies’ values but this underestimation degrades parabolically,
while the combined model exhibits a slight overestimation, also decreasing with the modal number.
The signiﬁcant breathing mode frequency divergence of the rectilinear models results from their incapa-
bility of capturing the actual physical mechanism associated with the breathing deformation pattern (ﬁg.
3.4). The constant radius increase along the tyre circumference imposes an extensional strain condition,
which is suspended by the respective ring stiﬀness (elastic modulus) and insigniﬁcantly by the radial side-
wall one, given that the eﬀect of the elastic modulus on the breathing frequency is the dominant one (ﬁgs.
3.6(b) and 3.6(d)). In contrast, the breathing-like deformation mode of the rectilinear models, corresponds
to a constant vertical displacement along their length, which is solely suspended by the sidewall foundation.
A diﬀerence in the physical mechanism is also responsible for the 푛 = 1 mode natural frequency over-
estimation of the rectilinear models. As it is obvious by the observation of the associated mode shape (ﬁg.
3.4(a)), both radial and tangential sidewall foundations resist to the deformation pattern. In the case of the
rectilinear representation, though, the suspension of the deformation associated with one full wavelength is
apparently accomplished by the radial (vertical) stiﬀness foundation only, along the whole model’s length.
The higher natural frequency of the rectilinear models emerges from the higher stiﬀness value of the radial
foundation in comparison to the tangential one (table 3.1), increasing the stiﬀness induced resistance to the
deformation pattern.
Two basic conclusions may be drawn from the frequency convergence between the ring and rectilinear
models in the high frequency range. The ﬁrst one is that the bending stiﬀness becomes the dominant
mechanism which controls the modal behaviour of both the rectilinear and the ring models. The eﬀect of
the omission of the rest of the ring model stiﬀness mechanisms (extensional stiﬀness, tangential sidewall
stiﬀness, pretension) deteriorates and may be neglected above a modal number. Accordingly, the absence of
the bending stiﬀness mechanism deteriorates the validity of the string model, as the modal number increases.
Moreover, the predominant dependence of the ring model on the elastic modulus (ﬁg. 3.6(d) is related to the
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Figure 3.8 – The natural frequency prediction of the rectilinear belt models in comparison to the ring model one.
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Figure 3.9 – The percentage frequency deviation of the rectilinear bending model from the non-pretensioned ring one.
resulting bending stiﬀness mechanism and not to the extensional (membrane) one, as only the ﬁrst one is
depicted in the beam rectilinear models. The second conclusion is associated with the decreasing eﬀect of the
belt circularity as the modal number increases. Although a circular representation should be preferred for
the capture of the low frequency range modal behaviour a rectilinear one may be used in the high frequency
range. Similar conclusions have been experimentally drawn by Perisse and Hamet [79] and Perisse et al
[106]. Furthermore, the above discussion justiﬁes the application of the plate models on the high frequency
range simulation studies, as for example proposed by Kropp [110] and Pinnington [128].
Focusing in the middle frequency range, the in common examination of the profound deviation between
the ring and the rectilinear bending models and the good correlation between the ring and the beam-string
rectilinear ones, proves that the signiﬁcant eﬀect of the circumferential pretension across this range. The
above comparison, though, cannot capture the possible importance of the circularity eﬀect incorporation.
In order the latter to be captured, the frequencies predicted by a simple bending rectilinear model are
compared to a ring one, omitting the pretension eﬀect from the latter (ﬁg. 3.9). Interestingly, the rectilinear
model overestimates the frequencies of the whole modal range but the overestimation reduces with the modal
number. This development pattern of this overestimation is similar to the one describing the deviation of
the beam-string rectilinear model from the complete ring one (ﬁg. 3.8(b)). The coupling between the radial
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and the tangential deformation oﬀers a ”relaxation” mechanism to the model, reducing the total stress and
respectively the natural frequencies of the modes.
As it will be later discussed, the decreasing with the modal number eﬀect of the omission of the tangential
deformation capability may be attributed to the decrease of the participation of the tangential deformation
component in the respective ring mode shapes. A second interesting result from the above analysis is that
since the low frequency range deviation of the beam-string model from the ring one was attributed to the
omission of the circularity, the string physical mechanism (even in its rectilinear assumption) may be regarded
as able to capture the pretension eﬀect to the same extent with the pretensioned ring model. This conclusion
will be used later, when a similar mechanism will be proposed for the modelling potential enhancement of a
discretised beam model (section 3.5.4).
Summarizing the frequency prediction performance of the rectilinear models, in comparison to the ring
one, the following conclusions may be drawn:
∙ The rectilinear models underestimate the breathing mode frequency and overestimate the 푛 = 1 one
as the corresponding ring physical mechanisms cannot be captured.
∙ The predicted frequencies of any rectilinear approach converge to the ring ones as the modal number
increases, if the approach incorporates the bending mechanism. The eﬀect of the omission of the other
ring physical mechanisms decreases and the bending stiﬀness becomes the predominant property.
∙ The superposition of the string mechanism on the bending one, captures satisfactorily the frequency
behaviour of the ring.
∙ The circularity omission results in stiﬀer modal behaviour in the low to medium modal range, but the
eﬀect decreases for higher modes.
3.4.3 Ring models
As it has already been discussed (section 3.3) various forms of the ring model have been proposed for the
capture of the tyre modal behaviour. The frequency prediction of some of them will be here investigated.
In particular, the following model variations will be examined:
∙ The extensible ring (eqns. 3.23).
∙ The pretensioned extensible ring, in its complete form (eqns. 3.54).
∙ The pretensioned extensible ring in its simpliﬁed form (eqns 3.54, omitting the stiﬀness-like terms).
∙ The inextensible pretensioned ring(eqn. 3.64).
In ﬁg. 3.10 the radial frequencies predicted by the above ring models are presented, together with the
relative percentage deviation of them from the frequencies of the complete, extensible and pretensioned, ring
model. All of them predict a parabolic development pattern with the modal number and although a good
correlation of values between them is predicted, the omission of the pretension leads to the underestimation
of the frequency values. As the examination of the percentage deviation (ﬁg. 3.10(b)) reveals, the highest
deviation is associated with the exclusion of the pretension eﬀect and can be mainly identiﬁed in the middle
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Figure 3.10 – The natural frequency prediction of the ring-based models, in comparison to the pretensioned, extensible
ring one.
modal range. In the low range, a slight relative frequency underestimation of the simpliﬁed pretensioned
form is observed, as also a slight overestimation of the inextensible one. Predictably, as a similar bending
mechanism is incorporated in all models, the deviation diminishes in the high modal numbers section of the
range.
A further analysis of the modal prediction diﬀerences between the ring models may be attempted through
the examination of their mode shapes deformation patterns. The radial to tangential deformation ratios for
the whole modal range are presented in ﬁg. 3.11(a) and their percentage deviation from the complete ring
model is depicted in ﬁg. 3.10(b). A similar development pattern of the deformation ratios may be identiﬁed
in all of them. An almost equal radial and tangential participation is observed in the 푛 = 1 mode shapes
but the tangential participation decreases with the modal number and its value in the high modal number
modes becomes insigniﬁcant. The mode shapes can be assumed as asymptotically tending to pure radial
deformation ones. The decreasing with the modal number tangential deformation component of the ring
modes, justiﬁes the improving frequency correlation between the ring and the rectilinear bending models
(ﬁgs. 3.8(b) and 3.9). The omission of the tangential deformation strain component from the rectilinear
models becomes an insigniﬁcant frequency deviation factor of them from the ring ones in the high modal
number range.
Accordingly, the frequencies deviation of the inextensible ring may be justiﬁed by the nature of the re-
spective modelling assumption. As the membrane strain of the ring is suspended, the tangential deformation
is only derived by the respective bending strain component and practically calculated by the integration of
the radial deformation (eqn. 3.61). Obviously, the relative tangential to relative deformation is lower than
the rest of the ring models and the level of the percentage underestimation increases with the modal num-
ber, following the development of deformation patterns corresponding to increased strain conditions (higher
modes). The same physical mechanism diﬀerence is depicted in the frequencies deviation (ﬁg. 3.10(b)). The
suspension of the membrane strain imposes a stiﬀening eﬀect on the model, which is more profound in the
low modal number range, where the tangential deformation component was supposed to reach its maximum
value (ﬁg. 3.11(a)). As, though, the tangential deformation component decreases with the modal number,
the relative stiﬀening eﬀect on the inextensible ring becomes insigniﬁcant.
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Figure 3.11 – The tangential to radial ratio of deformation magnitudes of the radial modes, as a function of the modal
number, for the various ring models and in comparison to the complete ring one.
3.4.4 Tangential modal behaviour
Moving to the analysis of the tangential modes prediction characteristics, it should be mentioned that the
respective range of frequencies is much broader than the radial one (ﬁg. 3.5). The experimental identiﬁcation
of these modes is diﬃcult, as the tyre damping mechanisms suspend their excitation.
As it has been discussed in section 3.2.4, the tangential modal behaviour may be incorporated in the
rectilinear models, by the superposition of an extensional stiﬀness mechanism (truss), in a non-interacting
with the radial behaviour way. Consequently, the tangential strain does not couple the radial and the
tangential deformations and the tangential modes, which emerge as additional ones, correspond to pure
tangential deformation shapes. The radial modes remain unaﬀected in regards to their frequencies and
deformation patterns. In agreement with the analysis of the previous section, the coupling of diﬀerent
deformation patterns by the strain relaxes the stiﬀness of the structure and the possible absence of this
mechanism results in a stiﬀer modal behaviour. In the particular case, the frequency range predicted by
the rectilinear tangential model is so broader than the ring one, that the superposition approach cannot be
regarded as a valid one (ﬁg. 3.12(a)).
The ring model variations, on the other hand, show excellent frequency correlation to each other, through-
out the examined modal range (ﬁg. 3.12(b)), as the eﬀect of the simpliﬁcation or the complete absence of
the pretension mechanism on the tangential modes is insigniﬁcant. The above may be justiﬁed by the minor
dependency of the tangential group on the pretension property (ﬁg. 3.7(d)). Apparently, the inextensible
ring model does not predict a tangential modal group.
The analysis of the tangential modal prediction of the ring models is completed with the comparison of
the radial to tangential deformation ratios for each mode. This is accomplished in ﬁg. 3.13. Similarly to
the radial group (ﬁg. 3.11(a)), equal radial and tangential deformations are predicted for the 푛 = 1 mode,
above which, the radial component asymptotically tends to zero. The tangential modes are practically
associated with pure tangential mode shapes, above a modal number. The zero mode included in ﬁg. 3.13
corresponds to the torsional mode, which of course does not incorporate radial deformation. The radial
relative deformation prediction of the various ring models show excellent correlation to each other and only
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Figure 3.12 – The tangential modes frequencies as predicted by the rectilinear truss model and the various ring models.
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Figure 3.13 – The radial to tangential ratio of deformation magnitudes of the tangential modes, as a function of the
modal number, for the various ring models and in comparison to the complete ring one.
the no pretensioned model shows a steady, but insigniﬁcant, relative deviation.
An important diﬀerence between the radial and the tangential modal groups may be identiﬁed in the
relative orientation (direction) of the deformation components. It is observed (ﬁgs. 3.11(a) and 3.13(a) that
the radial and tangential deformations have opposite orientation (signs) in the radial mode shapes but similar
in the tangential ones. The physical meaning of that is presented in ﬁg. 3.14, where the deformations’ relative
orientation of the 푛 = 2 mode shape is presented for the radial and the tangential modes. The direction of
the tangential deformation which is predicted by the tangential mode corresponds to a more intensive stress
condition than the radial mode corresponding one, as it is opposite to the physical reaction of the structure.
In the case of the radial mode the two deformations act as a relaxation mechanism for each other, while in
the case of the tangential mode, their coexistence is competitive to each other, increasing the total stiﬀness
of the mode. The above mechanism is obviously in agreement with the prediction of a higher radial mode
frequency than the the tangential one.
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Figure 3.14 – The relative to each other orientation of the radial and the tangential deformations in the radial and the
tangential modes cases.
3.5 Discretised belt modelling approaches
It is very common in tyre models, a belt structure to be combined with a discretised tread foundation. This
is an obvious reason for the adoption of an also discretised belt representation approach, which allows for
its direct coupling with the tread one. Apparently, the categorisation of a model as a modal or a space
discretised one, refers to the followed method for its response calculation, as the modal behaviour of the
structure deﬁnes the transient response in both cases. Many times, though, as the space domain solution
does not incorporate the clear statement of the modes’ excitation, the modal characteristics of such models
are overlooked. For this reason, the modal behaviour of some common discretised belt representations will
be here examined in comparison to the respective analytical one.
For reasons related to the stability of the solution the use of elements representing the circular shape of the
tyre belt (such as the arch elements) is usually avoided. As a high degree of discretisation is imposed by the
need for accurate contact area representation, the circular shape of the tyre can be adequately reconstructed
by rectilinear elements, attached to each other under a relative angle. Many diﬀerent types of elements
have been proposed in tyre simulation studies, each of them aiming at the capture of speciﬁc aspects of the
tyre behaviour. A brief summary of the main discretised approaches has been presented in section 2.1.6 of
chapter 2. From the point of view of the present study, the modal prediction characteristics of the discretised
models are investigated, in comparison to corresponding analytical ones. For this reason, such elements are
chosen, that their physical mechanism can be modelled by either an analytical or a discretised approaches.
As discussed in section 2.1.3 of chapter 2, Pacejka in [1] categorised the physical modelling approaches
according to their belt deformation mechanism. The possible inclusion or not of the bending stiﬀness in the
model was found to be crucial for the predicted behaviour. In accordance to that, two simple elements are
initially selected for the study of the modal characteristics of the discretised models:
∙ A linear axial truss element is selected for the study of the excluding the bending stiﬀness case.
∙ An extensible linear beam element is chosen for the study of the including the bending stiﬀness case.
These two elements and the deformation degrees of freedom respectively assigned to their nodes are
presented in ﬁg. 3.15.
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Figure 3.15 – The representation of the belt by rectilinear elements and the degrees of freedom of the truss and the
beam elements.
3.5.1 The modal prediction of the discretised belt models
Prior to the analysis of the particular modal behaviour of the two discretised models, some general modal
characteristics of the discretised approaches should be highlighted. Many of the diﬀerences between them
and the respective analytical representations may be justiﬁed by these basic characteristics.
A signiﬁcant modal property of the discretised models is the coupling between the radial and the tangen-
tial deformations. Although the vertical and horizontal degrees of freedom of a single element are decoupled,
with non interacting terms in the inertia and stiﬀness matrices, the rotation of the elements prior to their
assembly changes the case. If the same elements were assembled in a rectilinear form, such coupling would
not be predicted for the complete structure and the modes would still emerge as pure radial or tangential, in
accordance to the behaviour of the rectilinear analytical models. The angular transformation of the elements
and the composition of the total matrices of the structure will be presented in the following.
The stiﬀness and inertia matrices of every element have to be transformed from the local system of axis
of it to the global one of the belt, the origin of which coincides with the centre of the wheel (ﬁg. 3.15).
Assuming that the ﬁrst node lies on the negative vertical semi-axis, the transformation angle is given by the
following equation:
휑푔→푙 =
(
푖− 1
2
)
휃푛푏 =
(
푖− 1
2
)
2 ⋅ 휋
푛푏
(3.69)
where:
휑푔→푙 the local to global system transformation angle
푖 the element or node index
푛푏 the total number of elements
The local to global transformation may be written as:
K푔푙표푏푎푙 = T
푇 (휑푔→푙) ⋅K푙표푐푎푙 ⋅T (휑푔→푙) (3.70a)
M푔푙표푏푎푙 = T
푇 (휑푔→푙) ⋅M푙표푐푎푙 ⋅T (휑푔→푙) (3.70b)
where:
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Figure 3.16 – The pseudo-diagonal form of the inertia and stiﬀness matrices of the discretised models.
퐾푔푙표푏푎푙 the stiﬀness matrix in the global system of axis
푀푔푙표푏푎푙 the inertia matrix in the global system of axis
퐾푙표푐푎푙 the stiﬀness matrix in the local system of axis
퐾푙표푐푎푙 the inertia matrix in the local system of axis
푇푇 the transpose of the global to local transformation matrix
휃푖 the central angle of the 푖th belt node
The actual form of the transformation matrix will be later, examined for each particular element. The
global matrices are composed, adding the elements of the stiﬀness and inertia of the elements’matrices which
correspond to the same degrees of freedom. Given that each element is attached only to its previous and
following ones, the process results in a pseudo-diagonal matrix, presented in ﬁg. 3.16. Their total dimensions
are equal to the total number of degrees of freedom, which is calculated by the product of the number of
the nodes (푛푏) with the number of degrees of freedom assigned to each of them (퐷푂퐹푠/푛표푑푒). The two
sub-matrices in the upper right and bottom left areas of the matrices (ﬁg. 3.16) emerge as a result of the
closed geometry of the structure (the ﬁrst node of the ﬁrst element, coincides with the last node of the last
element).
The sidewall stiﬀness is incorporated in the model as a discretised foundation. One radial and one
tangential stiﬀness element are assigned to each node of the structure, connecting that to a theoretical
respective point of the wheel. The stiﬀness value of each element is derived from the analytical stiﬀness
value and the degree of discretisation:
푘푖푟/푡 = 푘푟/푡
2 ⋅ 휋 ⋅푅
푛푏
(3.71)
The undamped equation of motion of the structure, in its homogenous form, reads:
M푔푙표푏푎푙 ⋅ u¨+K푔푙표푏푎푙 ⋅ u = 0 (3.72)
where u(푡) is the 푛푏 × 퐷푂퐹푠/푛표푑푒 deformations’ vector. In agreement with the respective analytical ex-
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pressions, the solution u(푡) = U ⋅ 푒휄⋅휔⋅tis proposed:
3.72⇒ (K푔푙표푏푎푙 − 휔2 ⋅M푔푙표푏푎푙)U ⋅ 푒휄⋅휔⋅t = 0 (3.73)
⇒ (K푔푙표푏푎푙 − 휔2 ⋅M푔푙표푏푎푙)U (3.74)
The natural frequencies of the structure are acquired by the solution of the characteristic equation of the
system:
∣K푔푙표푏푎푙 − 휔2M푔푙표푏푎푙∣ = 0 (3.75)
Substituting each natural frequency in eqn. 3.73 the mode shapes of the structure are calculated.
The sparse form of the model’s matrices, makes the solution of eqn. 3.75 diﬃcult, especially when a
high number of elements (푛푏) is assumed. The topic, although of outstanding importance for the numerical
calculation of the discretised models response, surpasses the aims of the present analysis. Wilkinson in [246]
oﬀers a systematic approach to the solution of the respective eigen-analysis problem.
The eigenvectors of the discretised model capture the deformation shape of the modes and each of their
elements corresponds to one degree of freedom. The total number of the predicted modes of a discretised
structure is equal to the total number of the degrees of freedom and the model’s transformation from its
space to modal representation may be regarded as a domain transformation. An eigenvector basis (matrix)
can be accordingly composed as each column of it corresponds to one eigenvector:
Ψ˜(푛푏×퐷푂퐹푠푛표푑푒 )×(푛푏×퐷푂퐹푠푛표푑푒 ) =
[
Ψ1 ⋅ ⋅ ⋅Ψ푗 ⋅ ⋅ ⋅Ψ푛푏×퐷푂퐹푠푛표푑푒
]
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
푈11
...
푈1푖,휅
...
푈1
푛푏×퐷푂퐹푠푛표푑푒
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⋅ ⋅ ⋅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
푈 푗1
...
푈 푗푖,휅
...
푈 푗
푛푏×퐷푂퐹푠푛표푑푒
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⋅ ⋅ ⋅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
푈
푛푏×퐷푂퐹푠푛표푑푒
1
...
푈
푛푏×퐷푂퐹푠푛표푑푒
푖,휅
...
푈
푛푏×퐷푂퐹푠푛표푑푒
푛푏×퐷푂퐹푠푛표푑푒
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.76)
where:
Ψ˜ the eigenvectors matrix
푛푏 the number of nodes
Ψ푗 the 푗th mode eigenvector
푈 푗푖,휅 the deformation of the 휅th degree of freedom of the 푖th node,
as predicted by the eigenvector of the 푗th mode
The eigenvectors’ matrix bears a characteristic property: it diagonalises the stiﬀness and inertia matrices of
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the structure, according to the equations:
M푚 = Ψ˜푇 ⋅M ⋅ Ψ˜ (3.77)
K푚 = Ψ˜푇 ⋅K ⋅ Ψ˜ (3.78)
(3.79)
and
M푚(푗1, 푗2) =
{
푚푚푗1 , 푗1 = 푗2
0, 푗1 ∕= 푗2
}
, M푚(푗1, 푗2) =
{
푚푚푗1 , 푗1 = 푗2
0, 푗1 ∕= 푗2
}
(3.80)
where:
M푚 the modal inertia matrix of the model
K푚 the modal stiﬀness matrix of the model
푚푚푗 the modal mass of the 푗th mode
푘푚푗 the modal stiﬀness of the 푗th mode
The parenthesis indexes deﬁne the position of the elements in the respective matrices. The natural fre-
quency of each mode may be derived from them as:
(휔푗)
2 =
푘푚푗
푚푚푗
(3.81)
Examining the total range of the derived modes, it is observed that the ones with modal number 푛 ≥ 1
exist as duplicates, while the 푛 = 0 modes exist as singular ones, a result of the double axis symmetry of
the tyre structure. The duplicate modes have equal to each other natural frequencies but their mode shapes
exhibit a relative orientation angle 휋/2푛. The importance of this relative orientation has been discussed
in the presentation of the analytical models (section 3.2.1), where the modes’ duplicity and the orientation
angle was a priori imposed and not physically emerging as it happens here. The total number of the zero
modes equals the number of degrees of freedom per node (푡), while their singular existence can be attributed
to their associated deformation, which shows no orientation property.
In order the double axis symmetry of the discretised models to preserved an even number of elements (푛푏)
is required, resulting in an even number of total degrees of freedom (푛푏×퐷푂퐹푠/푛표푑푒) and an equal number
of total modes. As the 퐷푂퐹푠/푛표푑푒 zero modes appear once, the rest of the modes, 푛푏 × 퐷푂퐹푠/푛표푑푒 −
퐷푂퐹푠/푛표푑푒 = (푛푏−1)퐷푂퐹푠/푛표푑푒, emerge as categorised into modal groups, 퐷푂퐹푆/푛표푑푒 in number, each
of them consisting of 푛푏 − 1 modes. The concept of the modal groups of the discretised models can be pro-
posed as an extension of the modal group study approach (radial and tangential) of the analytical ring models:
Deﬁnition:A modal group is a sequence of modes with strictly increasing or decreasing modal number,
the deformation of which follows a particular development pattern.
Each of the 푛푏 − 1 modes of each group, should be predicted as a double one, something contradicting
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with their odd total number. In result, the modes with modal number ranging from 푛 = 1 to 푛 = 푛푏/2− 1
emerge as double while the 푛 = 푛푏/2 mode emerges as single one. The above may be summarized as:
푛푏 elements→ (퐷푂퐹푠/푛표푑푒 × 푛푏) DOFs → (퐷푂퐹푠/푛표푑푒 × 푚) modes→ 퐷푂퐹푠/푛표푑푒 modal groups→
퐷푂퐹푠
푛표푑푒
×
{ 1× 푛 = 0 mode
2× {푛 = 1 ... 푛 = 푛푏
2
− 1} modes
1× 푛 = 푛푏
2
mode
(3.82)
3.5.2 The truss discretised model
Two degrees of freedom (푥1 and 푥2 in ﬁg. 3.15) are assigned to the truss element, as every node is associated
with its axial deformation capability. The stiﬀness and inertia matrices of the element are:
K푙표푐푎푙푡푟푢푠푠 =
퐸 ⋅퐴
푙
[
1 −1
−1 1
]
(3.83a)
M푙표푐푎푙푡푟푢푠푠 =
휌 ⋅퐴 ⋅ 푙
6
[
2 1
1 2
]
(3.83b)
The nodes of a deformed belt are displaced not only in the axial for the rectilinear elements direction
but also in a vertical to it direction. The angular transformation of the matrices results in the doubling of
the degrees of freedom of every node, as the vertical degree of freedom(, 푦1 and 푦2 in ﬁg. 3.15) is generated:
axial DOF→
{
horizontal DOF
vertical DOF
}
(3.84)
The transformation matrix reads:
T푡푟푢푠푠 (휑푔→푙) =
[
cos휑푔→푙 sin휑푔→푙 0 0
0 0 cos휑푔→푙 sin휑푔→푙
]
(3.85)
The above procedure introduces an artiﬁcial deviation in the dynamic behaviour of the complete structure.
As discussed in [247], the process is correct for the stiﬀness property, as the axial stress-strain mechanism of
the element is responsible for both the horizontal and the vertical expressions of it. The initial axial stiﬀness
is decoupled into the horizontal and the vertical ones by the transformation matrix. The same concept,
though, cannot be applied to the inertia property. The horizontal and the vertical inertia forces develop
independently from each other and they do no interact. The vertical inertia behaviour cannot be assumed
as emerging from the axial one. The application of the same transformation on the inertia matrix introduces
an extremely stiﬀ dynamic behaviour of the structure. The inertia property of each of the two vertical
degrees of freedom must be assumed as equal to the initial, axial, one. Interestingly, a similar concept is
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Figure 3.17 – The frequency deﬁned order of the ﬁrst 60 (radial and tangential) modes of the ring model.
incorporated in the ring equations of motion (eqns. 3.18), where equal inertia terms are assumed for both of
them. The duplication of the inertia related terms should not be accomplished by the angular transformation
as a decomposition of the axial property. In contrast, equal inertia terms to the axial ones should be initially
incorporated in the element’ inertia matrix, the dimensions of which are accordingly increased:
M푙표푐푎푙푡푟푢푠푠 =
휌 ⋅퐴 ⋅ 푙
6
⎡⎢⎢⎢⎢⎣
2 0 1 0
0 2 0 1
1 0 2 0
0 1 0 2
⎤⎥⎥⎥⎥⎦ (3.86)
For reasons of agreement a similar dimensions increase is applied to the stiﬀness matrix, although in this
case the additional terms are zero:
K푙표푐푎푙푡푟푢푠푠 =
퐸 ⋅퐴
푙
⎡⎢⎢⎢⎢⎣
1 0 −1 0
0 0 0 0
−1 0 1 0
0 0 0 0
⎤⎥⎥⎥⎥⎦ (3.87)
The transformation matrix is now responsible for the change of the angular orientation of the elements but
not for the increase of their dimensions and number of degrees of freedom:
T푡푟푢푠푠 (휑푔→푙) =
⎡⎢⎢⎢⎢⎣
cos휑푔→푙 sin휑푔→푙 0 0
− sin휑푔→푙 cos휑푔→푙 0 0
0 0 cos휑푔→푙 sin휑푔→푙
0 0 − sin휑푔→푙 cos휑푔→푙
⎤⎥⎥⎥⎥⎦ (3.88)
Continuing the above discussion, the form of the truss element matrices can be directly associated with
the analysis presented in section 3.4, related to the eﬀect of the strain and deformation suspensions. The
case of the truss element without the vertical degrees of freedom (2 × 2 dimensions) corresponds to the
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Figure 3.18 – The modal groups of the truss model.
suspension of the respective deformation, while the case of the truss element including the vertical degrees
of freedom not. Since the stiﬀness mechanism in both cases is equivalent, the ﬁrst case results in a much
stiﬀer modal behaviour of the structure. Examining them from a physical mechanism point of view, the
second case oﬀers an additional deformation component to the strain, resulting in a ”relaxation” mechanism
associated with a less stiﬀ dynamic behaviour. The choice of the second approach for the following analysis
does not actually derive from the association of the tyre structure with the one or the other model but with
the observation that the extensional beam model incorporates both vertical and axial degrees of freedom,
sensed as strain components by the structure. In order this element to be proposed as a corresponding to
an enhanced (bending stiﬀness including) mechanism and a comparison between their modal predictions to
have physical meaning, the complete (4× 4) truss matrices are adopted by the present study.
The truss model modal groups
Summarizing the above discussion (section 3.5.1), the modal behaviour of the truss model is expected to
develop in two modal groups, combining both radial and tangential deformation in the corresponding mode
shapes. The complete ring model (eqns. 3.54) will be used as a comparison basis. For this reason, the sixty
lowest frequency modes of the ring model, are presented in ﬁg. 3.17, according to their frequency order and
the modal group categorization. It is evident that although the two modal groups (radial and tangential)
develop as scattered into each other, the majority of the low frequency modes belong to the radial modal
group.
A truss model composed by 62 elements will be initially examined, the modes of which develop in 2
modal groups of 32 modes, covering the modal number range from 푛 = 0 to 푛 = 31. The frequency order
of the whole modal range is presented in ﬁg. 3.18. The deformation amplitude ratios (푇푚/푅푚 for the ﬁrst
group and 푅푚/푇푚 for the second one) are presented in ﬁgs. 3.19(a) and 3.19(b) respectively. Obviously, the
modes of the ﬁrst group exhibit predominant radial deformation and thus the group is named radial group,
while the second group is mainly associated with tangential deformation and thus named tangential group.
Following the analysis method of the ring model modal behaviour, the breathing zero mode is incorporated
in the radial group and the torsional zero mode in the tangential one.
A signiﬁcant diﬀerence between the truss and the ring models in the prediction of the modal groups’
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Figure 3.19 – The relative deformations of the two modal groups predicted by the truss model.
development can be identiﬁed in the respective ﬁgures, 3.18 and 3.17. The truss modal groups do not scatter
into each other, as happens in the analytical ring case, but they develop sequentially. The tangential group
starts after the completion of the radial one. As, though, the number of modes composing each group
depends on the number of elements, the frequency order of the tangential modes is directly related to the
degree of discretisation level, ranging from 푛푏2 + 2 to 푛푏 + 2. This observation should be taken into account
when a modal reduction method is applied on such a model, based on the criterion of frequency order of the
modes.
The percentage deviation of the truss model predicted radial frequencies from the ring ones is presented
in ﬁg. 3.20(a). Good correlation can be observed for the breathing and 푛 = 1 modes, but as the modal
number increases, the truss model frequencies are signiﬁcantly lower. The percentage deviation increases
rapidly for the low modal number modes (more than 50% for the 푛 = 7 mode) and asymptotically moves
towards 100% for the high modal number modes. The conclusion that the truss model predicts a severely
lower frequency range for the radial modal group may be objectively drawn.
The truss model radial frequency underestimation may be justiﬁed by the radial modes sensitivity analysis
of the ring model (ﬁg.3.6). Although the sidewall stiﬀness mechanism exists in the truss model, this is not
true for the inﬂation pretension eﬀect and the ring bending stiﬀness. The good correlation of the 푛 = 1
mode could be attributed to the sidewall mechanism, while the correlation of the breathing mode may be
justiﬁed by both the sidewall and extensional stiﬀness of the elements. The lack of pretension, though,
radically deteriorates the values of the middle range frequencies, while the absence of the bending stiﬀness
is responsible for the severe devastation of its frequency correlation to the ring model, in the high modal
range.
The percentage deviation of the tangential to radial deformation ratios from the ring ones is presented in
ﬁg. 3.20(b). An increasing underestimation of the tangential deformation component is observed throughout
the modal range. The tangential deformation diminishes for the maximum modal number mode. As the
deviation range extends from 0% to 100% throughout the modal range, the deviation of a certain mode is a
function of the total number of the available modes.
The frequency deviation of the tangential modal group from the ring one is presented in ﬁg. 3.21(a).
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(a) Relative percentage deviation of the frequencies of the
radial modes predicted by the truss model from the corre-
sponding ring ones.
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Figure 3.20 – Relative modal behaviour of the truss model radial group to the corresponding ring one.
In this case only the torsional mode frequency is slightly underestimated, while the rest of the frequencies
are overestimated. The level of deviation, though, is lower, in absolute terms, than the one of the radial
group. Interestingly, maximum deviation is not exhibited by the mode of the highest modal number, as in
the radial group, but a relative deviation plateau (maximum value) is reached, above which the deviation
values decrease.
Given that the predominant deformation of this modal group is the tangential one (ﬁgs. 3.11(a) for
the ring model and 3.19(b) for the truss one), the existence of the extensional stiﬀness mechanism in the
truss elements justiﬁes the better correlation between the two models, compared to the one of the radial
group. The fact that although basic stiﬀness factors such as the pretension and the bending mechanism are
omitted, the frequencies are overestimated is a characteristic eﬀect of the discretisation process and will be
later examined in detail.
Comparing the deviation of the 푅푛/푇푛 deformations ratios of the truss model from the ring one, a
similar, plateau including, overestimation development is identiﬁed. Initially, an increasing overestimation
is predicted, up to a maximum value corresponding to a modal number lower than the highest available one.
The overestimation decreases radically and turns into underestimation towards the end of the modal range.
Zero radial deformation is predicted for the last -highest- mode of the group. The relative radial deformation
range from equal to the ring model participation to zero associates the radial deformation of a certain mode
with the total number of elements, a common behaviour with the tangential deformation component of the
radial modes.
Summarising the modal behaviour of the truss model in comparison to the ring one, two basic character-
istics should be taken into consideration, in regards to its physical mechanism justiﬁed modal characteristics:
∙ Although two modal groups are predicted, one with radial and one with tangential predominant de-
formation, they emerge in strictly sequential frequency order and not scattered into each other.
∙ The radial group frequencies and tangential deformation are both severely underestimated, compared
to the ring ones, as the lack of pretension and bending stiﬀness mechanisms limit the modal range of
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Figure 3.21 – The relative modal behaviour of the truss model tangential group to the corresponding ring one.
acceptable correlation to the ﬁrst modes.
The truss model discretisation eﬀect
Although the underestimation of the radial modes frequencies has a physical explanation, associated with
the absence of certain stiﬀness mechanisms from the truss model, the overestimation of the tangential cannot
be satisfactory attributed to a physical mechanism. Additionally, it is evident that both frequency and shape
deviation of a certain mode form the corresponding ring one, depends on its position in the total range of
available modes. The discretised models introduce a direct eﬀect of the total number of elements on the
predicted modal prediction characteristics.
In order to identify the discretisation eﬀect and to separate it from the eﬀect of the physical mechanisms
absence, a ring model without bending stiﬀness and pretension mechanism will be used for the comparison.
Such a structure incorporates the same physical mechanisms with the truss model, the extensional stiﬀness
and the sidewall foundations, but, being an analytical model, lacks the eﬀect of the discretisation. A gradually
increasing number of elements will be assumed for the truss model (푛푏 = 60, 80, 100, 120, 140, 160, 180
and 200) so that the eﬀect of the relative position of a certain mode in the predicted modal range can be
identiﬁed. The frequencies of the ﬁrst 200 radial modes of the analytical ring-derived structure are also
presented for comparison. The breathing mode is excluded from the investigation, as its deviation from the
ring model is insigniﬁcant.
The complete frequency range of the radial modal group is presented in ﬁg. 3.22(a) for increasing
number of truss model elements, while the ﬁrst 30 modes are presented in ﬁg. 3.22(b). The frequency range
of the analytical model asymptotically tends towards an upper limit value which is deﬁned by the physical
properties of the model. The frequency range of the discretised models also extends to a certain limit,
although non asymptotically, independently from the number of elements/modes. As an equal, properties
deﬁned and discretisation independent, total frequency range is associated with both of the models, the
frequency value of the intermediate modes is deﬁned by the discretisation. Consequently, the total number
of elements prescribes the discretisation eﬀect on each of the modes. Moreover, the eﬀect is profound for the
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(b) The frequency range of the 푛 = 1 to 푛 = 30 modes.
Figure 3.22 – The truss model discretisation eﬀect on the prediction of the radial natural frequencies for an increasing
total number of elements.
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Figure 3.23 – The eﬀect of the discretisation on the ratio of the tangential to the radial deformation of the radial group
mode shapes.
modes close to the upper limit of the modal range, but insigniﬁcant in the initial section of it.
Assuming that reduction process based on a modal number cut-oﬀ limit is to be applied to such a model,
the correlation to the analytical representation improves with the degree of discretisation and the frequency
range which corresponds to the modal one narrows. This is evident in ﬁg. 3.22(b)), where the associated
frequency range of the 푛 = 1 to the 푛 = 30 modal range is presented for an increasing level of discretisation.
The discretisation aﬀects also the development of the tangential to radial deformation ratio across the
modal group, presented in ﬁg. 3.23. In general, the discretised models underestimate, in terms of absolute
values, the participation of the tangential deformation. For any number of elements, though, the range of the
deformations’ ratio of extends to the whole range from equal participation (always predicted for the 푛 = 1
mode) to zero tangential participation (always predicted for the highest available mode). This is evident in
both ﬁg. 3.20(b) and ﬁg. 3.23 where the deformation ratios of the whole modal group (starting from 푛 = 10)
is presented for various discretisation levels. Examining a certain mode the closer its modal number is to
the upper limit of the total modal range the closer to zero will be the predicted tangential participation.
Similarly to the frequencies case, the discretisation eﬀect is more profound for the modes close to the upper
modal number limit of the group.
Moving the discussion to the discretisation eﬀect on the tangential group modal characteristics, the fact
that this group lies in the second half of the total modal range seems to induce a completely diﬀerent,
almost contrary, frequency development. The complete range frequency-modal correspondence for the same
degrees of discretisation with the radial group are presented in ﬁg. 3.24(a), where the frequencies predicted
by the analytical ring derived model are also presented for comparison reasons. The major diﬀerence of the
tangential group modal development from the radial one is that the total frequency range of the group is
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(b) The frequency range of the 푛 = 1 to 푛 = 30 modes.
Figure 3.24 – The truss model discretisation eﬀect on the prediction of the tangential natural frequencies for increasing
total number of elements.
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Figure 3.25 – The eﬀect of the discretisation on the ratio of the radial to the tangential deformation of the tangential
group mode shapes.
not constant but depends on the number of elements. The increase of this number does not result only in
the increase of the modal number range but also in the increase of the respective frequency range.
The truss models overestimate the frequencies also of the tangential group, while, in a way similar to the
radial one, the level of overestimation increases radically above a certain modal number, related to the total
number of elements. Although this behaviour may be observed across the greatest part of the modal range,
a contradicting behaviour may be observed towards the upper limit of the modal range of each model.The
frequency rate of change with the modal number decreases and the predicted frequencies of the last part
of the modal range appear as lower than the ones predicted by truss models composed by a higher number
of elements. The above is evident in ﬁg. 3.24(b) where the percentage deviation of the frequencies of all
the truss models from the corresponding analytical model ones is presented. The decrease of the percentage
overestimation in the last portion of the modal range is evident in all models. Interestingly, although the
frequency deviation of a certain mode is a function of the discretisation, throughout the modal range, this is
not true in this last portion, as the maximum percentage deviation and the deviation of the last (maximum
modal number) mode are insigniﬁcantly aﬀected by the degree of discretisation.
The discussion on the discretisation eﬀect of the truss model tangential group comes to an end with
the presentation of the deviation of the radial to the tangential deformations’ ratio (ﬁg. 3.25). An initial
overestimation of the radial component which transforms into underestimation towards the upper limit of
the modal group is apparent for all the discretised cases. In agreement with the radial group behaviour, the
whole range from equal (푛 = 1) to zero (푛 = 푛푚푎푥) radial participation is covered for each of the models.
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Combining these two characteristics, an increase in the number of elements/modes results in a moderate
initial ratio overestimation, transforming into a moderate underestimation towards the upper modal limit.
Summarising the analysis of the truss models’ discretisation eﬀect, some basic conclusions can be drawn
in regards to its necessary consideration when the modal prediction of such a model is to be validated or
justiﬁed:
∙ The truss discretisation eﬀect may be identiﬁed as an artiﬁcial stiﬀening mechanism of increasing
with the modal number magnitude, for both radial and tangential groups. In the radial group, it is
accompanied by an underestimation of the relative tangential deformation, but in the tangential one
an initial overestimation followed by an underestimation in the last section is observed.
∙ The magnitude of the eﬀect on a certain mode does not actually depend on its modal number or
frequency, but on its order across the predicted modal range. In result, the eﬀect may be deteriorated
by the broadening of the available range, through the increase of the number of elements composing
the structure.
∙ The increase of the discretisation degree, broadens the modal range of both radial and tangential
groups. An increase of the respective frequency range, though, can be identiﬁed only for the tangential
group.
∙ The eﬀect of the discretisation on the radial group is more profound than the eﬀect on the tangential
one.
3.5.3 The beam discretised model
As the lack of the bending stiﬀness mechanism devastated the modal prediction capability of the truss based
model compared to the analytical ring one, the investigation of the model composed by rectilinear beam
elements shows great interest. As it was highlighted in the truss model analysis, the degrees of freedom
increase should not be induced by the angular transformation process, but by their incorporation in the
element’s initial matrix expression. In accordance, the proposed beam element, does not include only the
rotational and vertical deformation terms, associated with the bending mechanism, but also the extensional
deformation term (ﬁg.3.15). The additional terms correspond to the superposition of the truss element’s
axial stiﬀness terms, decoupled, in the single element case, from the bending stiﬀness ones. The angular
transformation process will induce the coupling between the bending and extensional deformation patterns
for the complete structure, as discussed in section 3.5.1.
The stiﬀness and inertia matrices of the non extensional beam are:
K푏푒푎푚 =
퐸 ⋅ 퐼
푙3
⎡⎢⎢⎢⎢⎣
12 6푙 −12 6푙
6푙 4푙2 −6푙 2푙2
−12 −6푙 12 −6푙
6푙 2푙2 −6푙 4푙2
⎤⎥⎥⎥⎥⎦ (3.89a)
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M푏푒푎푚 =
휌 ⋅퐴 ⋅ 푙
420
⎡⎢⎢⎢⎢⎣
156 22푙 −54 −13푙
22퐿 4푙2 13푙 −3푙2
54 13푙 156 −22푙
−13푙 −3푙2 −22푙 4푙2
⎤⎥⎥⎥⎥⎦ (3.89b)
After the incorporation of the truss-like axial deformation degree of freedom, the above matrices read:
K푏푒푎푚 =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
퐸퐴
푙 0 0 −퐸퐴푙 0 0
0 12퐸퐼푙3
6퐸퐼
푙2 0 − 12퐸퐼푙3 6퐸퐼푙2
0 6퐸퐼푙2
4퐸퐼
푙 0 − 6퐸퐼푙2 2퐸퐼푙
−퐸퐴푙 0 0 퐸퐴푙 0 0
0 − 12퐸퐼푙3 − 6퐸퐼푙2 0 12퐸퐼푙3 − 6퐸퐼푙2
0 6퐸퐼푙2
2퐸퐼
푙 0 − 6퐸퐼푙2 4퐸퐼푙
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.90a)
M푏푒푎푚 =
휌 ⋅퐴 ⋅ 푙
420
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
140 0 0 70 0 0
0 156 22푙 0 54 −13푙
0 22푙 4푙2 0 13푙 −3푙2
70 0 0 0 140 0
0 54 13푙 0 156 −22푙
0 −13푙 −3푙2 0 −22푙 4푙2
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.90b)
The transformation form the local system of each element to the global one of the structure, aﬀects the
displacement deformations terms but not the rotational ones. Thus, the transformation matrix reads:
T푏푒푎푚 =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
cos휑푔→푙 sin휑푔→푙 0 0 0 0
− sin휑푔→푙 cos휑푔→푙 0 0 0 0
0 0 1 0 0 0
0 0 0 cos휑푔→푙 sin휑푔→푙 0
0 0 0 − sin휑푔→푙 cos휑푔→푙 0
0 0 0 0 0 1
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.91)
Apart from the discretisation related eﬀects, which will be later discussed, the only physical mechanism
diﬀerence between the beam model behaviour and the analytical ring one is the lack of the pretension eﬀect
from the ﬁrst one. This is expected to be mainly depicted in the middle modal range, where the inﬂation
non linearity eﬀect seems to maximize (ﬁg. 3.6(c)).
The beam model modal groups
According to the analysis of section 3.5.1, the attribution of three degrees of freedom to each node of the
beam-based structure results in the prediction of three modal groups (section 3.5.1). The three degrees of
freedom of the beam element, though, do not correspond to diﬀerent deformation patterns. The vertical to
the element’s axis deformation and the rotational one (ﬁg. 3.15) are coupled to each through a derivative
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Figure 3.26 – The modal groups of the beam model.
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Figure 3.27 – The relative deformations of the two ﬁrst modal groups of the beam model.
equation:
tan(휃) =
∂푢푡
∂푢푟
⇒ 휃 ≃ ∂푢푡
∂푢푟
(3.92)
Consequently, the existence of the angular deformation in the matrices of the element oﬀers no additional
degree of freedom to the ones predicted by the extensional ring model, the radial and the tangential dis-
placements.
The frequency order of the modes is presented in ﬁg. 3.26, where the formation of the three modal groups
is evident. Moreover, the radial and the tangential groups develop as scattered into each other, in a way
similar to the corresponding modal groups of the ring models (ﬁg. 3.17). The position of the tangential
modes along the frequency deﬁned modal order is not directly aﬀected by the number of elements, and their
positions correlate to the ring predicted ones. This characteristic oﬀers a qualitative correlation between the
modal prediction of these two approaches, in contrast to the behaviour of the truss discretised model.
The characterization of the ﬁrst two modal groups as radial and tangential ones is justiﬁed by the ratios
of the corresponding deformations, presented in ﬁg. 3.27. The relative direction (sign) and the magnitude
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Figure 3.28 – The relative modal behaviour of the beam model radial group to the respective ring one.
of the deformation exhibit a satisfactory correlation to the respective ring modal groups (ﬁgs. 3.11(a) and
3.13(a)). Similarly to the truss discretised model, the deformation ratios of both groups extend from equal
to zero participation of the supplementary deformation along the modal range, a discretisation related eﬀect
that will be later discussed. A small deviation in the ratio development, observed in the middle of the modal
range, is attributed to an eigenanalysis computational error, introduced by the close existence of modes
belonging to two modal groups (tangential and angular) with convenient modal numbers and frequencies,
something that imposes a critical condition to any numerical eigenanalysis method [246]. The deviation area
can be identiﬁed in ﬁg. 3.26 as the intersection of the two groups.
The third modal group develops sequentially after the completion of the radial one. Although in ﬁg.
3.26, the name angular is inherited from the third distinctive degree of freedom of every node, the associated
mode shapes do not always reveal the angular deformation as the primal one. It should be highlighted that
in this modal group the frequency-deﬁned order of the modes is contrary to the modal number deﬁned one.
This modal development pattern, though, objects to the generic physical mechanism, according to which the
frequency of any structural mode increases with the modal number. As this third modal is artiﬁcial induced
by the element’s matrices and its behaviour does not coincide with the physical one, it will be dropped from
the further study of the beam model modal characteristics.
The radial group modal behaviour is presented in ﬁg. 3.28, in comparison to the ring corresponding
one. In general, the beam model underestimates the natural frequencies along the whole modal range (ﬁg.
3.28(a)). As it is expected, the level of underestimation increases for the low modal numbers, reaches a
maximum value and decreases above that. This parabolic behaviour coincides with the development of the
inﬂation pretension eﬀect across the modal range (ﬁg. 3.6(c)). The decrease in the deviation level for higher
modal number can be justiﬁed by the predominant bending stiﬀness eﬀect as the modal number increases
(depicted as an elastic modulus dependency in ﬁg. 3.6(d)), a stiﬀness mechanism accurately captured by the
beam model. In terms of magnitude, the frequency deviation of the beam model is signiﬁcantly lower than
the truss model one. Although equal levels of underestimation are exhibited by both models for low modal
numbers, the existence of the bending mechanism improves signiﬁcantly the prediction characteristics of the
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Figure 3.29 – The relative modal behaviour of the beam model tangential group to the respective ring one.
beam model in the high modal number zone of the modal range.
The tangential deformation component of the radial mode shapes is lower than the respective ring model
one (ﬁg. 3.28(b)). Similarly to the development of the truss model radial group, the deviation increases with
the modal number, ranging from the zero value (perfect correlation of the participation) to the complete
absence of tangential deformation.
The tangential modal group behaviour is compared with the respective ring one in ﬁg. 3.29. Apart
from the torsional zero mode frequency, which is underestimated compared to the ring one for reasons
associated with the absence of the pretension eﬀect, all the other tangential frequencies are overestimated.
The percentage overestimation increases up to a maximum value, towards the end of the tangential group,
after which it deteriorates. The behaviour is similar to the truss model one and as it will later discussed, is
induced by the discretisation eﬀect. The deviation of the radial deformation participation in the mode shapes,
though, develops a diﬀerent pattern (ﬁg. 3.29(b)). The percentage level of deviation initially drops, but
suddenly increases for a speciﬁc value, after which it deteriorates again. The behaviour is largely aﬀected by
the computational error induced by the coexistence of the tangential and angular groups in close frequencies
and modal numbers, which prevents the drawing of conclusion related to the associated physical mechanisms.
Summarizing the physical mechanism induced deviation of the beam model from the ring one, the fol-
lowing remarks should be highlighted:
∙ Both radial and tangential modal groups are represented and their deployment pattern correlates well
with the ring model predicted one. A third, artiﬁcial, modal group develops as a result of the inclusion
of the rotational deformation of the node as a distinct degree of freedom in the element’s matrix.
∙ The frequencies of the radial modal group are underestimated, especially in the middle modal range
as a direct consequence of the pretension eﬀect absence. The degree of underestimation decreases for
higher modal numbers, as bending becomes the predominant mechanism.
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Figure 3.30 – The eﬀect of beam discretisation on the prediction of the radial natural frequencies for increasing number
of elements.
The beam model discretisation eﬀect
Similarly to the truss model analysis, many characteristic diﬀerences of the beam model modal prediction
from the respective ring one cannot be attributed to an absence or diﬀerence of a physical mechanism between
them. The increasing underestimation of the tangential deformation with the modal number across the
radial modal group, and the modal behaviour (frequencies and deformations) of the tangential one cannot be
justiﬁed by the absence of the inﬂation pretension. For this reason, the discretisation eﬀects will be examined,
in order to be determined if they can oﬀer a satisfactory justiﬁcation. Similarly to the truss respective
investigation, beam models with gradually increasing number of elements (푛푏 = 60, 80, 100, 120, 140, 160, 180
and 200), will be compared to a non pretensioned ring model.
The complete range of the natural frequencies of the radial modal group is presented in ﬁg. 3.30(a),
together with the frequency prediction of the ring model. The percentage frequency deviation from the
latter one of each of the beam models is presented in ﬁg. 3.30(b). In general, all the discretised models
predict a, similar to the ring model, parabolic development of the frequencies with the modal number and a
slight overestimation can be identiﬁed in all of them. Interestingly, as it can be observed in the second ﬁgure,
although the percentage overestimation increases towards the upper limit of the available modal range, a
radical drop in the overestimation level is identiﬁed in the last section of it. The maximum percentage of
overestimation is equal for any discretisation level, as is also the percentage value corresponding to the last
mode. A similar behaviour was identiﬁed for the tangential modal group of the truss models.
Apart from the apparently smaller deviation magnitude from the corresponding analytical solution, an-
other major diﬀerence between the radial modal group prediction of the beam and the truss model must be
highlighted. As it has been observed (ﬁg. 3.22(a)) the predicted frequency range in the truss case does not
depend on the discretisation level and the total number of modes, although the latter signiﬁcantly aﬀects
the deviation from the analytical solution of a certain examined mode. In the beam case, though, the total
breadth of frequency range of the radial group increases almost proportionally to the number of elements
and the resulting modal range.
The discretisation eﬀect on the tangential deformation component of the radial mode shapes is presented
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Figure 3.31 – The eﬀect of the discretisation on the ratio of the tangential to the radial deformation of the radial group
mode shapes.
0 20 40 60 80 1000
2
4
6
x 104
Modal number
Fr
eq
ue
nc
y 
[H
z]
 
 
analytical
discretized
increasing nb
(a) The complete range of frequencies of the tangential
modes, for increasing number of elements.
0 20 40 60 80 1000
5
10
15
20
Modal number
Fr
eq
ue
nc
y 
de
via
tio
n 
[%
]
 
 
increasing nb
(b) The percentage deviation of the beammodel frequencies
from the respective ring ones.
Figure 3.32 – The eﬀect of beam discretisation on the prediction of the tangential natural frequencies for increasing
number of elements.
in ﬁg. 3.31. In contrast to the frequencies prediction, the behaviour is similar to the one of the truss model
radial group (ﬁg. 3.20(b)), in both qualitative (underestimation) and quantitative terms. Independently from
the number of elements, the whole relative participation range, from equal to zero, is covered. This results
in increasing underestimation level with the degree of discretisation, for a particular mode. The relative
tangential to radial deformation values tend asymptotically to the analytical model ones, also presented in
ﬁg. 3.31, as the number of elements increases.
Moving the discussion to the tangential modal group, a similar to the radial group development pattern
may be identiﬁed (ﬁg. 3.32). Quantitatively, though, higher deviation levels than the ones of the radial
group can be observed. The behaviour shows very good correlation with the one predicted by the truss model
tangential modal group, in both overestimation development patterns and magnitudes. This may be justiﬁed
not only by the equal physical mechanism representing the extensional deformation of the elements (which
primarily deﬁnes the modal behaviour of the tangential modal group), but also by the similar modelling
capture of this mechanism by both elements (eqns. 3.87 and 3.90).
The eﬀect of the discretisation on the participation of the radial deformation in the mode shapes of the
group (ﬁg. 3.33), is diﬃcult to be identiﬁed for the already discussed computational reasons. Detracting
the deviation pattern associated with this anomaly, the, already identiﬁed (ﬁg. 3.27(b)), underestimation
trend follows the, commonly observed, mode deviation dependency on its relative to the upper modal limit
position in the modal range.
Summarizing the eﬀect of discretisation on the beam model modal prediction some basic conclusions
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Figure 3.33 – The eﬀect of the discretisation on the ratio of the radial to the tangential deformation of the tangential
group mode shapes.
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Figure 3.34 – The number of modes satisfying a criteria of certain deviation from the corresponding analytical frequen-
cies, as a function of the total number of available modes.
must be highlighted, especially in comparison to the corresponding ones drawn by the examination of the
truss model:
∙ Similarly to the truss model, the discretisation imposes an artiﬁcial stiﬀening eﬀect and a reduction
of the supplementary relative deformation on both modal groups of the beam model. The eﬀect on
a particular mode does not depend on its modal number or frequency, but on its relative position
(order) across the predicted modal range. Consequently, this eﬀect can be deduced by an increase of
the discretisation level.
∙ The frequency ranges of both the radial and tangential modal groups increase proportionally to the
respective modal ranges and the degree of discretisation. In the truss case, though, the frequency range
of the radial group was found to be independent of the modal range.
∙ The discretisation eﬀect is more profound on the tangential modal group, in comparison to the radial
one. The contrary conclusion was drawn in the truss model case.
In the preceding analysis, it has been multiply emphasized for both truss and beam models that the
deviation from the respective analytical behaviour increases in a non linear way with the modal number and
is magniﬁed towards the upper limit of the available modal range. If a cut oﬀ frequency or modal number
limit is to be chosen as an initial step for the application of a modal reduction method on a discretised
model, the above conclusion should be taken into severe consideration.
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The increase of the discretisation degree broadens the modal range in which the related phenomena may
be considered as insigniﬁcant. Moreover, it may be proposed that the number of modes that meet a criteria of
certain percentage deviation from the respective analytical frequencies is proportional to the total number of
elements. This is presented in ﬁg. 3.34, where various values of percentage frequency deviation are proposed
as criteria for the modes of the truss (ﬁg. 3.34(a)) and the beam models (ﬁg. 3.34(b)).
3.5.4 The enhanced beam discretised model
It may be argued that if the study of a highly discretised beam model is limited to the low-medium modal
range, the eﬀect of the discretisation is insigniﬁcant and the only factor that makes the predicted modal
behaviour divert from the one of the analytical ring is the lack of the pretension mechanism (ﬁg. 3.28(a)).
Although the pretension eﬀect can be generally described as a stiﬀening one, an increase of the elastic
modulus cannot be proposed as a compensating solution. As it is obvious in ﬁgs. 3.6(c) and 3.6(d), the
eﬀect of the two properties (inﬂation pressure and material modulus) is associated with diﬀerent zones of the
modal range and, moreover, the eﬀect of the elastic modulus does not deteriorate in the high modal number
range. In result, a possible attempt for correlation between the beam and ring models medium modal range
behaviour through a correction of the elastic modulus value would result in an excessive increase of the high
modal number frequencies and the stiﬀening of the structure’s behaviour.
A method based on a physical mechanism will be proposed for the capture of the inﬂation eﬀect by the
beam model. The method is based on the superposition of a linear, inextensible, string under tension element,
on the beam element’s stiﬀness matrix. Such a mechanism has been proposed as an analytical rectilinear
belt representation in section 3.2.1. The diﬀerential equation which describes the transverse vibrational
behaviour of the string element along its length is similar to eqn. 3.93, dropping the sidewall corresponding
term:
푇
∂2푢푦
∂푥2
= 휌퐴
∂2푢푦
∂푡2
(3.93)
where:
푇 the tension force
푢푦 the transverse deformation
푦 the direction transverse to the axis of the string
푥 the dimension along the axis of the string
휌 the material density
퐴 the cross-section area
In order to express the string mechanism described by eqn. 3.93 in a discretised way, a rectilinear string
element of equal length (푙) to the beam one is proposed, sharing the same nodes. The two degrees of
freedom of each string element (to which the deformation term 푢푦 of eqn. 3.93 applies to) coincide with the
vertical to the element’s axis degrees of freedom of the beam. The superposition of the string element is
characteristically presented in ﬁg. 3.35. Although the string element is assumed to be a rectilinear one, the
calculation of its tension force is based on an arc-shaped assumption, with the same radius with the belt
circumference (푅). The tension force is given by eqn. 3.93, which is repeated here:
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푇 = 푃0 ⋅푅 ⋅ 푏 (3.94)
where:
푃0 the inﬂation pressure
푅 the belt radius
푏 the belt width
The diﬀerential eqn. 3.93 now reads:
∂2푢푦
∂푥2
=
휌 ⋅ 푑
푃0 ⋅ 푏
∂2푢푦
∂푡2
(3.95)
For the expression of the string element behaviour in an equivalent to the stiﬀness way, a linear inter-
polation method [248] is assumed along the element. The process is similar to the one followed for the
derivation of the truss element stiﬀness matrix, although in this case the interpolated deformation (푈푦) lies
in the direction vertical to the element’s axis. The deformation function along the may be written as:
푢푦(푥, 푡) = 푢
1
푦(푡) + 푥
푢2푦(푡)− 푢1푦(푡)
푙
⇒ 푢푦(푥, 푡) = (1− 푥
푙
)푢1푦(푡) +
푥
푙
푢2푦(푡) (3.96)
where 푢1푦 and 푢
2
푦 are the deformation values of the two nodes, and 푥 the position along the element’s axis.The
emerging expression for the stiﬀness matrix reads:
퐾푠푡푟푖푛푔 =
푃0 ⋅푅 ⋅ 푏
푙
[
1 -1
-1 1
]
(3.97)
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Figure 3.36 – The frequency deviation of the radial and the tangential modes predicted by the combined beam-string
discretised model from the pretensioned ring one.
The updated stiﬀness matrix of the beam element, incorporating the inﬂation-dependent contribution of
the string element, reads:
퐾푙표푐푎푙푏푒푎푚−푠푡푟푖푛푔 =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
퐸퐴
푙
0 0 −퐸퐴
푙
0 0
0
12퐸퐼
푙3
+
푃0푅푏
푙
6퐸퐼
푙2
0 −12퐸퐼
푙3
− 푃0푅푏
푙
6퐸퐼
푙2
0
6퐸퐼
푙2
4퐸퐼
푙
0 −6퐸퐼
푙2
2퐸퐼
푙
−퐸퐴
푙
0 0
퐸퐴
푙
0 0
0 −12퐸퐼
푙3
− 푃0푅푏
푙
−6퐸퐼
푙2
0
12퐸퐼
푙3
+
푃0푅푏
푙
−6퐸퐼
푙2
0
6퐸퐼
푙2
2퐸퐼
푙
0 −6퐸퐼
푙2
4퐸퐼
푙
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.98)
The inertia matrix remains that of the beam element, described by eqn. 3.90b.
The percentage frequency deviation of the radial and the tangential modal groups, predicted by the
enhanced model, from the complete (pretensioned) ring model is respectively presented in ﬁgs. 3.36(a) and
3.36(b). It is evident that the frequency correlation of the radial group has been signiﬁcantly improved,
especially in the middle range, where the eﬀect of the pretension is dominant (ﬁg. 3.6(c)). An insigniﬁcant
deviation along the modal range can be observed and only a slightly increased frequency overestimation can
be identiﬁed, in the high modal, ﬁnal, portion. The frequency deviation of the tangential group remains
though constant, as it is mainly attributed to the discretisation eﬀect and not to any physical mechanism
diﬀerence. Moreover the radial deformation associated with the tangential modal group is not profound (ﬁg.
3.27(b) and the change to the stiﬀness mechanism related to it hardly aﬀect the frequency prediction of the
group. The signiﬁcantly improved correlation of the torsional zero mode should be, though, mentioned.
3.6 Summary of the modal behaviour of the belt models
Having completed the presentation of the basic belt modelling approaches and before moving to the analysis
of other factors aﬀecting the tyre modal behaviour, a brief summary of the basic conclusions drawn from the
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above analysis may be useful.
The relative to each other modal behaviour of the proposed models develops on the basis that either the
suspension of a strain component (deformational degree of freedom) or the incorporation of an additional
stiﬀness mechanism impose a stiﬀening eﬀect, while the addition of a deformation pattern or the drop of
a stiﬀness mechanism contribution result in the ”relaxation” (stiﬀness decrease) of the modal behaviour.
Moreover, the development of the deviation of each model from the complete ring one, along the modal
range, may be justiﬁed by the modal sensitivity analysis (section 3.4.1) of the latter one. In the case of the
discretised models, the discretisation stiﬀening eﬀect has to be taken into consideration, especially in case
the examined modes lie close to the upper limit of the available range.
∙ Rectilinear models
The radial (vertical) rectilinear model overestimates the natural frequencies, compared to a ring model
with similar stiﬀness mechanisms, as its strain lacks the coupling between the radial and the tangential
deformation. The overestimation is profound in the low modal range modes, the mode shapes of which
predict a signiﬁcant tangential deformation pattern. In terms of stiﬀness properties incorporation, the
omission of bending stiﬀness (rectilinear string model) results in increasing underestimation with modal
number, while the omission of string stiﬀness (rectilinear beam model) mainly aﬀects the medium modal
range. Both development trends are in absolute agreement with the ring modal sensitivity analysis.
In the case of the tangential (extensional) rectilinear model, the overestimation of the frequencies is so
severe that its comparison with the ring model is meaningless.
∙ Ring models
An inextensible, membrane strain lacking, ring model exhibits frequency overestimation in the low
modal range, where the ring coupling between the radial and the tangential deformation of the complete
model is more intense. The lack of the membrane strain also imposes the underestimation of the
tangential deformation, the degree of which increases with the modal number. In terms of stiﬀness
mechanism incorporation, the eﬀect of the pretension mechanism drop may be identiﬁed mainly in the
middle radial modal range. In the high modal range, both of the above frequency deviation eﬀects
(tangential strain suspension and pretension absence) deteriorate, as the radial bending mechanism
becomes the predominant modal factor. All the ring models, able to predict a tangential modal group,
correlate well to each other in terms of frequencies values and deformation patterns.
∙ Truss model
Both radial and tangential modal groups are predicted, although their sequential deployment pattern
does not correlate with the scattered one of the ring model, nor does the corresponding frequency range
prediction of the radial group. Radial frequencies are severely underestimated along the modal range
and the degree of underestimation increases with the modal number. The absence of bending (mainly)
and the pretension (secondarily) stiﬀness mechanisms are responsible for the deviation magnitude
increasing pattern. The slight frequency overestimation of the tangential modal group, though, is not
imposed by a physical mechanism but by the discretisation eﬀect.
∙ Beam model
Three modal groups are predicted, two of which correlate adequately with the radial and the tangential
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ones of the ring model, in terms of deployment pattern and characteristic deformations, and a third one,
artiﬁcially imposed by the form of the element’s matrices. The radial frequencies correlate well with
the ring ones, especially in the high modal range. The middle range frequency underestimation can be
attributed to the lack of the pretension mechanism, and the frequency prediction potential is radically
improved by the incorporation of a string physical stiﬀness mechanism to the model. The tangential
modal group characteristics are similar to the truss model tangential group, as the stiﬀness mechanism
associated with the dominant tangential deformation is satisfactorily captured by the element’s stiﬀness
matrix.
3.7 The sidewall related modal eﬀect of the inﬂation pressure
The modal eﬀect of the inﬂation pressure is not limited to the circumferential pretension of the belt, presented
in section 3.3. Acting on the tyre sidewall, air pressure directly inﬂuences the sidewall stiﬀness through a non
linear mechanism. This eﬀect is intensiﬁed by the sidewall proﬁle shape variations imposed by the inﬂated
equilibrium of the tyre at diﬀerent values of radius.
The actual tyre sidewall is a relatively thin structure composed by several cord layers of high tensile
strength but small bending stiﬀness, covered by a thin rubber surface. This morphology justiﬁes the choice
of a membrane or string (in terms of tyre cross section) mechanism in order to represent the, geometry
and pressure related, inﬂation dependency of the radial stiﬀness of the tyre. This dependency develops
through their non-linear eﬀect on the magnitude and orientation of the sidewall tension force. A discretised
formulation combining a string-based sidewall and a beam-based belt can be found in [117], while a complete
modal study using a tyre model incorporating a string/beam based sidewall is presented in [128]. The concept
of the inextensible membrane based sidewall will be analysed in the following for the capture of the sidewall-
related eﬀect of the inﬂation pressure on the ring modal behaviour. Prior to that, though, the response
calculation of a modally expended belt model will be presented, as the process is crucial not only for the
calculation of the inﬂation deformation but also of the operational response of the tyre which will be examined
in the following chapters.
It should be noted that another eﬀect of the inﬂation is related to the vibrational coupling between
the belt and the quantity of air which is contained in the tyre cavity. Although this coupling does aﬀect
slightly the modal characteristics of the tyre, its main eﬀect is related to the acoustics behaviour as opposed
to the structural one. The air coupling phenomena play a predominant role in the generation of the tyre
rolling noise but not in the actual traction or structural performance characteristics. For this reason, the air
coupling phenomena will be excluded from the present analysis. Gautin and Ropers in [249] describe some
of the simulation tools which have been developed by the tyre industry for the study of the noise related air
coupling eﬀects.
3.7.1 The transient response calculation of a modally expanded ring model
Although space domain numerical methods for the calculation of the belt response, as prescribed by the ring
equations of motion, exist (for example the ﬁnite diﬀerences method presented by Wijnant and De Boer in
[245]) ring and analytical in general models are commonly associated with methods based on their modal
expansion. The reason for that will become obvious in chapter 4, when such an approach will be combined
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with a modal reduction method for the improvement of the computational eﬃciency of the model. The
response calculation of a modally expanded ring structure has been thoroughly presented by Soedel in [83]
and a brief summary of the main aspects of the method will be given in the following, in order the calculation
of the inﬂation response to be explained.
In general, the transient response of a modally expanded structure can be expressed in the space-time
domain as the superposition of the mode shape functions of the structure, each of them multiplied with
a respective modal participation factor. The space and time factors of the response are decoupled, as the
mode shapes oﬀer the space deformation pattern of it but remain constant over time, while the participation
factors (time functions) oﬀer the transient nature of the response. For the linear ring case, given that its
analytical nature theoretically imposes an inﬁnite number of modes, it may be proposed:
푢푟/푡(휃, t) =
∞∑
j=1
휂j(t) ⋅Ujr/t(휃) (3.99)
where:
푢푟/푡 the radial/tangential deformation response functions
휂푗 the modal participation factor of the 푗th mode
푈 푗푟/푡 the radial/tangential deformation functions of the mode shape of the 푗th mode
The time history of each modal participation factor, 휂푗(푡), is calculated by a respective second order diﬀer-
ential equation of time:
휂¨푗 + 휆푗 휂˙푗 + 휔
2
푗 휂푗 = 푓
푚
푗 (t) (3.100)
where:
휆푗 the modal damping coeﬃcient of the 푗th mode
푓푚푗 the modal force of the 푗th mode
Rewriting the above diﬀerential equation in the form:
푅 ⋅ 휌 ⋅ 푑 ⋅ Γ푗 ⋅ 휂¨푗 +푅 ⋅ 휌 ⋅ 푑 ⋅ Γ푗 ⋅ 휆푗 휂˙푗 +푅 ⋅ 휌 ⋅ 푑 ⋅ Γ푗 ⋅ 휔2푗 ⋅ 휂푗 = 푓푚
′
푗 (t) (3.101)
where:
Γ푗 =
∫ 2휋
0
[(
푈 푗푟 (휃)
)2
+
(
푈 푗푡 (휃)
)2]
d휃 (3.102)
The coeﬃcients of eqn. 3.101 are the modal properties of the system:
푚푚푗 = 푅 ⋅ 휌 ⋅ 푑 ⋅ Γ푗 , modal mass (3.103)
푐푚푗 = 푅 ⋅ 휌 ⋅ 푑 ⋅ Γ푗 ⋅ 휆푗 , modal damping (3.104)
푘푚푗 = 푅 ⋅ 휌 ⋅ 푑 ⋅ Γ푗 ⋅ 휔2푗 , modal stiﬀness (3.105)
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where:
푚푚푗 the modal mass of the 푗th mode
푐푚푗 the modal damping of the 푗th mode
푘푚푗 the modal stiﬀness of the 푗th mode
Eqn. 3.101 can be rewritten as:
푚푚푗 ⋅ 휂¨푗 + 푐푚푗 ⋅ 휂˙푗 + 푘푚푗 ⋅ 휂푗 = 푓푚
′
푗 (t) (3.106)
By transferring the units of the response [푚], predicted by eqn. 3.99, from the deformation (푢) to the
participation factors (휂), the modal mass, the modal damping and the modal stiﬀness may be expressed in
units of mass, damping coeﬃcient and stiﬀness respectively ([푘푔푟], [푁 ⋅푠푒푐/푚] and [푁/푚]). The modal force
of eqn. 3.101 is calculated as:
푓푚
′
푗 (t) = R
∫ 2휋
휃=0
(
pr(t, 휃) ⋅Ujr(휃) + pt(t, 휃) ⋅Ujt(휃)
)
d휃 (3.107)
where 푝푟(휃, t) and 푝푡(휃, t) are the excitation pressures functions (or forces normalised to the tyre width
and circumferential length). In respect, the modal force term in the above equation may be expressed in
[푁 ]. Obviously, in order to be consistent with the circumferentially length only normalised form of the ring
equations of motion (eqn. 3.23), eqn. 3.101 should be multiplied with the ring width 푏 and accordingly the
excitation forces could be expressed as length normalised values. Taking into account this consideration, the
simple form of the factors diﬀerential equation (3.100) can be used, as far as the modal forces are calculated
according to:
푓푚푗 (t) =
R
b ⋅mmj
∫ 2휋
0
(
qr(휃, t) ⋅Ujr(휃) + qt(휃, t) ⋅Ujt(휃)
)
d휃 ⇒ (3.108)
푓푚푗 (t) =
1
b ⋅ 휌 ⋅ d ⋅ Γj
∫ 2휋
0
(
qr(휃, t) ⋅Ujr(휃) + qt(휃, t) ⋅Ujt(휃)
)
d휃 (3.109)
where additionally, 푞푟 and 푞푡 are the circumferential length normalised ring excitation forces.
3.7.2 The simulation of the tyre inﬂation
The computational advantage of the above described modal-time domain calculation for the inﬂation response
is obvious, if the form of the respective excitation is considered. The tangential component of it is zero,
while the radial one is constant function in regards to the time and angle variables:
푞푖푛푓푟 (휃, t) = P0 ⋅ b (3.110a)
푞푖푛푓푡 (휃, t) = 0 (3.110b)
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Accordingly, the modal force expression may be simpliﬁed in the following:
푓푚푗 =
푅
푏 ⋅푚푚푗
∫ 2휋
휃=0
(
푃0 ⋅ 푟 ⋅ 푈 푗푟 (휃)
)
d휃 =
푅 ⋅ 푃0
푏 ⋅푚푚푗
∫ 2휋
휃=0
푈 푗푟 (휃)d휃 (3.111)
Substituting in the above modal force expression the typical harmonic mode shape function (eqn. 3.5), it is
derived:
푓푚푗 (휃, t) =
R ⋅ P0
mmj
∫ 2휋
휃=0
Rmj cos
(
nj(휃 − 휑)
)
dt (3.112)
⇒ 푓푚푗 (휃, t) =
⎧⎨⎩
0, 푛푗 ∕= 0
푃0 ⋅푅 ⋅푅푚푗 ⋅ 2휋
푚푚푗
, 푛푗 = 0
⎫⎬⎭ (3.113)
The above equation associates the inﬂation procedure with the excitation of a sole mode, the zero tangential
(breathing) one, as the other zero mode, the radial (torsional) one, exhibits no radial deformation (section
3.3.1). In other words, the ring response to the inﬂation pressure excitation may be captured by the breathing
mode participation history. The modal mass of the breathing mode is calculated as:
푚푏푟 = 휌 ⋅ 푑 ⋅푅
∫ 2휋
휃=0
(푅푚푏푟)
2d휃 = 휌 ⋅ 푑 ⋅푅 ⋅ 2휋 ⋅ (푅푚푏푟)2 (3.114)
where 푅푏푟 correspond to the deformation magnitude of the breathing mode shape. The respective modal
force may be written as: {
3.113
3.114
}
⇒ 푓푚푏푟 =
푃0 ⋅푅 ⋅ 2휋 ⋅푅푚푏푟
휌 ⋅ 푑 ⋅푅 ⋅ 2휋 ⋅ (푅푚푏푟)2
=
푃0
휌 ⋅ 푑 ⋅푅푚푏푟
(3.115)
The breathing participation factor is calculated by the diﬀerential eqn. 3.100:
휂¨푏푟 + 휆푏푟휂˙푏푟 + 휔
2
푏푟휂푏푟 =
푃0
휌 ⋅ 푑 ⋅푅푚푏푟
(3.116)
while the respective radial deformation is calculated as:
푢푏푟푟 (t) = 휂br(t) ⋅ Rmbr (3.117)
and the equilibrium (steady state) deformation as:
3.99⇒ 푢푏푟푟 ∣푒푞. = 휂푏푟∣푒푞. ⋅푅푏푟 (3.118)
⇒ 푢푖푛푓푙푎푡푖표푛푟 =
푃0
휌 ⋅ 푑 (3.119)
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Figure 3.37 – The cross section of the membrane radial sidewall mechanism and the resulting force direction for various
deformation shapes of it.
It may be concluded from the above analysis that under the linear -small deformation- assumption, the
calculation of the inﬂation equilibrium deformation of the ring deduces to an algebraic equation (3.119). In
reality, though, the validity of the above sequence of calculations could be argued, as the breathing mode
frequency derived from the application of the modal expansion method under non inﬂated conditions cannot
be assumed as valid for the inﬂated tyre under various pressure values, mainly due to the sidewall nonlinearity.
The inﬂation dependency (geometrical and pressure) of the sidewall stiﬀness aﬀects the breathing frequency.
In order this non linearity to be captured, a membrane sidewall model will be introduced in the above
calculation procedure.
3.7.3 The inextensible membrane sidewall mechanism
The sidewall of the tyre is modelled as an inextensible membrane surface of radius 푟, constrained by the
cylindrical structure of the wheel and the cylindrical circumference of the belt. A cross section of the complete
model is presented in ﬁg. 3.37, together with the tension force and its radial and lateral components for
various geometries of the membrane. The total tension force and its normalised to the length of the tyre
circumference value are given by the following equations:
푇푚푒푚푏푟푎푛푒 = 푃0 ⋅ 2 ⋅ 휋 ⋅푅 ⋅ 푟푠 (3.120)
푞푚푒푚푏푟푎푛푒 = 푃0 ⋅ 푟푠 (3.121)
The calculation of the membrane curvature may be derived from ﬁg. 3.37 and the solution of the following
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system of equations: ⎧⎨⎩
푤
푙푠
=
1
푟푠
sin
푤
2
=
퐿
2 ⋅ 푟푠
⎫⎬⎭⇒ sin 푙푠2 ⋅ 푟푠 = 퐿2 ⋅ 푟푠 (3.122)
where additionally:
퐿 the radial distance between the belt and the wheel
푤 the central angle of the sidewall arc
푙푠 the circumferential length of the string arch
It is evident from the above equations that although the membrane force is proportional to the inﬂation
pressure, its dependency on the membrane shape is a non linear one. The radial term of its magnitude is
calculated as:
푞푚푒푚푏푟푎푛푒푟 = −푃0 ⋅
푙푠
푤
⋅ cos 푤
2
(3.123)
In order the membrane sidewall mechanism to be incorporated in the ring model, the linear sidewall
stiﬀness term (푘푟) is dropped from the radial equation of motion 3.54a and the radial term of the membrane
force (푞푚푒푚푏푟푎푛푒푟 ) of both sidewall structures is regarded as an external radial excitation. Eqn. 3.54a is
substituted by the following one, given that both sidewalls of the tyre oﬀer the same force contribution:
퐷
푅4
(
∂4푢푟
∂휃4
− ∂
3푢푡
∂휃3
)
+
퐾
푅2
(
푢푟 +
∂푢푡
∂휃
)
− 푃0 ⋅ 푏
푅
(
∂2푢푟
∂휃
− 2∂푢푡
∂휃
− 푢푟
)
+ 휌 ⋅퐴∂
2푢푟
∂푡2
= 2 ⋅ 푞푚푒푚푏푟푎푛푒푟 (3.124)
The equation:
퐿 = 푅+ 푢푟 −푅푤 (3.125)
where 푅푤 is the wheel radius oﬀers the coupling between the ring equations of motion and the membrane
geometry equation (3.122). It should be mentioned that the non linear nature of the membrane equation
prevents its direct solution and a numerical method has to be used for that. The second equation of motion,
related with the tangential deformation of the ring, remains the same, as the linear tangential sidewall
stiﬀness mechanism remains unchanged.
3.7.4 The inﬂation of the non linear sidewall model
In order the inﬂation eﬀect to be captured by the non linear sidewall equipped model, the sidewall and the
circumferential sections of it are examined independently from each other. The modal expansion method is
applied on the non radial sidewall stiﬀness equation of motion (eqn. 3.124), where though, the inﬂation eﬀect
on the circumferential modal behaviour is retained. The respective breathing natural frequency is given by
the equation:
휔푏푟 =
√
퐾 + 푃0 ⋅ 푏
푅 ⋅ 휌 ⋅퐴 (3.126)
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Figure 3.38 – The increase of the ring radius as a response to a step inﬂation pressure excitation, 푃0 = 2.2 ⋅ 105 푁푚2 .
The diﬀerential equation of the breathing mode participation factor reads:
휂¨푏푟 + 휆푏푟 ⋅ 휂˙푏푟 + 휔2푏푟 ⋅ 휂푏푟 =
푃0
휌 ⋅ 푑 ⋅푅푏푟 + 2
푅푚푏푟
푚푚푏푟
∫ 2휋
휃=0
푞푚푒푚푏푟푎푛푒푟 ⋅ 푈 푏푟푟 d휃 (3.127)
⇒ 휂¨푏푟 + 휆푏푟 ⋅ 휂˙푏푟 + 휔2푏푟 ⋅ 휂푏푟 =
푃0
휌 ⋅ 푑 ⋅푅푚푏푟
− 2 푃0
푏 ⋅ 휌 ⋅ 푑
푙푠
푤
cos
푤
2
(3.128)
Obviously, the eﬀect of the inﬂation induced geometrical changes on the modal characteristics of the ring
circumference are neglected, and the process earns its validity by the small deformation (linear) consideration.
The calculation of the inﬂation deformation is based on a time domain discretised simulation algorithm;
each time step consists of two basic calculation steps:
∙ In the space domain, the radial deformation, derived in the previous time step, is used for the calculation
of the wheel to belt radial distance (eqn.3.125) and the corresponding to it radial membrane force value
(eqns.3.122 and 3.123).
∙ Based on the above excitation, a numerical method is used for the solution of the diﬀerential equation
3.128 and the calculation of the instant value of the breathing participation factor. The respective
radial deformation is calculated through eqn. 3.117.
A membrane arc length (푙푠) value of 122푚푚 is chosen for the application of the above process. Choosing
also a wheel diameter value of 381푚푚 (15푖푛) an initial (deﬂated) wheel to belt distance (퐿) equal to 109.5푚푚
is derived. The breathing mode damping coeﬃcient is arbitrarily chosen, as the damping eﬀect will be
discussed in a following section (3.10) and its value does not aﬀect the steady state solution. The radius
increase as a function of time is presented in 3.38, for a step inﬂation pressure excitation 푃0 = 2.2 ⋅105푁/푚2.
The steady state radius increase imposed by a range of inﬂation pressure values is given in ﬁg. 3.39.
The almost proportional radius increase validates the linear assumption induced by the modal expansion
procedure.
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Figure 3.39 – The steady state radius increase as a function of the inﬂation pressure.
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Figure 3.40 – The radial sidewall force (length normalized) as a function of the wheel to belt distance, for various values
of the inﬂation pressure, in a range from −25% to +25% of the nominal value 푃0 = 2.2 ⋅ 105푁/푚2. The
ring equilibrium deformations for each pressure value is also noted.
3.7.5 The eﬀect of the inﬂation on the modal characteristics
In order the non linear eﬀect of the inﬂation to be captured by the calculation of the modal behaviour, the
modal expansion method has to be applied to a model which incorporates the related eﬀects on both the
belt circumference and the sidewall. For this reason an equivalent radial stiﬀness value is derived for every
inﬂation equilibrium condition and the modal expansion is accomplished for this (linear) value assumption.
The linearisation process comprises of the following steps:
1. For each value of inﬂation pressure, the equilibrium deformation is calculated, according to the proce-
dure described in section 3.7.4.
2. For a range of deformation values in the area of the equilibrium one, the radial inﬂation force (푇푟) is
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Figure 3.41 – The radial sidewall stiﬀness (length normalized) as a function of the inﬂation pressure, as derived from
the linearisation procedure.
calculated. Such force plots are presented in ﬁg. 3.40.
3. Each of the force-radial distance plots is interpolated by a polynomial expression.
4. The derivative of every polynomial expression is analytically derived and the value of this derivative for
the deformation value corresponding to the ring equilibrium (ﬁg. 3.40) is the equivalent radial sidewall
stiﬀness (ﬁg. 3.41).
5. The sidewall radial stiﬀness values are substituted in eqn. 3.54a and the modal expansion method is
applied.
The radial sidewall stiﬀness which is derived by the above process for the nominal pressure 푃0 = 2.2 ⋅
105푁/푚2 correlates well with the linear sidewall stiﬀness of table 3.1 and based on this observation the above
proposed membrane dimensions may be validated. For the capture of the complete (sidewall including)
inﬂation eﬀect along the modal range, a modal sensitivity analysis (similar to the ones accomplished in
section 3.4.1) is applied according to the above steps. A ±25% variation of the nominal pressure value is
imposed and the emerging stiﬀness values are presented in ﬁg. 3.41. Comparing the eﬀects of the pressure
and the membrane shape variation (through the distance eﬀect) it may be concluded that the ﬁrst factor is
the predominant one and that the variation of the ring radius bears an insigniﬁcant eﬀect on the sidewall
stiﬀness.
The percentage deviation of the frequencies is presented in ﬁg. 3.42. Comparing that with the pressure
sensitivity of the linear model 3.6(c), it is evident that the signiﬁcant stiﬀness dependency on the inﬂation
pressure, is depicted in the pressure sensitivity analysis of the ring. The range of inﬂuence is signiﬁcantly
broader while the new sensitivity deployment corresponds to the superposition of the pressure and sidewall
sensitivities of the ring model. The conclusion that the inﬂation pressure eﬀect in the low modal number
range is related more to the respective sidewall contribution than the circumferential belt one may be drawn.
3.8 The incorporation of the wheel in the modal behaviour
In all the stages of the above analysis, the tyre model was regarded as attached to a wheel, the degrees of
freedom of which were suspended (ﬁxed wheel). For reasons that will become later apparent (chapter 5),
this assumption is dropped for the simulation of the large displacement operating conditions and the modal
behaviour of the combined wheel-tyre system is used. The transition from the ﬁxed wheel case to the one
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Figure 3.42 – A revised calculation of the sensitivity of the inﬂation pressure on the ring model natural frequencies,
including the sidewall stiﬀness nonlinearity.
Figure 3.43 – The wheel and the belt systems of reference.
allowing its free vertical motion has been presented by Kung et al in [116],for a simpliﬁed version (see section
3.3.3) of the extensible ring model. Zegelaar et al in [60] and Zegelaar and Pacejka in [61] presented the
modal combination of the free wheel with an inextensible ring tyre model. Here the free wheel including
modal behaviour of a complete (pretensioned and extensible) ring model will be examined.
Prior to the extraction of the combined wheel-belt modal behaviour from the corresponding equations
of motion, the theoretical diﬀerences from the ﬁxed wheel case should be highlighted. The transition from
the ﬁxed to the free wheel case is associated with the addition to the system of three in-plane degrees of
freedom, two of them corresponding to the horizontal and vertical translational motions and one of them
corresponding to the rotational motion of the wheel. Apparently, the introduction of the three degrees of
freedom results in the generation of three additional modes. The increase of the number of modes is of
course qualitatively identiﬁed as in both cases (ﬁxed or free wheel) the analytical ring structure theoretically
corresponds to inﬁnite modes. These three modes will predict the participation of the wheel in the associated
mode shapes. Moreover, the unsuspended wheel results in the generation of three rigid modes of the system,
without requiring the omission of the sidewall mechanism for that. Each of the rigid modes corresponds to
the in-common motion of the wheel and the ring as dictated by each of the added degrees of freedom.
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Including the interaction with the belt as an excitation, the wheel equations of motion may be written
as:
푚푤 ⋅ 푢¨푤푋 = 퐹 푏→푤푋 (3.129)
푚푤 ⋅ 푢¨푤푌 = 퐹 푏→푤푌 (3.130)
퐼푤 ⋅ 푢¨푤Φ =푀 푏→푤 (3.131)
where:
푚푤 the mass of the wheel
퐼푤 the in-plane moment of inertia of the wheel
푢푤푋 the horizontal displacement of the wheel
푢푤푌 the vertical displacement of the wheel
푢푤Φ the wheel angle of rotation
퐹 푏→푤푋 the total horizontal force excitation from the belt to the wheel
퐹 푏→푤푌 the total vertical force excitation from the belt to the wheel
푀 푏→푤 the moment excitation from the belt to the wheel
The ring equations of motion may be respectively rewritten as:
퐷
푅4
(
∂4푢푟
∂휃4
− ∂
3푢푡
∂휃3
)
+
퐾
푅2
(
푢푟 +
∂푢푡
∂휃
)
− 푃0 ⋅ 푏
푅
(
∂2푢푟
∂휃
− 2∂푢푡
∂휃
− 푢푟
)
+ 휌 ⋅퐴∂
2푢푟
∂푡2
= 푓푤→푏푟 (휃) (3.132a)
퐷
푅4
(
∂3푢푟
∂휃3
− ∂
2푢푡
∂휃2
)
− 퐾
푅2
(
∂푢푟
∂휃
+
∂2푢푡
∂휃2
)
− 푃0 ⋅ 푏
푅
(
∂2푢푡
∂휃
+ 2
∂푢푟
∂휃
− 푢푡
)
+ 휌 ⋅퐴∂
2푢푡
∂푡2
= 푓푤→푏푡 (휃) (3.132b)
where:
푓푤→푏푟 (휃) the distributed radial force applied from the wheel to the belt
푓푤→푏푡 (휃) the distributed tangential force applied from the wheel to the belt
In order the interaction between the wheel and the belt to be captured by the radial and tangential
sidewall mechanisms, the wheel displacement will be expressed in the radial/tangential system of reference,
in which the ring equations of motion are also expressed. The transformation of the wheel displacement from
the one system to the other (presented in ﬁg. 3.43) depends on the the central angle (휃) of the examined
belt point: [
푢푤푟
푢푤푡
]
=
[
cos 휃 sin 휃
− sin 휃 cos 휃
]
⋅
[
푢푤푋
푢푤푌
]
+
[
0
푅 ⋅ 푢푤Φ
]
⇒ (3.133)
푢푤푟 = cos 휃 ⋅ 푢푤푋 + sin 휃 ⋅ 푢푤푌 (3.134a)
푢푤푡 = − sin 휃 ⋅ 푢푤푋 + cos 휃 ⋅ 푢푤푌 +푅 ⋅ 푢푤Φ (3.134b)
The interaction forces (normalised to the ring circumferential length) for the same point may be expressed
as:
푓 푏→푤푟 (휃) = 푘푟(푢푟 − 푢푤푟 ) (3.135a)
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푓 푏→푤푡 (휃) = 푘푡(푢푡 − 푢푤푡 ) (3.135b)
3.8.1 The translational motion coupling between the wheel and the ring
Examining the translational motion of the wheel ﬁrst, the force expressions of the wheel equations of motion
(eqns. 3.129 and 3.130) will be expressed according to the deformation interaction described by eqn. 3.135.
The transformation of the normalized force terms from the radial/tangential to the horizontal/vertical system
of axis reads: [
푓 푏→푤푋 (휃)
푓 푏→푤푌 (휃)
]
=
[
cos 휃 − sin 휃
sin 휃 cos 휃
]
⋅
[
푓 푏→푤푟 (휃)
푓 푏→푤푡 (휃)
]
⇒ (3.136)
푓 푏→푤푋 (휃) = cos 휃 ⋅ 푓 푏→푤푟 (휃)− sin 휃 ⋅ 푓 푏→푤푡 (휃) (3.137a)
푓 푏→푤푌 (휃) = sin 휃 ⋅ 푓 푏→푤푟 (휃) + cos 휃 ⋅ 푓 푏→푤푡 (휃) (3.137b)
The total horizontal force may be written as:
퐹 푏→푤푋 = 푅
∫ 2휋
휃=0
푓 푏→푤푋 (휃)d휃 (3.138)
and substituting the above expressions in it, it is derived:
⇒ 퐹 푏→푤푋 = 푅
∫ 2휋
휃=0
(
cos 휃 ⋅ (푘푟(푢푟− cos 휃 ⋅푢푤푋 +sin 휃 ⋅푢푤푌 ))− sin 휃 ⋅ (푘푡(푢푡+sin 휃 ⋅푢푤푋 − cos 휃 ⋅푢푤푌 −푅 ⋅휙푤)))d휃
(3.139)
⇒ 퐹 푏→푤푋 =푅 ⋅ 푘푟
∫ 2휋
0
cos 휃 ⋅ 푢푟(휃)d휃 −푅 ⋅ 푘푟 ⋅ 푢푤푋
∫ 2휋
0
cos2 휃d휃
+푅 ⋅ 푘푟 ⋅ 푢푤푌
∫ 2휋
0
cos 휃 ⋅ sin 휃d휃 −푅 ⋅ 푘푡
∫ 2휋
0
sin 휃 ⋅ 푢푡(휃)d휃
−푅 ⋅ 푘푡 ⋅ 푢푤푋
∫ 2휋
0
sin2 휃d휃 +푅 ⋅ 푘푡 ⋅ 푢푤푌
∫ 2휋
0
sin 휃 ⋅ cos 휃d휃
+푅2 ⋅ 푘푡 ⋅ 휙푤
∫ 2휋
0
sin 휃d휃
(3.140)
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The above expression is considerably simpliﬁed , given that:∫ 2휋
휃=0
sin 휃d휃 = 0 (3.141)∫ 2휋
휃=0
cos 휃 ⋅ sin 휃d휃 = 1
2
∫ 2휋
휃=0
sin 2휃 = 0 (3.142)∫ 2휋
휃=0
cos2 휃d휃 =
1
2
∫ 2휋
휃=0
(1 + cos 2휃)d휃 =
1
2
2휋 +
1
2
∫ 2휋
휃=0
cos 2휃d휃 = 휋 (3.143)∫ 2휋
휃=0
sin2 휃d휃 =
1
2
∫ 2휋
휃=0
(1− cos 2휃)d휃 = 1
2
2휋 − 1
2
∫ 2휋
휃=0
cos 2휃d휃 = 휋 (3.144)
In result, the force expression 3.140 may be written as:
퐹 푏→푤푋 = −푅 ⋅ 휋 ⋅ 푢푤푋(푘푟 + 푘푡) +푅 ⋅ 푘푟
∫ 2휋
휃=0
cos 휃 ⋅ 푢푟(휃)d휃 −푅 ⋅ 푘푡
∫ 2휋
휃=0
sin 휃 ⋅ 푢푡(휃)d휃 (3.145)
The substitution of the above force expression in the wheel diﬀerential equation of horizontal motion (eqn.
3.129) results in:
푚푤푢¨
푤
푋 +푅 ⋅ 휋 ⋅ 푢푤푋(푘푟 + 푘푡)−푅 ⋅ 푘푟
∫ 2휋
휃=0
cos 휃 ⋅ 푢푟(휃)d휃 +푅 ⋅ 푘푡
∫ 2휋
휃=0
sin 휃 ⋅ 푢푡(휃)d휃 = 0 (3.146)
Similarly to the previously examined modal data calculation cases (sections 3.2 and 3.3), the following
solution forms are proposed:
푢푟(휃, t) = R
m ⋅ cos (n(휃 − 휑)) ⋅ e휄휔⋅t (3.147a)
푢푡(휃, t) = T
m ⋅ sin (n(휃 − 휑)) ⋅ e휄휔⋅t (3.147b)
and respectively the horizontal wheel displacement may be written as:
푢푤푋(푡) = 푋
푚
푤 ⋅ 푒휄⋅휔⋅t (3.148)
Substituting eqns. 3.147 and 3.148 in the wheel equation of motion (3.146), it is derived:
−푚푤 ⋅휔2 ⋅푋푚푤 +휋 ⋅푅(푘푟+푘푡)−푅⋅푘푟 ⋅푅푚
∫ 2휋
휃=0
cos 휃 ⋅cos (푛(휃−휑))d휃+푅⋅푘푡 ⋅푇푚 ∫ 2휋
휃=0
sin 휃 ⋅sin (푛(휃−휑))d휃 = 0
(3.149)
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Given that:∫ 2휋
휃=0
cos 휃 ⋅ cos (푛(휃 − 휑)) = 1
2
∫ 2휋
휃=0
cos
(
(1− 푛)휃 − 푛 ⋅ 휑)d휃 + 1
2
∫ 2휋
휃=0
cos
(
(1 + 푛)휃 + 푛 ⋅ 휑)d휃
=
{
0, 푛 ∕= 1
휋 ⋅ cos휑, 푛 = 1
} (3.150)
∫ 2휋
휃=0
sin 휃 ⋅ sin (푛(휃 − 휑)) = 1
2
∫ 2휋
휃=0
cos
(
(1− 푛)휃 − 푛 ⋅ 휑)d휃 − 1
2
∫ 2휋
휃=0
cos
(
(1 + 푛)휃 + 푛 ⋅ 휑)d휃
=
{
0, 푛 ∕= 1
휋 ⋅ cos휑, 푛 = 1
} (3.151)
In result, the horizontal displacement of the wheel, as predicted by the 푗th mode, may be written as:
푋푚푤 =
⎧⎨⎩
휋 ⋅푅 ⋅ cos휑(푘푟 ⋅푅푚 − 푘푡 ⋅ 푇푚)
휋 ⋅푅(푘푟 + 푘푡)− 휔2 ⋅푚푤 , 푛 = 1
0, 푛 ∕= 1
⎫⎬⎭ (3.152)
According to the above equation, a horizontal wheel displacement is predicted for the the 푛 = 1 modes
(radial and tangential), while the wheel remains stationary, in terms of horizontal translation, for the rest
of the modes.
An equivalent procedure may be applied for the prediction of the vertical translational motion of the
wheel (3.130).The proposed vertical wheel deformation function of the 푗th mode reads:
푢푤푌 (푡) = 푌
푚
푤 ⋅ 푒휄⋅휔⋅t (3.153)
and the calculated amplitude is:
푌 푚푤 =
⎧⎨⎩
푅 ⋅ 휋 sin휑(푘푟 ⋅푅푚 − 푘푡 ⋅ 푇푚)
휋 ⋅푅(푘푟 + 푘푡)− 휔2 ⋅푚푤 , 푛 = 1
0, 푛 ∕= 1
⎫⎬⎭ (3.154)
Similarly to the horizontal case, only the 푛 = 1 modes predict a possible vertical displacement of the wheel.
Following the analysis of section 3.2, every mode is incorporated twice in a modal basis in order this
basis to be able to capture any possible orientation of the mode shape. The global orientation of the two
modes may be arbitrarily chosen, as long as their relative to each other orientation condition described by
eqn. 3.8 is satisﬁed. For the 푛 = 1 modes this condition implies a 휋/2 relative angle between the two modes.
Moreover, the selection of the 0 and 휋/2 푟푎푑 values, entitles the modal decomposition of the horizontal and
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vertical wheel displacements:
푋푚,푗푤 =
⎧⎨⎩
푅 ⋅ 휋(푘푟 ⋅푅푚푗 − 푘푡 ⋅ 푇푚푗 )
휋 ⋅푅(푘푟 + 푘푡)− 휔2푗 ⋅푚푤
, 휑 = 0
0, 휑 =
휋
2
⎫⎬⎭ , 푗 : 푛 = 1, radial/tangential (3.155)
and
푌 푚,푗푤 =
⎧⎨⎩
0, 휑 = 0
푅 ⋅ 휋(푘푟 ⋅푅푚푗 − 푘푡 ⋅ 푇푚푗 )
휋 ⋅푅(푘푟 + 푘푡)− 휔2푗 ⋅푚푤
, 휑 =
휋
2
⎫⎬⎭ , 푗 : 푛 = 1, radial/tangential (3.156)
Hence, each of the two cases, 휑 = 0 and 휑 = 휋2 , is associated with pure horizontal or pure vertical wheel
displacement for the radial and tangential 푛 = 1 modes.
3.8.2 The rotational motion coupling between the wheel and the ring
Moving the discussion to the rotational wheel motion, the total moment applied from the belt to the wheel
may be written as:
푀 푏→푤 = 푅
∫ 2휋
휃=0
푅 ⋅ 푓 푏→푤푡 d휃 (3.157)
The substitution of the expressions 3.134b and 3.135b in the above and the application of the simpliﬁcations
described by eqn. 3.144 results in:
⇒푀 푏→푤 = 푅2 ⋅ 푘푡
∫ 2휋
0
푢푡d휃 −푅3 ⋅ 휙푤 ⋅ 푘푡 ⋅ 2휋 (3.158)
The integral
∫ 2휋
0
푢푡(휃)d휃 is equal to zero for all the modes, the tangential deformation of which may be
expressed as a harmonic function of the central angle (휃). According to the discussion of section 3.3.1, the
only mode for which the deformation is non zero and not described by a harmonic expression is the radial
푛 = 0 (torsional) mode. It may be written:
∫ 2휋
0
푢푗푡d휃 =
{
2휋 ⋅ 푇푚푗 ⋅ 푒휄⋅휔푗 ⋅t, 푗 : 푛 = 0, radial
0 , 푗 : every other mode
}
(3.159)
Consequently and in regards to the rotational motion, the wheel and the belt interact only through the
excitation of the torsional mode. The wheel rotational response is written as:
푢푤Φ(t) = Φ
m
w ⋅ e휄⋅휔⋅t (3.160)
The substitution of the moment expression, the ring tangential (3.147b and wheel angular (eqn. 3.159)
deformations of the 푗th mode), in the wheel equation of rotational motion (3.131), leads to the following:
−휔 ⋅ 퐼푤 ⋅ Φ푚푤 + 2휋푅3 ⋅ 푘푡 ⋅ Φ푚푤 −푅2 ⋅ 푘푡 ⋅ 푇푚
∫ 2휋
휃=0
푢푡d휃 = 0 (3.161)
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⇒ Φ푚,푗푤 =
⎧⎨⎩
2휋 ⋅푅2 ⋅ 푘푡 ⋅ 푇푚푗
2휋 ⋅푅3 ⋅ 푘푡 − 휔2푗 ⋅ 퐼푤
, 푗 : 푛 = 0, radial
0 , 푗 : every other mode
⎫⎬⎭ (3.162)
In result, no rotational wheel motion is predicted for all modes, apart from the radial zero one (torsional),
which is the only mode, the deformation of which, entitles the moment interaction between the wheel and
the ring. In correlation to the form of eqns. 3.155 and 3.156, the wheel rotation may be written as:
Φ푗 =
2휋 ⋅푅2 ⋅ 푘푡 ⋅ 푇푚푗
2휋 ⋅푅3 ⋅ 푘푡 − 휔2푗 ⋅ 퐼푤
, 푗 : 푛 = 0, radial (3.163)
Summarising the analysis up to this point, it has been proved that the translational interaction between
the wheel and the ring is captured by the radial and tangential 푛 = 1 modes, while the rotational one
is captured the radial 푛 = 0 mode. The fact that the wheel does not participate in the mode shapes of
the rest of the modes, enables the application of the ﬁxed wheel analysis for the study of them. Similar
conclusions have been drawn by the analysis of Kung et al [116] and Zegelaar et al [60], for the simpliﬁed
models proposed in the respective studies.
3.8.3 The wheel-ring interacting modes
In the previous section, although the modes of wheel and belt interaction were identiﬁed, the nature of these
modes, in terms of frequencies and deformation magnitudes, was not acquired. The analysis of these modes
will be attempted in this section.
The rigid modes prediction potential
The horizontal modes of interaction will be ﬁrstly examined and the ring equations of motion which include
the interaction with the wheel (3.132) will be used. The system of reference transformation of the wheel
displacement, expressed by eqn. 3.133, is applied for the corresponding mode shape amplitudes which, after
the substitution of eqns. 3.155 and 3.156 in them, may be written as:
푅푚,1푤 = cos 휃 ⋅푋푚,1푤 = cos 휃 ⋅
푅 ⋅ 휋(푘푟 ⋅푅푚1 − 푘푡 ⋅ 푇푚1 )
휋 ⋅푅(푘푟 + 푘푡)− 휔21 ⋅푚푤
(3.164a)
푇푚,1푤 = − sin 휃 ⋅푋푚,1푤 = − sin 휃 ⋅
푅 ⋅ 휋(푘푟 ⋅푅푚1 − 푘푡 ⋅ 푇푚1 )
휋 ⋅푅(푘푟 + 푘푡)− 휔21 ⋅푚푤
⋅ (3.164b)
where:
푅푚푤 the modal amplitude of the wheel displacement projected on the radial direction
푇푚푤 the modal amplitude of the wheel displacement projected on the tangential direction
Moreover, the conditions 푛 = 1 and 휑 = 0 simplify the expression of the mode shape functions’ ampli-
tudes:
푈1푟 (휃) = 푅
푚
1 ⋅ cos 휃 (3.165a)
푈1푡 (휃) = 푇
푚
1 ⋅ sin 휃 (3.165b)
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The substitution of the above expressions in eqns. 3.132 results in:[
퐶1 퐶2
퐶3 퐶4
]
⋅
[
푅푚1
푇푚1
]
=
[
0
0
]
(3.166)
where:
퐶1 =
퐷
푅4
+
퐾
푅2
+ 푘푟 − 휋 ⋅푅 ⋅ 푘
2
푟
휋 ⋅푅(푘푟 + 푘푡)− 푤21 ⋅푚푤
− 휔21 ⋅ 휌 ⋅퐴 (3.167a)
퐶2 = 퐶3 =
퐷
푅4
+
퐾
푅2
+
푅 ⋅ 휋 ⋅ 푘푟 ⋅ 푘푡
휋 ⋅푅(푘푟 + 푘푡)− 휔21 ⋅푚푤
+ 2
푃0 ⋅ 푏
푅
(3.167b)
퐶4 =
퐷
푅4
+
퐾
푅2
+ 푘푡 − 휋 ⋅푅 ⋅ 푘
2
푡
휋 ⋅푅(푘푟 + 푘푡)− 푤21 ⋅푚푤
− 휔21 ⋅ 휌 ⋅퐴 (3.167c)
The respective characteristic equation is:∣∣∣∣∣퐶1 퐶2퐶3 퐶4
∣∣∣∣∣ = 0⇒ 퐶1 ⋅ 퐶4 − 퐶2 ⋅ 퐶3 = 0 (3.168)
The above equation is a third order one and is theoretically able to predict the three horizontal motion
modes. Obviously one of them corresponds to the horizontal rigid mode, while the other two ones are the
deformational modes. Rewriting eqn. 3.168 in a polynomial form, though, reveals a constant term equal to:
푃0 ⋅ −4 ⋅ 푏(퐾 ⋅푅
2 ⋅ 푘푟 + 푃0 ⋅ 푏 ⋅푅3 ⋅ 푘푟 + 푘푟 ⋅푅4 ⋅ 푘푡 + 푘푟 ⋅퐷 +퐾 ⋅푅2 ⋅ 푘푡 + 푃0 ⋅ 푏 ⋅푅3 ⋅ 푘푡 +퐷 ⋅ 푘푡)
푅5 ⋅ (푘푟 + 푘푡) (3.169)
which prevents the existence of the zero frequency as a solution of the characteristic equation and in result
suspends the prediction of the rigid mode. The expression of the constant term as a product of the inﬂation
pressure, reveals the association of the above issue with the pretension term of the equations of motion. As
the vertical motion coupled modes are prescribed by a similar equation, a respective term will suspend the
prediction of the vertical rigid mode.
In order to examine the rotational rigid mode prediction potential, the wheel rotation amplitude is
expressed as:
푇푤푗 (휃) = 푅Φ푗 =
2휋 ⋅푅3 ⋅ 푘푡 ⋅ 푇푚푗
2휋 ⋅푅3 ⋅ 푘푡 − 휔2푗 ⋅ 퐼푤
, 푗 : 푛 = 0, radial (3.170)
while the ring deformations are written as:
푈 푗푟 (휃) = 0, 푗 : 푛 = 0, radial (3.171a)
푈 푗푡 (휃) = 푇푗 , 푗 : 푛 = 0, radial (3.171b)
139
Substituting the above in the tangential ring equation of motion (3.132b) it is derived:
−휔2푗 ⋅ 휌 ⋅퐴+ 푘푡(푇푚푗 −
2휋 ⋅푅3 ⋅ 푘푡 ⋅ 푇푚푗
2휋 ⋅푅3 ⋅ 푘푡 − 휔2푗 ⋅ 퐼푤
) +
푃0 ⋅ 푏
푅
푇푚푗 = 0, 푗 : 푛 = 0, radial (3.172)
Apparently, the pretension related term(푃0⋅푏푅 푇
푚
푗 , 푗 : 푛 = 0, radial) prevents the prediction of the rotational
rigid mode.
An explicit solution to the above problem does not exist. Here, a similar solution to the one proposed in
section 3.3.3 for the ﬁxed wheel model rigid modes prediction will be followed and the inﬂation pretension
terms will be dropped from the system’s equation for the calculation of the 푛 = 0 and 푛 = 1 modes.
The translational coupled modes
Returning to the equations describing the 푛 = 1 coupled modes (3.164-3.168), the omission of the pretension
terms will only aﬀect the 퐶2 = 퐶3 term of the characteristic equation (3.168), which, instead of eqn. 3.167b,
is now given by:
퐶2 = 퐶3 =
퐷
푅4
+
퐾
푅2
(3.173)
The two non zero solutions may be described by an expression similar to 3.34. In this case the terms 퐵 and
Δ emerge as:
퐵푐표푢푝푙푒푑1 = 퐵1 +
(푘푟 + 푘푡)푅
4
2
푚푏
푚푤
(3.174a)
Δ푐표푢푝푙푒푑1 = 퐷1 +
(푘푟 + 푘푡)푅
4
2
푚푏
푚푤
(
(4 ⋅퐷 + 4 ⋅퐾 ⋅푅2)(푘푟 + 푘푡)− 2 ⋅푅4(푘푟 − 푘푡)2
)
(3.174b)
where:
퐵1, 퐷1 the equivalent 푛 = 1 term of the ﬁxed wheel case (eqn. 3.35)
푚푏 the ring mass, calculated by the equation: 푚푏 = 2 ⋅ 휋 ⋅푅 ⋅퐴 ⋅ 휌
The respective mode shape deformation amplitude ratios (
푇1
푅1
) are also given by an expression similar to
3.37, where the terms 퐵푠∣1 and Δ푠∣1 emerge as:
퐵푐표푢푝푙푒푑푠∣1 = 퐵푠∣1 +
푅2 ⋅푚푏(푘푟 − 푘푡) ⋅ (푘푟 ⋅푅4 +퐾 ⋅푅2 +퐷)
푅4 ⋅푚푏 ⋅ 푘푟 − 2 ⋅퐾 ⋅푚푤 ⋅푅2 − 2 ⋅퐷 ⋅푚푤 (3.175a)
Δ푐표푢푝푙푒푑푠∣1 = Δ푠∣1 (3.175b)
where 퐵푠∣1 and Δ푠∣1 the ﬁxed wheel case corresponding terms of eqn. 3.37 for 푛 = 1.
The wheel horizontal displacement is calculated by the substitution of the natural frequencies and the
deformation amplitudes of the mode shapes in eqn. 3.155. Its analytical expression is omitted as its form
does not allow for any conclusions to be drawn and for this reason the following numerical investigation of
them is proposed. Setting as an initial case the one of equal wheel and belt masses, the table 3.2 may be
derived, using the properties of table 3.1.
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Frequencies [Hz ] Deformation ratios
ﬁxed wheel free wheel ﬁxed wheel
푇
푅
free wheel
푇
푅
free wheel
푋
푅
휔1∣푟푎푑 92.4 130.7 -1.01 -1.02 -0.51
휔1∣푡푎푛푔 855.9 856.0 0.99 0.99 -0.01
Table 3.2 – The aﬀected by the incorporation of the wheel modes and their characteristics.
−20 −10 0 10 20
−5
0
5
10
Wheel mass variation [%]
Fr
eq
ue
nc
y 
va
ria
tio
n 
[%
]
Figure 3.44 – The frequency sensitivity of the 푛 = 1 radial mode to the variation of the wheel mass value.
Apparently the wheel modal participation is mainly depicted in the radial mode, the natural frequency
of which has increased from 92.4퐻푧 to 130.7퐻푧. The tangential deformation remains almost unaﬀected,
while the wheel displacement magnitude is half of the radial one of the belt and the direction of the two
deformations is opposite, as the ring and the wheel vibrate in anti-diagonal mode. The tangential 푛 = 1
mode has hardly been aﬀected by the wheel modal incorporation, in both frequency and mode shape terms.
Accordingly, the predicted wheel deformation value is insigniﬁcant.
The application of the modal sensitivity analysis method, presented for the ﬁxed wheel case in section
3.4.1, reveals a similar sensitivity of the ﬁxed and free wheel 푛 = 1 modes to the ring properties. This may
be attributed to the equivalent deformation patterns in both cases. As depicted in table 3.2, the tangential
to radial ring deformation ratio has hardly been aﬀected by the wheel motion incorporation. Whether the
wheel remains stationary or develops various relative levels of horizontal displacement aﬀects the level of
stress induced to the ring (which is depicted in the resulting frequency variation) but not the deformation
pattern, retaining equal sensitivity to the ring properties.
The sensitivity of the radial coupled mode of the free wheel model to the wheel mass in terms of frequency
value and relative deformations will be examined, as the tangential mode sensitivity has been found to be
insigniﬁcant. The radial mode frequency sensitivity is depicted in ﬁg. 3.44 and the corresponding relative
deformation variations in ﬁg. 3.46. In accordance to the analysis of section 3.4.1, a ±25% variation is imposed
to the wheel mass value, setting the equal ring and wheel mass case as the nominal one (푚푤 = 7.18푘푔,
퐼푤 = 0.65푘푔 ⋅푚2), and the resulting percentage deviation of the examined values is monitored. The increase
of the wheel mass is found to signiﬁcantly aﬀect the natural frequency of the mode, the value of which
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(a) Tangential ring deformation
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(b) Horizontal wheel displacement
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Figure 3.45 – The sensitivity of the 푛 = 1 radial mode shape on the wheel mass variation.
decreases with the mass, as does the wheel deformation in absolute terms. The wheel inertia suspends
the relative wheel to ring displacement, decreasing the participation of the wheel deformation in the mode
shape. Accordingly, as the wheel and ring displacements are of opposite direction, its suspension decreases
the respective level of stress of the system, leading to lower frequency values. The ﬁxed wheel case could
be regarded as the special case of inﬁnite wheel inertia, as the frequency asymptotically reaches the ﬁxed
wheel corresponding value and wheel deformation diminishes. In contrast, as the wheel mass decreases, their
opposite displacement is intensiﬁed and the level of stress increases, as does the natural frequency of the
mode.
The rotational coupled mode
Moving the discussion to the rotational coupled mode, eqn.3.172 is rewritten after the omission of the
pretension terms:
−휔2푗 ⋅ 휌 ⋅퐴+ 푘푡(푇푗 −
2휋 ⋅푅3 ⋅ 푘푡 ⋅ 푇푗
2휋 ⋅푅3 ⋅ 푘푡 − 휔2푗 ⋅ 퐼푤
) = 0, 푗 : 푛 = 0, radial (3.176)
⇒ 휌 ⋅퐴 ⋅ 퐼푤 ⋅ 휌 ⋅ 휔4푗 − (푘푡 ⋅ 퐼푤 + 2휋 ⋅푅3 ⋅ 푘푡 ⋅ 휌 ⋅퐴)휔2푗 = 0푗 : 푛 = 0, radial (3.177)
Apparently, the above equation, apart from the zero solution, predicts one more, which is given by the
equation:
푤푐표푢푝푙푒푑푗 =
√
푘푡 ⋅ 퐼푤 + 2휋 ⋅푅3 ⋅ 푘푡 ⋅ 휌 ⋅퐴
퐼푤 ⋅ 휌 ⋅퐴 푗 : 푛 = 0, radial (3.178)
Given that the ring moment of inertia corresponds to:
퐼푏 = 2 ⋅ 휋푅 ⋅퐴휌 ⋅푅2 = 2 ⋅ 휋 ⋅퐴 ⋅푅3 (3.179)
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the frequency may be rewritten as:
푤푐표푢푝푙푒푑푗 =
√
푘푡
휌 ⋅퐴 +
퐼푏
퐼푤
푘푡
휌 ⋅퐴푗 : 푛 = 0, radial (3.180)
⇒ 푤푐표푢푝푙푒푑푗 = 휔푗 ⋅
√
1 +
퐼푏
퐼푤
푗 : 푛 = 0, radial (3.181)
where 휔0∣푟푎푑 is the ﬁxed wheel radial 푛 = 0 (torsional mode) frequency (eqn. 3.51a). Interestingly, the
participation of the wheel in the torsional mode increases the corresponding frequency with the square root
of the moments of inertia ratio. The corresponding wheel to ring deformation ratio is given by:{
(3.163)
(3.178)
}
⇒ Φ푚,푗푤 = −
2휋 ⋅ 휌푅3
퐼푤
푇푚푗
푅
= − 퐼푏
퐼푤
푇푚푗
푅
푗 : 푛 = 0, radial (3.182)
The wheel angle of rotation is opposite to the ring one, while the ratio of their rotation magnitudes is
inversely proportional to their ratio of inertia moments.
Following the analysis of the translational coupled modes, a similar physical mechanism may be identiﬁed
in the rotational interaction case. As the wheel inertia increases, its rotational deformation decreases and
the frequency of the mode is reduced. The ﬁxed wheel case corresponds to a wheel with inﬁnite inertia.
Decreasing wheel inertia, on the other side, entitles the wheel rotation, which is associated with a pronounced
stress condition for the system. The latter is depicted in the relative increase of the associated frequency.
Considering the equal wheel and ring moments of inertia case as the nominal one, it is obvious that the
rotational deformations will be equal in absolute terms (eqn. 3.182), while the respective frequency will
be the one of the ﬁxed wheel case, multiplied by a
√
coeﬃcient (eqn. 3.181). The sensitivity of the two
modal characteristics to the variation of the wheel inertia can be acquired from the above simple equations.
Its presentation, though, in a way equal to the translational modes analysis, reveals that the frequency
sensitivity is equal to sensitivity of the translational mode to the wheel mass, while the angular deformation
sensitivity is more intense than the respective horizontal one to the wheel mass.
Summarizing the modal eﬀect of the transition from the ﬁxed wheel case to the free wheel one, the
following conclusions may be drawn:
∙ The transition is associated with the generation of three rigid modes (two translational and one rota-
tional).
∙ Each of radial 푛 = 0 and 푛 = 1 modes split in one rigid and one coupled mode, the latter associated
with relative out of phase vibrational motion (translational or rotational) between the wheel and the
ring. The tangential n=1 mode, is insigniﬁcantly aﬀected by the wheel incorporation and a minimal
wheel translation is predicted. All the other modes of the ring remain equal to the ﬁxed wheel case.
∙ The increase of the wheel mass and inertia decrease the coupled modes frequencies (for reasons of
reduced stress condition) and the participation wheel deformation in the associated mode shapes.
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(a) Frequency sensitivity.
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(b) Wheel angular deformation sensitivity.
Figure 3.46 – The sensitivity of the 푛 = 0 radial mode on the wheel inertia variation.
∙ The incorporation of the pretension eﬀect in the ring equation of motion prevents the prediction of the
rigid modes and for this reason the pretension terms should be accordingly dropped from the respective
modes.
3.9 The rotation eﬀects on the modal prediction characteristics
The rotation aﬀects the modal behaviour of the tyre through the induced centrifugal and coriolis acceler-
ations. Although the centrifugal acceleration imposes a stiﬀening eﬀect, similar to the inﬂation induced
pretension, the Coriolis eﬀect is more complicated, as it will be explained in the following. At a theoretical
level, the rotational eﬀects will be brieﬂy presented, as the topic has been comprehensively analysed in a
number of published studies (see section 2.1.6).
In the present analysis the rotation eﬀects will be examined from a point of view related to the imposed
numerical deviation of the predicted modal behaviour from the non rotating case. As the incorporation of
the rotational eﬀects results in the association of a modal basis with a certain angular velocity value, this
basis is not valid for diﬀerent values of it. In the present study, though, the transient tyre behaviour will be
examined along a velocity range, so the knowledge of the imposed deviation of the modal characteristics is
vital. Using the stationary modal data as a comparison basis, the centrifugal and coriolis induced deviation
levels will be acquired as a function of the rotation velocity. Later the critical velocity prediction potential
of the ring tyre model will be examined, in relation to the incorporation or not of the rotational phenomena.
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3.9.1 The deviation of the modal behaviour of the rotating model from the
stationary one
The centrifugal force terms may be expressed in their length normalised form as [96]:
푞푐푒푛푡푟푖푓푢푔푎푙푟 = 휌 ⋅퐴 ⋅ Ω2
(
푢푟 + 2
∂푢푡
∂휃
− ∂
2푢푟
∂휃
)
(3.183)
푞푐푒푛푡푟푖푓푢푔푎푙푡 = 휌 ⋅퐴 ⋅ Ω2
(
푢푡 − 2∂푢푟
∂휃
− ∂
2푢푡
∂휃
)
(3.184)
while the Coriolis terms are:
푞퐶표푟푖표푙푖푠푟 = −휌 ⋅퐴
(
Ω2 ⋅ 푢푟 + 2 ⋅ Ω ⋅ ∂푢푡
∂푡
)
(3.185)
푞퐶표푟푖표푙푖푠푡 = −휌 ⋅퐴
(
Ω2 ⋅ 푢푡 − 2 ⋅ Ω ⋅ ∂푢푟
∂푡
)
(3.186)
The incorporation of the above terms in the pretensioned ring equations of motion 3.54, results in a new
pair of equations, which describe the ring behaviour in an also rotating with it system of axis:
퐷
푅4
(
∂4푢푟
∂휃4
− ∂
3푢푡
∂휃3
)
+
퐾
푅2
(
푢푟 +
∂푢푡
∂휃
)
+
푃0 ⋅ 푏
푅
(
푢푟 + 2
∂푢푡
∂휃
− ∂
2푢푟
∂휃
)
+푘푟 ⋅푢푟+푞푐푒푛푡.푟 +휌 ⋅퐴
∂2푢푟
∂t2
+푞퐶표푟.푟 = 0
(3.187a)
퐷
푅4
(
∂3푢푟
∂휃3
− ∂
2푢푡
∂휃2
)
− 퐾
푅2
(
∂푢푟
∂휃
+
∂2푢푡
∂휃2
)
+
푃0 ⋅ 푏
푅
(
푢푡 − 2∂푢푟
∂휃
− ∂
2푢푡
∂휃
)
+푘푡 ⋅푢푡+푞푐푒푛푡.푡 +휌⋅퐴
∂2푢푡
∂t2
+푞퐶표푟.푡 = 0
(3.187b)
It is evident that the pretension term of the rotation modal contribution has a stiﬀening eﬀect, similar
to the inﬂation one. The Coriolis terms, though, impose a substantial change to the diﬀerential equations,
as they are not separable diﬀerential equations any more. Hence, the typical solution forms given by eqn.
3.147 cannot be proposed. A more generic solution form is [83]:
푢푟(휃, t) = R
m ⋅ e휄(n⋅휃+w⋅t) (3.188)
푢푡(휃, t) = T
m ⋅ e휄(n⋅휃+w⋅t) (3.189)
The above expressions are substituted in the equations of motion, which are rewritten in a matrix form,
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similar to eqn. 3.25. The respective matrix elements are:
퐶1 =
퐷
푅4
푛4 +
(
푃0 ⋅ 푏
푅
+ 휌 ⋅퐴 ⋅ Ω2
)
푛2 +
퐾
푅2
+
푃0 ⋅ 푏
푅
+ 푘푟 − 휌 ⋅퐴 ⋅ 휔2 (3.190)
퐶2 = 푖
(
퐷
푅4
푛3 + (
퐾
푅2
+
2 ⋅ 푃0 ⋅ 푏
푅
+ 2 ⋅ 휌 ⋅퐴 ⋅ Ω2)푛)− 2 ⋅ Ω ⋅ 휌 ⋅퐴휔푗
)
(3.191)
퐶3 = −퐶2 (3.192)
퐶4 =
(
퐷
푅4
+
퐾
푅2
+
푃0 ⋅ 푏
푅
+ 휌 ⋅퐴 ⋅ Ω2
)
푛2 + 푘푡 +
푃0 ⋅ 푏
푅
− 휌 ⋅퐴 ⋅ 휔2 (3.193)
The characteristic polynomial emerges as:
Λ4 ⋅ 휔4 + Λ2 ⋅ 휔2 + Λ1 ⋅ 휔 + Λ0 = 0 (3.194)
The coriolis induced presence of the ﬁrst order term, cancels the duplicity of the modes and four individual
eigenvalues emerge from the characteristic polynomial, corresponding to four diﬀerent modes. The term
bifurcation is commonly used for the description of the phenomenological splitting of each of the double
modes into two diﬀerent ones. It should be noticed, though, that the bifurcation does not alter the radial or
tangential nature of the modes, which adopt the primal deformation pattern of the initial mode.
The magnitude of the rotation eﬀects on the pretensioned, extensible ring model is numerically investi-
gated in ﬁg. 3.47 for the 푛 = 0 to 푛 = 8 radial modes. As the level of deviation of the modal behaviour
from the stationary one is to be examined, the percentage deviation of the emerging frequencies from the
stationary ones is monitored, along a reasonable range of rotation velocity values, corresponding to a rolling
tyre with translational velocity up to 100 푘푚/ℎ. The individual contribution of the pretension and coriolis
terms is presented, together with the combined eﬀect.
In general, the total deviation increases with the velocity in a non linear way. The centrifugal component
exhibits a parabolic development with the velocity, while the coriolis component develops almost linearly
along the velocity range, for both of the bifurcated branches. For the torsional (푛 = 0) mode, no bifurcation
is predicted by the coriolis eﬀect incorporation and a single frequency mode is predicted, corresponding to a
lower velocity value than the stationary one. The arithmetically equal stiﬀening centrifugal eﬀect, though,
results in an insigniﬁcant total rotation eﬀect.
For the 푛 > 0 modes, the coriolis eﬀect is maximum for 푛 = 1 and decreases with the modal number. In
contrast, the centrifugal eﬀect is insigniﬁcant for the 푛 = 1 mode and increases with the modal number. In
result, excluding the torsional mode, the coriolis eﬀect is the predominant one for the ﬁrst modes while the
centrifugal eﬀect is the predominant for higher modal number modes, leading to a pure pretension induced
rotational eﬀect above a modal number. Examining a broader modal range, the two deviation components are
presented in ﬁg. 3.48 for a constant rotation velocity, corresponding to the upper limit of the examined range
(100푘푚/ℎ). Evidently, the coriolis deviation component decreases rapidly with the modal number, following
an exponential deployment and reduces to insigniﬁcant values for 푛 > 10. The centrifugal contribution to
the deviation is, presumably, in agreement with the ring sensitivity to the variation of the inﬂation induced
pretension, presented in section 3.4.1 (ﬁg. 3.6(c)). The eﬀect initially increase, reaches a maximum in the
푛 = 10 area and asymptotically tends to zero above that. The total eﬀect, emerges as the superposition of
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Figure 3.47 – The development of the rotation eﬀects development with the velocity, for the 푛 = 0 to 푛 = 8 radial
modes. (horizontal axis: travelling velocity (푘푚/ℎ), vertical axis: percentage frequency deviation, dotted
line: centrifugal eﬀect, dashed line: coriolis eﬀect, solid line: combined eﬀect)
the two components and reaches its maximum value, controlled by the coriolis component, for the 푛 = 1
mode. Both of the rotational eﬀects asymptotically vanish with the modal number.
A similar analysis is attributed for the rotational eﬀects on the tangential modes. The percentage
deviation induced by each of the rotational contributions to that is presented in ﬁg. 3.49 for the 푛 = 0
to 푛 = 8 modes. A signiﬁcant diﬀerence from the radial modes case is that the eﬀect in this case is in
general one order weaker. A linear development pattern of the coriolis component and a parabolic one of
the pretension component may be identiﬁed, with the exception of the breathing (푛 = 0) mode, for which
both contributions show a parabolic development with the velocity. In contrast to the radial 푛 = 0 case, the
coriolis frequency eﬀect on the breathing mode is increasing and is added to the pretension one . The coriolis
eﬀect remains stronger than the pretension throughout the examined modal range, a signiﬁcant diﬀerence
from the radial eﬀect deployment. The 100푘푚/ℎ velocity eﬀect along a broad (푛 = 0 to 푛 = 40) tangential
modal range is presented in ﬁg. 3.50. The total eﬀect, in this case, is controlled by the coriolis component, as
the pretension one is constant and insigniﬁcant. Obviously, the latter could be concluded by the respective
sensitivity analysis of the group (ﬁg. 3.7(d) in section 3.4.1). In result, the, similar to the radial group,
exponentially decreasing coriolis eﬀect deﬁnes the total degree the deviation, resulting in an asymptotically
vanishing eﬀect.
147
0 10 20 30 40
−15
−10
−5
0
5
10
15
Modal number
D
ev
ia
tio
n 
[%
]
 
 
pretension
Coriolis 1st branch
Coriolis 2nd branch
combined 1st branch
combined 2nd branch
Figure 3.48 – The percentage deviation of the radial natural frequencies across the 푛 = 1 to 푛 = 40 nodal range for the
rolling velocity value of 100푘푚/ℎ.
3.9.2 The critical speed and standing wave prediction potential
The eﬀect of the rotation is not fully depicted by the modes bifurcation and the frequency variation. A
respective change may be identiﬁed in the development of the associated mode shapes. Examining them
from a stationary point of view, the deformation patterns seem as travelling along the ring circumference,
in contrast to the stationary case where the whole ring vibrates in an simultaneous mode. The rotation
velocity of every mode shape is diﬀerent from the angular velocity of the ring (Ω), but it is a function of it.
The calculation of the rotation velocity of the mode shapes has been thoroughly presented in [83, 96] and
will be only brieﬂy presented in the following.
The central angle variable, 휃, of the rotating system of reference is transformed to the respective variable
of the stationary one(Θ), using the equation:
Θ = 휃 +Ω ⋅ 푡 (3.195)
In respect, the radial and tangential mode shape functions of eqns. 3.188 and 3.189 respectively are trans-
formed into the following stationary system expressions:
푢푟(Θ, t) = R
m ⋅ e휄
(
n⋅Θ+(휔−n⋅Ω)t
)
(3.196)
푢푡(Θ, t) = T
m ⋅ e휄
(
n⋅Θ+(휔−n⋅Ω)t
)
(3.197)
The real part of the above functions, is the deformation pattern acquired by a stationary observer. In result,
the rotational motion of the pattern may be examined by the observation of a certain point of the mode
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Figure 3.49 – The development of the rotation eﬀects development with the velocity, for the 푛 = 0 to 푛 = 8 tangential
modes. (horizontal axis: travelling velocity (푘푚/ℎ), vertical axis: percentage frequency deviation, dotted
line: centrifugal eﬀect, dashed line: coriolis eﬀect, solid line: combined eﬀect)
shape, corresponding to a constant real value of the functions:
푅푒
[
푈(Θ, t)
]
= Re
[
cos
(
n ⋅Θ+ (휔 − n ⋅ Ω)t)+ 휄 ⋅ sin (n ⋅Θ+ (휔 − n ⋅ Ω)t)] = constant
⇒ cos (푛 ⋅Θ+ (휔 − 푛 ⋅ Ω)t) = constant
⇒ 푛 ⋅Θ+ (휔 − 푛 ⋅ Ω)t = 휅 ⋅ 휋 + 휃i, k = 0, 1, 2, ...
(3.198)
The angular velocity of the monitored point is calculated as:
Ω푚푠 =
dΘ푚푠
dt
= Ω− 휔
푛
(3.199)
In general, three distinctive cases may be identiﬁed by the stationary (global) observer, regarding the prop-
agation direction of the mode shapes:
Ω푚푠 > 0⇒ forwards travelling wave
Ω푚푠 < 0⇒ backwards travelling wave
Ω푚푠 = 0⇒ stationary (standing) wave
(3.200)
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Figure 3.50 – The percentage deviation of the tangential natural frequencies throughout the 푛 = 1 to 푛 = 40 nodal
range for the rolling velocity value of 100푘푚/ℎ.
It should be noted that in the above derivation of the deformation pattern velocity, the value 휔 corresponds
to the eigenvalues, as predicted by the solution of the characteristic polynomial (eqn. 3.194) and not to their
absolute values (natural frequencies)which were presented in ﬁgs. 3.47 and 3.49. The signs of the eigenvalues
cannot be neglected in the calculation of the global angular velocity of each deformation pattern. Neglecting
the rotation eﬀects, each mode corresponds to two opposite constant eigenvalues (±휔푗). Consequently, the
global propagation velocity of the deformation pattern as a function of the ring velocity is given by the
following linear equations:
Ω1
푠푡 branch
푚푠 = Ω+
휔푗
푛푗
(3.201a)
Ω2
푛푑 branch
푚푠 = Ω−
휔푗
푛푗
(3.201b)
The last case of eqn. 3.200, the standing wave formation, is crucial for the tyre behaviour, as the
respective deformation corresponds to a resonance operating condition that may cause the structural failure
of the tyre.
The above couple of equations corresponds to the same deformation pattern propagating to the positive
or negative direction. Assuming a positive direction for the ring rotation, the propagation velocity magnitude
of both waves increases with the ring velocity and a standing wave will emerge from the positive eigenvalue
equation (eqn. 3.201b). The linearity of eqn. 3.201b imposes the existence of a ring velocity corresponding
to a standing wave formation for each of the radial or tangential modes. These velocities are presented in
ﬁg. 3.51 for a range of modal numbers from 푛 = 1 to 푛 = 40. For the radial modes, the standing wave
rolling velocity exhibits a parabolic dependency on the modal number, while the minimum velocity value
(≃ 225푘푚/ℎ) is observed for the 푛 = 8 mode. The lowest rotation speed speed at which a standing wave (of
any mode) is generated is named critical speed [103]. Tangential standing waves, in contrast, correspond to
standing wave velocities which lie out of the range of interest for common automotive applications.
If the rotation eﬀects are incorporated in the eigenvalues calculation, eqn. 3.199 losses its linearity.
The rotation eﬀects on the eigenvalues and the corresponding eﬀects on the wave propagation velocity are
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Figure 3.51 – The rolling velocity corresponding to standing wave formation of every radial/ tangential mode, neglecting
the rotation eﬀects on the modal characteristics.
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Figure 3.52 – The eﬀects of rotation on the eigenvalues and the rotation velocity of the mode shapes, by a stationary
observer, for the radial ring modes.
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Figure 3.53 – The eﬀects of rotation on the eigenvalues and the rotation velocity of the mode shapes, by a stationary
observer, for the tangential ring modes.
summarized in ﬁgs. 3.52 and 3.53 for the radial and the tangential modes respectively. Examining the radial
modal group, the centrifugal pretension results in the increase of the positive eigenvalue and the decrease of
the negative one. In result, both forwards and backwards travelling waves propagate faster, and the standing
wave formation velocity of the latter one accordingly increases. Coriolis acceleration imposes the increase
of the positive eigenvalue but has a similar eﬀect on the negative one. Consequently, the corresponding
to the ﬁrst one velocity of standing wave formation increases while, theoretically, a standing wave may
be generated by the decrease of the (initially positive) propagation velocity of the shape associated with
the negative value. Examining the rotational eﬀects on the tangential modes, a similar to the radial case
eﬀect of the pretension may be identiﬁed, resulting in the same consequences for the rolling velocity of the
standing wave formation. The eﬀect of Coriolis acceleration, though, is the contrary one, as both positive
and negative eigenvalues decrease. Consequently, the standing wave formation velocity which is associated
with the positive eigenvalue decreases.
It should be highlighted that the above theoretical eﬀects of the rotation on the standing wave formation
velocities do not guarantee the existence of such a velocity. The non linear development of the wave prop-
agation velocities (ﬁgs. 3.52(b) and 3.53(b)) may suspend them from being zeroed, for any rolling velocity
value. Furthermore, the investigation of the standing waves formation has to be limited to a certain rolling
velocity range in which the initial equations of motion may be assumed as valid and the solutions of the
characteristic equations remain real values.
As an application of the above theoretical analysis, the rotation eﬀects on the wave propagation velocity of
the radial and tangential 푛 = 4 mode shapes are presented in ﬁgs. 3.54 and 3.54 respectively. The examined
velocity range is limited to the 1000푘푚/ℎ value. As expected, the velocity branch which is associated with
the negative radial eigenvalue increases by the introduction of the pretension eﬀect but decreases by the
introduction of the Coriolis one. A combined increasing behaviour is identiﬁed, as the pretension inﬂuence is
stronger than the Coriolis one. In the case of the velocity branch associated wit the positive eigenvalue, both
eﬀects result in the decrease of the propagation velocity and the pretension eﬀect is the predominant one
also in this case. Interestingly, although the individual incorporation of the pretension or the Coriolis eﬀect
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Figure 3.54 – The rotation velocity of the 4th radial mode deformation pattern, as measured by a stationary observer.
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Figure 3.55 – The rotation velocity of the 4th tangential mode deformation pattern, as measured by a stationary ob-
server.
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Figure 3.56 – The rotation velocity at which each standing wave is formed, in the cases of the stationary modal assump-
tion, the Coriolis and the pretension eﬀects incorporation.
increases the standing wave formation velocity, their combined eﬀect seems to suspend its generation, as
the propagation velocity asymptotically reaches a negative value. In the case of the tangential mode shapes
propagation velocities, the branch associated with the negative eigenvalue increases by the inﬂuence of the
rotational eﬀects, while the branch corresponding to the positive eigenvalue exhibits an equal decreasing and
increasing eﬀect of the pretension and the Coriolis acceleration respectively, resulting in an insigniﬁcant total
variation. Across the examined velocity range, no standing wave formation is predicted by the tangential
modes.
Examining the same velocity range for the whole 푛 = 1 to 푛 = 40 modal range, the rolling velocity which
corresponds to the standing wave formation is presented in ﬁg. 3.56, including the two rotation eﬀects. For
comparison reasons the standing wave velocity of the stationary modal approach is also presented in the same
ﬁgure. All the standing wave cases in the speciﬁc range are associated with the positive radial eigenvalue.
The coriolis eﬀect on the ﬁrst mode is so profound that the existence of the standing wave is prevented,
while for the following modes, the deviation of the stationary model predicted velocity value is small. The
pretension results in an insigniﬁcant change of the 푛 = 1 standing wave velocity, but a tremendous increase
in the velocity of the rest of the modes. Characteristically, the formation velocity of the 푛 ≥ 8 standing wave
exceed the examined range. The combination of the two rotation phenomena suspends the formation of any
standing wave up to the 1000푘푚/ℎ limit.
3.9.3 Summary of the rotation eﬀects on the modal behaviour
Summarising the rotation eﬀects on the modal behaviour prediction, it may be concluded that the centrifugal
acceleration introduces a stiﬀening pretension eﬀect while the coriolis acceleration cancels the duplicity of
the modes. Rotation eﬀects are more profound in the radial modal group than the tangential one but their
strength deteriorates with the modal number in both cases. Examining the radial modal group behaviour
in detail, the Coriolis eﬀect becomes maximum for the ﬁrst mode, while the centrifugal eﬀect reaches its
maximum for a higher modal number. Both eﬀects deteriorate as the modal number increases further. The
incorporation of the rotation eﬀect in the modal prediction of the ring model and especially of the pretension
one, increases the rotation velocity of the standing wave formation or suspends completely the standing wave
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generation.
The above analysis of the rotation eﬀects on the modal behaviour prediction should be examined under
the consideration that any rotation velocity variation from the one at which the eigenanalysis has been
accomplished introduces a modal data calculation error. The desired accuracy of the modal basis, in respect,
deﬁnes the range of velocity across which the model may be assumed as valid. Moreover, given that the modal
deviation is a function of the modal number, the range of the modal basis is crucial for the determination
of the total error. Although the above results should be re-examined after the investigation of the necessary
tyre model modal range (chapters 4 and 5), it is obvious that the signiﬁcant magnitude of the rotation eﬀects
on the low modal number zone cannot be countered by the modal reduction process.
3.10 The damping eﬀect
The modelling of the energy dissipation mechanism of the tyre structure will be discussed in this section.
The incorporation of an accurate damping mechanism in the model is crucial for the simulation of the
tyre phenomena related to the energy dissipation, such as the rolling resistance. As discussed in the ﬁrst
chapter, the variety of the materials used for the tyre construction and their profound viscoelastic behaviour
makes the modelling of the total dissipation behaviour diﬃcult. In the following, the eﬀect of some common
tyre damping modelling assumptions on the modal behaviour prediction will be identiﬁed and the possible
justiﬁcation of them through published modal data characteristics will be attempted.
3.10.1 The generalised energy dissipation mechanism and its common assump-
tions
In contrast to the inertia and stiﬀness properties of a structure, a deterministic physical approach for the
capture of the structural energy dissipation mechanisms does not exist. In general, a damping force depends
on the deformation history of the structure and for this reason it may be expressed as a convolution integral
of a dissipation (relaxation) function over a state variable (generalised coordinate) [175]. Applying this
approach on the tyre structure, it may be proposed:
푓푑푎푚푝푖푛푔푟/푡 (휃, t) =
∫ t
−∞
Gr/t(휃, t− 휏) ⋅ us.v.r/t (휃, 휏)d휏 (3.202)
where:
푓푑푎푚푝푖푛푔푟/푡 the radial or tangential damping force analytical function
퐺푟/푡(휃, t) the dissipation functions
푢푠.푣.푟/푡 the generalised state variables
The only inviolable condition for the above function is the non negative energy dissipation, which may
be expressed as: ∫ 2휋
0
푢푠.푣.푟/푡 (휃, t) ⋅ fdr/t(휃, t)d휃 ≥ 0 (3.203)
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Assuming that the dissipation function can be written as the product of a space distribution function and
a time one, the latter one deﬁning the memory property of the damping mechanism, eqn. 3.202 transforms
into:
푓푑푎푚푝푖푛푔푟/푡 (휃, t) = G
s
r/t(휃)
∫ t
−∞
Gsr/t(t− 휏) ⋅ us.v.r/t (휃, 휏)d휏 (3.204)
The most common assumption related to the time function of the dissipation mechanism is the viscous
one, initially proposed by Lord Rayleigh in [174]. According to that, the time function is the 훿-Dirac one
and the generalised coordinate refers to the deformation velocity. In result, dissipation mechanism loses its
memory eﬀect and depends only on the instantaneous velocity values:
푓푑푎푚푝푖푛푔푟/푡 (휃, t) = G
s
r,t(휃)
∫ t
−∞
훿(휏) ⋅ us.v.r/t (t− 휏)d휏 = Gsr/t(휃) ⋅ u˙r/t(휃, 휏) (3.205)
In regards to the space function of the dissipation mechanism, the most common assumption is the
reciprocity one. According to that, the damping mechanism allows for the interchange between the excitation
and the response positions in a structure. The damping linearity and reciprocity are tyre properties which
are experimentally veriﬁed in a number of studies, such as [78, 181, 80].
The damping mechanism signiﬁcantly aﬀects the modal characteristics of the structure, in terms of both
eigenvalues and eigenvectors prediction. In general, complex values emerge for both of them, in contrast to
the imaginary eigenvalues (푠푒푖푔 = 휄 ⋅ 휔2) and real eigenvectors (Ψ) of the undamped stationary structure.
The imaginary part of the eigenvalues captures the frequency of the free oscillatory response, similarly to the
undamped case, but its actual value is diﬀerent (lower) from the respective undamped one. The real part
captures the intensity of the energy dissipation. The imaginary part may be absent from the eigenvalue and
in this case the free response shows no oscillatory behaviour (over-critically damped modes). The general
eigenvalue form may be written as:
푠푒푖푔 = −휔 ⋅ 휁 ± 휄 ⋅ 휔
√
1− 휁2 (3.206)
⇒ 푠푒푖푔 = −휔 ⋅ 휁 ± 휄 ⋅ 휔푑 (3.207)
where:
휔푑 the damped frequency
휔 the undamped frequency
휁 the damping ratio
and the following cases may be identiﬁed:
휁 < 1⇒ subcritical (oscilatory) response pattern
휁 = 1⇒ critical (oscilatory) response pattern
휁 > 1⇒ overcritical (non− oscilatory) response pattern
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The complex nature of the eigenvectors results in the coupled time and space domains response. Practi-
cally, the mode shapes develop as propagating waves in contrast to the stationary ones of the real eigenvectors.
The similarities between the eﬀects of rotation and damping on the modal characteristics of the structure
are obvious and further analysis on the topic may be found in the work of Huang and Soedel [96] and in the
books of Ewins[169] and Maia et al [250].
3.10.2 The damping proportionality assumption
An important aspect of the dissipation mechanism is its space deployment and distribution. The most com-
monly assumed pattern is the damping proportionality. According to that, the damping mechanism coexists
with the mass or stiﬀness structural properties, in a parallel conﬁguration to theirs. The mass proportionality
correlates adequately with the friction induced dissipation mechanism, while the stiﬀness one corresponds
to the material bulk property [182]. Interestingly, both of these dissipation mechanisms are strongly present
in the tyre structure, given its multi-layer structure and its viscoelastic materials construction.
Rewriting the ring equations of motion in a generalised way and incorporating the viscous damping force
terms, it may be proposed:
Lsr/t(ur,ut) + L
d
r/t
(
∂ur
∂t
,
∂ut
∂t
)
+ f inertiar/t = 0 (3.208)
where:
Lsr/t the stiﬀness force partial diﬀerential operator to 휃
Ldr/t the viscous damping force partial diﬀerential operator to 휃
푓 푖푛푒푟푡푖푎푟/푡 = 휌 ⋅퐴
∂2푢푟/푡
∂푡2 the inertia force
The stiﬀness proportionality may be expressed as:
Ldr/t = 훽d
∂
∂t
(Lsr/t) (3.209)
while mass proportionality as:
Ldr/t = 훾d ⋅ 휌 ⋅A
∂ur,t
∂t
(3.210)
where 훽푑 and 훾푑 are the proportionality coeﬃcients. For the simple ring equations of motion (eqns. 3.23a
and 3.23b) the stiﬀness proportional concept can be rewritten as:
Lsr =
퐷
푅4
(
∂4푢푟
∂휃4
− ∂
3푢푡
∂휃3
)
+
퐾
푅2
(
푢푟 +
∂푢푡
∂휃
)
+ 푘푟 ⋅ 푢푟 ⇒
Ldr = 훽푑 ⋅
∂
∂t
(
퐷
푅4
(
∂4푢푟
∂휃4
− ∂
3푢푡
∂휃3
)
+
퐾
푅2
(
푢푟 +
∂푢푡
∂휃
)
+ 푘푟 ⋅ 푢푟
) (3.211)
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Lst =
퐷
푅4
(
∂3푢푟
∂휃3
− ∂
2푢푡
∂휃2
)
− 퐾
푅2
(
∂푢푟
∂휃
+
∂2푢푡
∂휃2
)
+ 푘푡 ⋅ 푢푡 ⇒
Lst = 훽푑 ⋅
∂
∂t
(
퐷
푅4
(
∂3푢푟
∂휃3
− ∂
2푢푡
∂휃2
)− 퐾
푅2
(
∂푢푟
∂휃
+
∂2푢푡
∂휃2
) + 푘푡 ⋅ 푢푡
) (3.212)
An important consequence of the proportionality property is the derivation of real eigenvectors, which
are similar to the ones of the undamped model. This may be better explained if the model is expressed in a
discretised (matrix) form and the equation of motion is written as:
M ⋅ u¨(푡) +C ⋅ u˙(푡) +K ⋅ u(푡) = 0 (3.213)
where:
u the DOFs deformation vector
M the inertia matrix
C the damping matrix
K the stiﬀness matrix
As it has been discussed in section 3.5.1 the eigenvectors’ matrix of a structure diagonalise the inertia
and stiﬀness matrices, oﬀering the modal mass and stiﬀness properties of every individual mode. The
proportionality property may be written as:
C = 훽푑 ⋅K+ 훾푑 ⋅M (3.214)
Applying a similar diagonalisation procedure to the proportional viscous damping matrix it may be written:
Ψ˜푇 (훽푑 ⋅K+ 훾푑 ⋅M)Ψ˜ = 훽푑 ⋅ Ψ˜푇 ⋅K ⋅ Ψ˜+ 훾푚Ψ˜푇 ⋅M ⋅ Ψ˜ = 훽푚 ⋅K푚 + 훾푚 ⋅M푚 (3.215)
Evidently, the linear combination of the stiﬀness and inertia matrices results in a matrix that can be
also diagonalised by the same eigenvectors’ matrix. In physical terms, the incorporation of the proportional
viscous damping mechanism does not aﬀect the eigenvectors of the structure and the damping properties
of the modes can be decoupled from each other, similarly to the modal mass and stiﬀness properties (see
section 3.5.1):
푐푚푗 = 훽
푚
푗 ⋅ 푘푚푗 + 훾푚푗 ⋅푚푚푗 ⇒ (3.216)
휆푗 =
푐푚푗
푚푚푗
= 훽푚푗 ⋅ 휔2푗 + 훾푚푗 (3.217)
The damping ratio of each mode is expressed by a function of the proportionality coeﬃcients and the
undamped natural frequencies:
휁 =
훽 ⋅ 휔
2
+
훾
2 ⋅ 휔 (3.218)
The validity of the proportionality assumption for the tyre belt structure has been experimentally exam-
ined by Popov and Geng [181] and by Geng et al [80]. A certain frequency limit exists (typically ∼ 200퐻푧),
up to which the imaginary part of the eigenvectors is insigniﬁcant, leading to the conclusion that the damp-
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Figure 3.57 – The eﬀect of the stiﬀness proportional viscous damping on the modal characteristics.
ing spatial distribution pattern does not deviate much from the proportional one. The imaginary part of
the eigenvectors in the higher frequency range, though, is profound and the assumption cannot be further
justiﬁed.
Based on the deﬁnition of the modal damping ratio (eqn. 3.218), the stiﬀness and mass proportionality
eﬀect across the modal range is examined in ﬁgs. 3.57 and 3.58 respectively. As it may be concluded from
eqn. 3.218, in the case of stiﬀness proportionality the values of the damping ratio increase with the modal
number, following the similar development of the natural frequencies. In result,for any value of the damping
coeﬃcient, there is a modal number above which the behaviour of the model becomes overcritically damped.
For the graphical representation of the above pattern, a value of 훽푑 equal to 6 ⋅ 10−5 is chosen, together
with a variation range from −50% to +50%. This value was arbitrarily selected in order the emerging low
modal number damping ratios to agree with published experimental values. Explicitly, values up to 10% were
measured by Kim et al ([183]) for a number of diﬀerent tyres, ratios between 7% and 8% were experimentally
acquired in [79, 106] by Perisse and Hamet and Perisse et al, while values lower than 4% are presented by
Yam et al in [77] and by Guan et al in [78]. The damped frequencies of the subcritical modes of every
damping level case are presented in ﬁg. 3.57(b) in comparison to the undamped ones, while the percentage
deviation of them from the last is plotted in ﬁg. 3.57(c). Obviously the damping eﬀect increases with the
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Figure 3.58 – The eﬀect of the mass proportional viscous damping on the modal characteristics.
modal number, while towards the critical mode the increasing frequency order of the modes is abrogated, as
the corresponding frequencies decrease radically.
The damping ratios of the mass proportional damping cases are presented in ﬁg. 3.58(a), where a
contrary development pattern to the stiﬀness proportionality corresponding one may be observed (nominal
value 훾푑 = 400). The damping ratio values decrease with the modal number and asymptotically reach the
zero ratio value. Damping coeﬃcients that correspond to a range of damping ratios between 5% to 16% for
the ﬁrst mode range, result in a lower than 1% ratio value near the upper limit of the examined modal range.
A similar asymptotic behaviour is observed for the frequency deviation of the damped frequencies from the
undamped ones (ﬁg. 3.58(b)).
Apparently, the question, that the above plots try to give an answer to, is whether any of the above
proportional damping mechanisms is able to describe the experimentally captured damping behaviour of the
tyre. Apparently, only a narrow modal range may be experimentally monitored, something that suspends
the comparison of the proposed damping mechanism with the actual one. The reason for this narrowness,
though, is directly related to the increase of the damping ratio with the modal number [77, 106, 79, 251, 78, 80]
something that prescribes a stiﬀness proportional-like physical mechanism.
A closer examination of the published tyre modal damping data, though, leads to the conclusion that
the identiﬁed damping pattern is not strictly monotonous, as predicted by the above simple proportionality
assumptions. Although an increasing damping factor with the mode number is in generally observed, this
pattern does not apply to the beginning of the modal range. In [77], for example, the 푛 = 2 mode is more
heavily damped than the following 5 modes, although the increasing ratio order applies for all the 푛 >= 3
modes. A similar behaviour can be observed in [78] and [79]. Accordingly, the natural frequency of the 푛 = 0
mode is identiﬁed as higher than the 푛 = 1 one in [252] and the 푛 = 1 mode damping ratio is higher than the
following three ones in [80]. Obviously, none of the proportional damping models can accurately represent
the damping development pattern on its own, especially in the low modal range, as both of them exhibit
a clear monotonous behaviour. A combination of the two models, though, may capture the representation
of the experimentally observed change in the evolution pattern from the initial decreasing to the general
increasing one. A data ﬁtting procedure can identify a combination of mass and stiﬀness proportionality
coeﬃcients that accurately represents a an experimentally acquired pattern.
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(b) Tangential damping ratios.
Figure 3.59 – The damping ratios of the ﬁrst 25 radial and tangential modes resulting from a viscous proportional
damping mechanism (훽푑 = 6 ⋅ 10−5 and 훾푑 = 400).
As an example of such a combination, the modal damping ratio values resulting from the coeﬃcients
훽푑 = 6 ⋅ 10−5 and 훾푑 = 400 are presented in ﬁg. 3.59. Obviously the combination of the two mechanisms
of proportionality may capture the above described parabolic pattern. The range of the ﬁrst 25 radial and
tangential modes are examined with the ﬁrst ones being sub-critically damped across the whole range and
the second ones being over-critically damped above the 푛 = 10 mode.
3.10.3 Non proportional (reduced) damping mechanisms
The dropping of the damping proportionality assumption, something that is necessary for the investigation of
the damping development across a broad modal range, requires a diﬀerent study approach. The eigenanalysis
is based on the transformation of the 푛푏 × 퐷푂퐹푠/푛표푑푒 degrees of freedom double order system into a
respective 2×푛푏×퐷푂퐹푠/푛표푑푒 degrees of freedom single order one. The transformation is commonly called
state-space analysis [250]:
M ⋅ u¨(푡) +C ⋅ u˙(푡) +K ⋅ u(푡) = 0⇒ A푠푠 ⋅ u˙푠푠(푡) +B푠푠 ⋅ u푠푠(푡) = 0 (3.219)
where:
A푠푠 =
[
C M
M 0
]
, B푠푠 =
[
K 0
M 0
]
and uss =
[
u
u˙
]
(3.220)
The above equation represents a generalised eigenanalysis problem, the solution of which is a set of 2×푛푏×
퐷푂퐹푠/푛표푑푒 real (overcritical modes) or complex (subcritical modes) eigenvalues, existing in conjugate pairs,
following the general eigenvalue form of eqn.3.206. Given the double axis symmetry of the tyre structure, a
damping non proportional distribution may only correspond to a diﬀerent damping contribution between the
belt and the sidewall. In the existing tyre modelling literature, the damping non proportionality is commonly
introduced by the omission of the property from the circumferential belt and its sole presence in the sidewall
mechanism. Such models have been proposed by Lu and Segel [179] and by Stutts and Soedel [180].
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Figure 3.60 – The modal prediction of two non proportionally damped models, the sidewall only stiﬀness proportional
and the pure radial stiﬀness proportional ones, in comparison to the stiﬀness proportional and the un-
damped ones.
The eﬀect of two reduced damping mechanisms on the frequencies is captured in ﬁg. 3.60. The sidewall
stiﬀness and the radial sidewall stiﬀness proportional damping cases are examined, in comparison to the total
stiﬀness proportional one, while all cases correspond to a proportionality coeﬃcient value 훽푑 = 6 ⋅10−5. Both
reduced models result in an insigniﬁcant deviation of the natural frequencies from the respective undamped
ones. This can be justiﬁed by the fact that the tangential stiﬀness mechanism of the belt circumference is the
dominant stiﬀness mechanism of the structure. Accordingly, the magnitude of the damping eﬀect which is
observed in the general stiﬀness proportional case is determined by it. Examining the corresponding to each
case damping ratios, the increasing with the modal number pattern of the proportional case is not present
in the non proportional ones. Both reduced damping cases follow an initially increasing ratio pattern only
up to the third mode (radial 푛 = 2), after which the damping ratios decrease and asymptotically vanish.
Consequently, the non proportional distribution should be examined not only as a possible source of damping
magnitude variations but also as a source of diﬀerent development patterns along the examined modal range.
3.10.4 The small damping assumption
A more generic study approach which may be followed, even in the case of the non viscous dissipation
mechanism, is based on the assumption that the damping forces remain modest. The small damping property,
as it usually called [174, 182, 176, 177], cannot be deﬁned in mathematical or quantitative terms but could be
regarded as being described by a minor deviation of the vibrational behaviour from the respective undamped
one. Practically, the property can be identiﬁed through the damping ratio values and the assumption may
be regarded as valid in the damping behaviour cases described by the typical tyre damping ratio values
experimentally identiﬁed [183, 77, 79, 106, 183]. The studies of Popov and Geng [181] and Geng et al [80]
investigate the validity of the assumption in a more systematic way. The importance of the small damping
property for the followed modelling approach was ﬁrstly proposed by Rayleigh in [174]. He proved that the
modal characteristics of a viscous, lightly damped structure may be approached by a perturbation method
applied on the modal eigendata of the undamped one.
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The modal data of the 푗th mode of the damped structure can be calculated as:
휔푑푗 ≃ ±휔푗 + 휄 ⋅
1
2
⋅C푚(푗, 푗) (3.221a)
Ψ푑푗 ≃ Ψ푗 + 휄 ⋅
푘=푚∑
푘=1, 푘 ∕=푗
휔푗 ⋅C푚(푗, 푘)
휔2푗 − 휔2푘
Ψ푘 (3.221b)
where:
표푚푒푔푎푑푗 the damped natural frequency
표푚푒푔푎푗 the undamped natural frequency
퐶푚(푗, 푘) the 푗th horizontal line and 푘th vertical row element of the modal damping matrix
푚 the total number of modes, equal to the dimensions of the matrix
Ψ푗 the 푗th eigenvector
Ψ푑푗 the 푗th damped eigenvector
According to the above equations,the complex natural frequencies consist of a real part, equal to the
undamped eigenvalue, and an imaginary part corresponding to the diagonal terms of the modal damping
matrix. Accordingly, the real part of the mode shapes is equal to the undamped one, while the imaginary
part is a function of the other undamped mode shapes, weighted to favor the inﬂuence of the close to the
examined one modes. The validity of the approximation is experimentally proved by Geng et al in [80], for at
typical heavy vehicles tyre. Woodhouse in [182], extended the above approach from the viscous simpliﬁcation
to any energy dissipation mechanism, under the linearity and small damping conditions.
3.10.5 Hysteretic damping
Another damping model which is used for the capture of the tyre energy dissipation mechanism, is the
hysteretic one. As discussed in [169] and [250], the viscous damping model, overestimates the dependence
of the real structures dissipation mechanism on the oscillation frequency. Even in the case of viscoelastic
materials, that such a dependence is one of their characteristic properties, the dependency is not as profound
as described by a velocity proportional model. The above is proved by the sub-proportional increase of the
tyre rolling resistance with the velocity.
For a single degree of freedom oscillator, hysteretic damping could be expressed in a similar to the viscous
case velocity proportional term, which, though, would be inverse proportional to the driving frequency:
푚 ⋅ 푢¨+ ℎ
휔
푢˙+ 푘 ⋅ 푢 = 퐹 ⋅ 푒휄⋅휔⋅t ⇒ 푚 ⋅ 푢¨+ 푘(1 + 휄 ⋅ 휁ℎ)푢 = 퐹 ⋅ 푒휄⋅휔⋅t (3.222)
where, 휁ℎ represents the hysteretic damping ratio, commonly called loss factor. The equation that describes
the forced response of a hysteretically damped discretised model reads:
M ⋅ U¨+ 휄 ⋅C ⋅U+K ⋅U = 0 (3.223)
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In the proportional case, the complex frequency values are calculated as:
(휔푑)2 = 휔2(1 + 휄 ⋅ 휁ℎ) (3.224)
where:
휁ℎ = 훽푑 +
훾푑
휔2
(3.225)
An interesting approach to the study of hysteretically damped free response is presented in [178], where
a common approach is proposed for a viscous, hysteretic or any relative combination of them damping mech-
anism. Under this approach, the natural frequency of a hysteretically damped system could be calculated
as:
휔푑 =
√
1 +
√
1 + (휁ℎ)2
2
휔 (3.226)
Although in the majorities of the tyre modelling attempts the viscous damping approach is followed,
hysteretically damped tyre models have been presented. Kim and Savkoor in [122] introduced such a damping
model into their ﬂexible ring tyre study. Although Miege and Popov in [127] comment that in the low
frequency range, no signiﬁcant diﬀerence results in the low frequency range modal behaviour from the
adoption of a viscous or a hysteretic mechanism.
3.10.6 Conclusions on the tyre damping mechanism modelling
In this section a number of tyre damping modelling mechanisms was examined, together with their eﬀect
on the simulation of the tyre modal characteristics. Starting from the general damping concept, the viscous
model was derived and simpliﬁed through its proportional assumption. The stiﬀness proportionality was
found to result in an increasing with the modal number pattern of damping ratios and the structure becomes
over-critically damped above a modal number. The mass proportionality was found to impose a contrary
eﬀect and the damping ratios of the modes follow a decreasing with the modal number development pattern.
Examining a number of published experimental studies, a general stiﬀness-like behaviour is identiﬁed in all
of them, but this model alone cannot capture the actual damping behaviour in the low modal number range,
where a contrary development pattern is identiﬁed.
The low modal number zone damping behaviour may be captured by the superposition of a mass-
proportional damping mechanism on the stiﬀness one. Given though that the proportionality assumption
may be dropped, various damping spatial distributions are able to represent a similar low modal range
damping ratios development pattern. Retaining the double axis symmetry of the damping property’s spatial
distribution, the diﬀerence between the circumferential and the sidewall damping properties is the most
common deviation from the proportional distribution. The hysteretic damping mechanism was brieﬂy pre-
sented given that the sub-proportional increase of the rolling resistance of the tyre with the velocity could
be explained by such a mechanism and accordingly hysteretically damped tyre models may be found in the
literature.
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The most important result that may be drawn from the examination of the experimentally acquired
modal damping data is that the small damping assumption may be regarded as valid up to a certain modal
number. Following the latest damping theories, this condition is suﬃcient for the simulation of the tyre
damping behaviour according to the viscous assumption, even if a number of other conditions cannot be
veriﬁed. The error associated with this approach increases with the modal number, as the actual structural
behaviour diverges from the small damping case.
3.11 Summary of the chapter
The simulation of the modal behaviour of the tyre structure was investigated in terms of natural frequencies
and deformation mode shapes prediction. The proposed modelling approaches were examined across a
broad modal range, as the breadth of the modal basis which is suﬃcient for the accurate capture of the
structural mechanisms of the tyre behaviour will be examined in the following chapters. The analytical
ring on elastic foundation model was used as a comparison basis, given that, at least in the low frequency
range, its correlation with the tyre modal behaviour has been experimentally established. Some common ring
model variations, the basic rectilinear models and the corresponding to them discretised representations were
analysed and the physical structural mechanisms captured or neglected by them were identiﬁed, together
with the physical properties that support the development of them. Based on that, the modal range of
agreement between the modelling approaches was identiﬁed, something that will later lead to their possible
applicability or not on the simulation of the complete tyre performance.
The primal vibrational mechanism of a ring model is the bending behaviour of its circumference. Due to
its circular shape, the bending strain is composed by both radial and tangential deformation contributions.
Two series of modes are predicted by the ring model, one of them primarily exhibits a radial deformation
while the other exhibits a tangential one. For ring properties corresponding to the actual tyre structure,
the ﬁrst group is associated with lower natural frequencies than the second one. It was found that both
groups predict a decreasing with the modal number participation in the mode shapes of the deformation
supplementary to the one they are named after. This participation starts from an almost equal to their
primal one and progressively reduces with the modal number. Above a certain number, the radial modal
group exhibits pure radial deformation and the tangential modal group pure tangential one. Examining the
eﬀect of the physical properties on the modal data, although the tangential modal group is primarily aﬀected
by the extensional stiﬀness of the circumference (deﬁned mainly by the elastic modulus), in the case of the
radial group various properties deﬁne the modal behaviour. Its low modal range is aﬀected by the sidewall
stiﬀness, the medium one by the inﬂation pretension, while above a certain modal number only the bending
stiﬀness (deﬁned again by the elastic modulus) aﬀects the modal characteristics.
The above, brieﬂy described, modal characteristics of the ring model were found able to theoretically
justify the modal prediction diﬀerences of the rectilinear models. Obviously, a rectilinear model cannot oﬀer
the coupling between the two deformation patterns, something that, assuming similar structural mechanisms,
leads to a stiﬀer modal behaviour that the ring one, especially in the low modal range where the coupling
of the patterns is signiﬁcant. Two physical mechanisms were examined, the bending and the string under
tension ones. It was found that the ﬁrst one exhibits excellent correlation with the ring model in the high
modal range, where the behaviour of the ring becomes a pure bending one. For the same reason the string
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under tension mechanism exhibits an increasing with the modal number deviation. A general conclusion
that may be drawn from the above is that the simulation of the low and medium range behaviour of the tyre,
requires a combination of deformation patterns and properties’ eﬀects. In the high modal number range,
though, the bending mechanism and the radial deformation pattern are the only contributions to the tyre
response, and the rest of the mechanisms may be neglected.
The simulation of the tyre modal characteristics using discretised approaches based on rectilinear elements
capturing the same physical mechanisms with the respective analytical ones was also examined. It was found
that the combination of the elements under a relative angle to each other is able to represent the coupling
between the radial and the tangential deformation components. Assuming a similar physical mechanism,
the analytical ring and the discretised model predict similar modal characteristics in the low modal number
range. A signiﬁcant deviation, though, emerges close to the upper limit of the discretised model’s available
modal range, mainly corresponding to a profound stiﬀer behaviour of the latter one. Obviously, this modal
zone should be dropped from a respective modal basis and the degree of discretisation should be high enough
in order the required modes not to lie close to the upper modal limit of the model.
Based on the ring model, the modal eﬀect of three mechanisms was analysed: the non linear sidewall, the
incorporation of the wheel in the modal expansion and the eﬀects of the rotation. A membrane mechanism
was proposed for the capture of the inﬂation and shape eﬀects of the sidewall on the tyre behaviour, as
an enhancement to the ring model. The incorporation of the wheel aﬀects three modes of the ring model
resulting in either an out of phase deformational behaviour, or a common (ring and wheel) rigid mode one.
The eﬀects of the wheel properties on these modes were examined as was also the rigid modes prediction
capability of the ring model variations. The rotation was found to aﬀect the ring behaviour through the
coriolis and centrifugal accelerations. Given that the contribution of both of them is a non linear one,
the modal expansion may be accomplished for a particular value of the angular velocity, introducing a
computational error if the same modal basis is used across a range of angular velocities. The magnitude
of this error depends not only on the properties and the velocity value but also varies according to the
modal number. It was found that the rotation phenomena primarily aﬀect the low modal number modes
and deteriorate in the high modal number range, a conclusion which supports the above argument that the
low-medium tyre modal representation is more demanding in terms of mechanisms and eﬀects that should be
considered, compared to the high one. Finally, the eﬀect of the common energy dissipation mechanisms on
the predicted modal behaviour was also analysed. The correlation of the experimentally acquired damping
characteristics with the damping coeﬃcient development pattern predicted by the simpliﬁed assumptions
was investigated.
In the following chapters the range of the excited modes under common tyre operating conditions will
be identiﬁed and the necessity or not of the incorporation of the above mechanisms and modal behaviour
factors will become apparent, together with the possible validity of the proposed modelling approaches.
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Chapter 4
The simulation of tyre in-plane
contact behaviour
The simulation of the tyre in-plane contact behaviour will be investigated in this chapter. The process is
based on the tyre modal characteristics which where highlighted and analysed in chapter 3, while it may
be proposed as the ﬁrst step of the simulation of the rotating tyre operating conditions that will follow in
chapter 5.
Firstly, the challenges associated with the contact simulation are identiﬁed and, based on them, the
modelling methodology is composed. As it will emerge from the discussion of the contact simulation re-
quirements, the discretised, independent form the belt, tread representation is vital for the capture of the
contact phenomena. For this reason, the contact behaviour of a single radial tread element will be initially
examined. The reasons that impose its extension to a two-dimensional (radial-tangential) element will be
discussed. Later, the discretised tread foundation will be combined with an also discretised belt ring model
and the simulation of the contact behaviour of the complete tyre model will be presented.
The tyre contact and the development of the two-dimensional contact pressure distribution will be exam-
ined from two diﬀerent points of view. Firstly, the related physical mechanisms will be identiﬁed, together
with the eﬀect of the tyre properties and the level of applied load. The interaction between the contact pres-
sure distribution ﬁelds and the belt strain development will be analysed. Based on that, the tread frictional
behaviour and the belt deformation will be linked to each other. In result, the physical mechanism of the
tangential pressure distribution development will be investigated, as a function of the tyre properties and
the road friction potential.
Secondly, the contact behaviour of the tyre will be examined from a computational point of view.The
suﬃcient modal range, which should be used for the simulation of the belt deformation will be discussed.
The accuracy and the capability of the capture of the previously identiﬁed physical mechanisms will be
used as criteria for the modal reduction. The correspondence of certain aspects of the contact behaviour to
the participation of certain modes in the solution basis will be identiﬁed and discussed. In conclusion, the
interaction mechanism between the development of the two-dimensional contact pressure distribution ﬁeld,
the belt response and the frictional potential of the road surface is presented in parallel to the necessary
modal range for its simulation.
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4.1 Challenges of the tyre contact behaviour modelling
The tyre-road interaction is a process which involves various physical mechanisms and geometrical eﬀects.
The relative contribution of these, depends on the physical properties of the tyre and the magnitude of
the applied load. As a ﬁrst step to the simulation of the contact behaviour, these mechanisms should be
identiﬁed and accurate but also computationally eﬃcient methods for their capture should be proposed.The
most important of these mechanisms are brieﬂy described in the following.
Belt compliance
The contact between the tyre and the road exhibits signiﬁcant diﬀerences from the one of a rigid disk.
Although the contact between a rigid structure and a plane surface may be theoretically realised by a single
point, this is not true in the case of the actual tyre. The profound structural deformation of the tyre results
in the realisation of the contact across an area of signiﬁcant dimensions. Moreover, as the tyre geometry
conforms to the road plane along this area, its circular shape transforms into a plane one. The contact area
dimensions vary according to the applied load and also dynamically change under transient tyre operating
conditions. This transient deformation of the belt must be precisely captured by a physical tyre model
as it aﬀects the development of the tyre shear force through the also changing vertical contact pressure
distribution. A pretensioned ring model will be used here as a belt representation, given that certain aspects
of the low frequency range modal behaviour of the tyre cannot be captured by more simpliﬁed approaches.
Sidewall nonlinearity
Apart from the compliance of the tyre’s circular shape, a signiﬁcant contact behaviour nonlinearity is imposed
by the deformation of the sidewall section. The membrane-like structure exhibits a profound buckling
deformation which aﬀects both the magnitude and the direction of the tension force. Although the inﬂation
pressure bears a proportional eﬀect on this force, the shape variation aﬀects the force development in a
highly non linear way. The sidewall buckling results in the decrease of the radial sidewall stiﬀness as
the deformation increases something that certainly aﬀects the contact pressure distribution development.
Following the membrane model based analysis of the inﬂation eﬀects on the tyre modal behaviour, which
was presented in chapter 3, a discretised approach will be proposed for the capture of the contact sidewall
phenomena. A foundation of inextensible string elements will be coupled to the ring model and attach that
to the wheel.
Inﬂation pressure eﬀects
The inﬂation pressure does not impose only a stiﬀening eﬀect to the modal characteristics of the tyre but
also contributes to the contact equilibrium establishment. Being a constant radial excitation, it oﬀers a
signiﬁcant resistance to the deformation of the belt and balances the applied to the wheel load. In respect,
the inﬂation pressure deﬁnes to a great extent the contact behaviour of the tyre and should be incorporated
in the simulation process prior to the contact.
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Structural viscoelasticity
The energy dissipation mechanism of the tyre structure aﬀects its contact behaviour and actually enables
the establishment of the equilibrium. Although its eﬀect on the rotational behaviour of the tyre is more
signiﬁcant, as it deﬁnes certain aspects of that, such as the rolling resistance mechanism, its incorporation
in the contact simulation cannot be ignored. The stress and strain of the belt depend on both the stiﬀness
and damping mechanisms, given that the contact conditions are applied in a dynamic way.
Tread viscoelasticity and shear slip motion development
The tread section of the tyre that contacts the road surface has diﬀerent properties and material character-
istics than the belt section of it. These diﬀerences certainly aﬀect the contact behaviour and should also be
incorporated in the modelling procedure. Moreover, the tread characteristics and the shear force develop-
ment are to a great extent deﬁned by its viscoelastic properties (section 2.2 of chapter 2), which impose a
time rate dependency on the contact phenomena. Moreover, the tread-road interaction is associated with
the development of a profound shear slip motion. This motion exhibits a localised step-change nature as,
depending on the conditions, certain adherence and slip zones develop along the contact area. The loca-
tion and the relative magnitude of these zones vary and inﬂuence the macroscopically observable transient
frictional contact behaviour of the tyre.
Although from a computational point of view, contact boundary conditions may be imposed directly to
the belt structure, the above modelling requirements dictate the independent and also discretised modelling
representation of the tread. In the following, the tread simulation approach will be ﬁrstly analysed. Later,
the developed tread foundation will be incorporated in the complete tyre model and the contact simulation
algorithm and results will be presented.
4.2 The simulation of the tread contact behaviour
The discretised tread representation may be regarded as deriving from the concept of the contact stiﬀness
foundation, introduced by Winkler [19] (see section 2.1.3 of chapter 2). This concept practically substitutes
the binary contact boundary condition (contact/no contact) between two points of the contacting bodies with
a progressive relative approach of them, which is controlled by a foundation of stiﬀness elements of minimal
initial length, vertical to the two surfaces. From the numerical simulation point of view, the introduction
of the contact stiﬀness concept addresses the artiﬁcial local oscillatory behaviour resulting from the non
penetration contact law. According to that law, the possible penetration of the one body into the other is
accounted for by correcting its position and placing the penetrating point on the boundary of the second
body. This correction, though, imposes a structural deformation to the penetrating body (in the case of
course that it is not a rigid one) and the whole structure responds to that. A sequence of successive contact
and separation conditions results in an artiﬁcial oscillation especially in the case that the damping mechanism
of the structure cannot absorb the imposed excitation. This numerically stiﬀ behaviour is commonly treated
by the contact stiﬀness foundation concept.
The introduction of the above contact modelling approach in the tyre simulation has resulted in the
development of the brush models family [1]. According to these models, the bristles’ orientation does not
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(a) Radial element. (b) Radial-tangential element.
Figure 4.1 – The contact deformation of a radial and a tangential-radial tread element.
depend on the belt response and any deformation of them sources from the shear frictional interaction between
their tips and the road surface. The superposition of a vertical contact pressure distribution on the bristles’
foundation leads to the development of a distributed tyre friction model. The concept has been analytically
discussed in chapter 2. A vertical contact stiﬀness foundation, coupled with a ﬂexible belt model has been
proposed by Shiobara et al in [253] for the calculation of the contact stiﬀness foundation. Developing the
above concept further, two-dimensional contact stiﬀness foundations, attached to a ring model, have been
presented by Zegelaar [76], Kim and Savkoor [122] and Kim et al [130]. In these studies the orientation of
the elements deviates from the initial radial or vertical one, as a result of the belt response. Mavros in [129]
proposed a Kelvin-Voigt viscoelastic variation of the two-dimensional stiﬀness foundation concept in order
to implement the tread viscoelasticity eﬀects in the simulation of the tyre behaviour.
The frictional contact behaviour of such an element will be examined in the following and the signiﬁcant
modelling diﬀerences between a single radial and a combined radial and tangential element will be identiﬁed
and discussed.
4.2.1 The radial tread element
The concept of the viscoelastic Kelvin-Voigt tread element is presented in ﬁg. 4.1 together with the contact
induced deformation. The element will be ﬁrstly examined in its single radial form (ﬁg. 4.1(a)) and later in
its double radial and tangential one (ﬁg. 4.1(b)). In both cases, the elements do not impose any moment
reaction to the belt and only contact forces result from their contact deformation.
A certain combination of belt response and road proﬁle deﬁne kinematically the deformation of a single
tread element and its respective time rate, while, obviously, the resulting contact force lies on the element’s
axial direction. This kinematic deﬁnition of the element’s state allows the development of its tangential
deformation, only as a component of the total axial one. Any shear slip motion of the element’s tip which
does not derive from the kinematic conditions would correspond to a kinematic violation and cannot be
considered. In result the friction conditions of the interaction cannot aﬀect the tangential deformation of
the bristle and the single element cannot be used for the simulation of the frictional tread contact. Such a
tread model, though, may be used for the calculation of the vertical pressure distribution, assuming that all
the elements within the contact remain vertical to the road surface. This approach is proposed in the tyre
contact simulation study of Shiobara et al [253].
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The contact geometry of ﬁg. 4.1(a) prescribes:
Δ푌푡 = 푌푟 − (푌푏 + 푙푡 ⋅ sin훼) (4.1)
Δ푌˙푡 = 푌˙푟 − (푌˙푏 + 푙푡 ⋅ cos훼 ⋅ 훼˙) (4.2)
The horizontal and vertical components of the reaction force may be calculated by the axial deformation
and the element’s orientation:
Δ푅푡 = Δ푌푡 ⋅ sin훼 (4.3)
Δ푅˙푡 = Δ푌˙푡 ⋅ sin훼+Δ푌푡 ⋅ cos ⋅훼˙ (4.4)
퐹푡 = 퐾
푡
푟 ⋅Δ푅푡 + 퐶푡푟 ⋅Δ푅˙푡 ⇒ (4.5)
퐹푡푋 = 퐹푡 ⋅ cos훼 (4.6)
퐹푡푌 = 퐹푡 ⋅ sin훼 (4.7)
where :
퐷푌푡 the vertical deformation of the element
푌푟 the vertical global coordinate of the road proﬁle at the contact point
푌푏 the vertical global coordinate of the attachment node
푙푡 the initial axial length of the tread element
훼 the global orientation of the tread element
퐷푅푡 the axial deformation of the tread element
퐹푡 the contact force applied to the belt point along the tread element direction
퐹푡푋 the global horizontal contact force
퐹푡푌 the global vertical contact force
퐾푡푟 the axial stiﬀness of the element
퐶푡푟 the axial viscous damping coeﬃcient of the element
4.2.2 The radial-tangential tread element
The capability of modelling the friction eﬀect on the shear motion and horizontal deﬂection is added to
the tread representation by the introduction of a second Kelvin-Voigt element. This element is regarded as
dimensionless initially and attached to the free tip of the radial element, in tangential to it orientation (ﬁg.
4.1(b)). The contact problem becomes kinematically unconstrained and the additional degree of freedom,
associated with the displacement of the tangential element tip, is controlled by the frictional interaction
between the tread element and the ground. In result, a friction-regulated shear slip motion, which is aﬀected
by but not derived from the vertical kinematic conditions, may be developed by the tread representation.
The study of the tread element behaviour is better accomplished using global, vertical and horizontal
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to the plain road, coordinates, instead of the radial and tangential ones. The vertical contact deformation
(and deformation velocity) remain kinematically constrained, as in the single element case, and are therefore
calculated using eqn. 4.1. The horizontal (shear) deformation, though, is dynamically derived by a diﬀerential
equation of the horizontal displacement degree of freedom.
The transformation between the radial/tangential expressions (or better the axial and the vertical to it
ones, as the belt deformation may in general impose a diﬀerent direction to the tread element from the radial
one) and the global horizontal/vertical expressions of the deformation vector for each of the tread element
reads: [
Δ푅푡
Δ푇푡
]
= T(훼) ⋅
[
Δ푋푡
Δ푌푡
]
(4.8)
where the transformation matrix is:
T(훼) =
[
cos훼 sin훼
− sin훼 cos훼
]
(4.9)
and additionally:
Δ푇푡 the tangential (vertical to the axial) tread deformation
Δ푋푡 the combined horizontal tread deformation
Δ푌푡 the combined vertical tread deformation
Assuming that:
K =
[
퐾푡푟 0
0 퐾푡푡
]
(4.10)
is the matrix of the radial and tangential stiﬀness properties (퐾푡푟 and 퐾
푡
푡 respectively), the radial and
tangential stiﬀness forces applied to the belt (퐹 푠푡,푟 and 퐹
푠
푡,푡 respectively) may be expressed as:[
퐹 푠푡,푟
퐹 푠푡,푡
]
= K ⋅
[
Δ푅푡
Δ푇푡
]
= K ⋅T(훼) ⋅
[
Δ푋푡
Δ푌푡
]
(4.11)
[
퐹 푠푡푋
퐹 푠푡푌
]
= T푇 (훼) ⋅
[
퐹 푠푡,푟
퐹 푠푡,푡
]
= T푇 (훼) ⋅K ⋅T(훼) ⋅
[
Δ푋푡
Δ푌푡
]
=
[
퐾11(훼) 퐾12(훼)
퐾21(훼) 퐾22(훼)
][
Δ푋푡
Δ푌푡
]
(4.12)
The damping forces are calculated by a procedure equivalent to the above one. The deformations velocities
are given by the time diﬀerentiation of eqn. 4.8:[
Δ푅˙푡
Δ푇˙푡
]
= 훼˙ ⋅ T˙(훼) ⋅
[
Δ푋푡
Δ푌푡
]
+T(훼) ⋅
[
Δ푋˙푡
Δ푌˙푡
]
⇒ (4.13)[
Δ푅˙푡
Δ푇˙푡
]
= 훼˙ ⋅
[
− sin훼 cos훼
− cos훼 − sin훼
]
⋅
[
Δ푋푡
Δ푌푡
]
+T(훼) ⋅
[
Δ푋˙푡
Δ푌˙푡
]
⇒ (4.14)[
Δ푅˙푡
Δ푇˙푡
]
= 훼˙ ⋅T(훼) ⋅
[
0 −1
1 0
]
⋅
[
Δ푋푡
Δ푌푡
]
+T(훼) ⋅
[
Δ푋˙푡
Δ푌˙푡
]
(4.15)
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Assuming that the respective damping properties matrix is:
C =
[
퐶푡푟 0
0 퐶푡푡
]
(4.16)
the damping forces may be written as:[
퐹 푑푡푋
퐹 푑푡푌
]
= T푇 (훼) ⋅C

훼˙ ⋅T(훼) ⋅
[
0 −1
1 0
]
⋅
[
Δ푋푡
Δ푌푡
]
+T(훼) ⋅
[
Δ푋˙푡
Δ푌˙푡
])
⇒ (4.17)[
퐹 푑푡푋
퐹 푑푡푌
]
= T푇 (훼) ⋅ 퐶 ⋅T(훼) ⋅
[
0 −훼˙
훼˙ 0
][
Δ푋푡
Δ푌푡
]
+T푇 (훼) ⋅ 퐶 ⋅T(훼) ⋅
[
Δ푋˙푡
Δ푌˙푡
]
⇒ (4.18)[
퐹 푑푡푋
퐹 푑푡푌
]
=
[
퐶111 퐶
1
12
퐶121 퐶
1
22
]
⋅
[
Δ푋푡
Δ푌푡
]
+
[
퐶111(훼) 퐶
1
12(훼)
퐶121(훼) 퐶
1
22(훼)
]
⋅
[
Δ푋˙푡
Δ푌˙푡
]
(4.19)
Finally, the vector of the contact forces may be written as:[
퐹푡푋
퐹푡푌
]
=
[
퐹 푠푡푋
퐹 푠푡푌
]
+
[
퐹 푑푡푋
퐹 푑푡푌
]
(4.20)
In the general case where the tread element is considered to be inertia-equipped, the horizontal motion
of the tread tip is deﬁned by a second order diﬀerential equation of the form:
퐹 푏→푡푋 + 퐹푓푟푖푐푡푖표푛 = 푚푡 ⋅Δ푋¨ ⇒ −퐹푡푋 + 퐹푓푟푖푐푡푖표푛 = 푚푡 ⋅Δ푋¨ (4.21)
where:
퐹 푏→푡푋 the horizontal force applied form the tread element to the tip
퐹푓푟푖푐푡푖표푛 the friction force
For typical automotive tyres the tread mass is negligible compared to the belt one and the tread inertia
eﬀect on the contact behaviour is insigniﬁcant compared to the stiﬀness and damping ones. Moreover, as it
has been proved in [129], the diﬀerence in the tyre simulation results following the inertia and inertia-less
approaches is ignorable. Eqn. 4.21, under the inertia-less assumption reads:
−퐹푡푋 + 퐹푓푟푖푐푡푖표푛 = 0⇒ (4.22)
퐶211 ⋅Δ푋˙푡 + 퐶212 ⋅Δ푌˙푡 + (퐾11 + 푎˙ ⋅ 퐶111)Δ푋푡 + (퐾12 + 푎˙ ⋅ 퐶112)Δ푌푡 − 퐹푓푟푖푐푡푖표푛 = 0⇒ (4.23)
Δ푋˙푡 = −
(
퐶212 ⋅Δ푌˙푡 + (퐾11 + 푎˙ ⋅ 퐶111)Δ푋푡 + (퐾12 + 푎˙ ⋅ 퐶112)Δ푌푡 + 퐹푓푟푖푐푡푖표푛
)
/퐶211 (4.24)
The horizontal (shear) deformation of the element is calculated by the time integration of the above derived
173
relative horizontal velocity between the tip and the respective belt node:
Δ푋푡 =
∫
푡푖푚푒 푠푡푒푝
Δ푋˙푡dt (4.25)
Respectively, the contact forces (as sensed by the belt nodes) are given by the following equations:
퐹푐푌 = −
(
퐶221 ⋅Δ푋˙푡 + 퐶222 ⋅Δ푌˙푡 + (퐾21 + 푎˙ ⋅ 퐶121)Δ푋푡 + (퐾22 + 푎˙ ⋅ 퐶222)Δ푌푡 (4.26)
퐹푡푋 = −퐹 푏→푡푋 = 퐹푓푟푖푐푡푖표푛 (4.27)
4.2.3 Initiation of contact
A search algorithm is incorporated in the tread contact model for the identiﬁcation of the contact initiation
conditions between a tread element and the ground. The algorithm compares the global vertical position of
the tread tip with the road level, taking into consideration the non penetration requirement. The calculation
of the position of a tread element’s tip takes into account possible residual deformations induced by recent
contacts:
푌푡 = 푌푏 + (푙푡 +Δ푅푡) sin 푎+Δ푇푡 ⋅ cos 푎 (4.28)
where in this case Δ푅푡 and Δ푇푡 correspond to the possible residual deformations from a previous contact.
When a tread tip location dictates its penetration into the road, the vertical position of it is corrected in
order to coincide with the road level and the respective vertical deformation is applied to the Kelvin-Voigt
element. The horizontal global velocity of the tip is initially assumed to be zero, i.e. the tip momentarily
comes to a halt as it establishes contact with the road. Its possible further shear motion depends on the
friction force development. The above may be summarised as:
푌푡 < 푌푟 ⇒ 푐표푛푡푎푐푡⇒
{
푌푡 = 푌푟
푋˙푡 = 0
}
(4.29)
where 푋˙푡 is the global horizontal velocity of the tread tip.
4.2.4 Loss of contact
A force criterion is used for the termination of the contact, given that no attraction force may be developed
between the tread and the road surface. The contact reaction force must satisfy the following inequality as
long as its contact persists:
퐹푡푌 ≥ 0 (4.30)
On termination of the contact, both radial and tangential elements progressively return to their initial length
(푙푡 for the radial element and 0 for the tangential one). Since this rebound motion does not depend on the
global orientation angle (푎) of the tread element, the diﬀerential equations are solved in the respective local
radial/tangential system of reference in the interest of computational eﬃciency. The transformation from
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the global horizontal/vertical system to the radial/tangential one is accomplished at the contact loss moment
and oﬀers the initial conditions for the diﬀerential equations governing the expansion of the bristles back to
their free length:
퐶푡푟 ⋅Δ푅˙푡 +퐾푡푟 ⋅Δ푅푡 = 0 (4.31)
퐶푡푡 ⋅Δ푇˙푡 +퐾푡푡 ⋅Δ푇푡 = 0 (4.32)
The elements are considered to have reached their free length when their local deformation reduces below a
pre-speciﬁed limit and the above equations are made redundant for the following steps.
4.2.5 Friction force
Various friction laws may be incorporated in the horizontal interaction between the tread and the road. The
simple Coulomb one is chosen as a starting point. The law may be described as:
퐹푓푟푖푐푡푖표푛 =
{ 퐹푠푡푎푡푖푐, 푋˙푡 = 0, 퐹푠푡푎푡푖푐 ≤ (휇 ⋅ 퐹푡푌 )
sign(퐹푠푡푎푡푖푐) 휇 ⋅ 퐹푡푌 , 푋˙푡 = 0, 퐹푠푡푎푡푖푐 > (휇 ⋅ 퐹푡푌 )
−sign(푋˙푡) 휇 ⋅ 퐹푡푌 , 푋˙푡 ∕= 0
}
(4.33)
where 휇 is the coeﬃcient of sliding friction. The global horizontal velocity of the tip, 푋˙푡푟푒푎푑, may be
calculated by the equation:
푋˙푡 = 푋˙푏 +Δ푋˙ (4.34)
where 푋˙푏 is the horizontal global velocity of the respective belt node. The static friction, 퐹푠푡푎푡푖푐, is calculated
by the equilibrium equation of the tread tip (eqn. 4.24), assuming a zero velocity value 푋˙푡 = 0:
(4.24)
(4.34)−−−−→ 푋˙푡 − 푋˙푏 = −(퐶
2
12 ⋅Δ푌˙푡 + (퐾11 + 훼˙ ⋅ 퐶111)Δ푋푡 + (퐾12 + 훼˙ ⋅ 퐶112)Δ푌푡 + 퐹푓푟푖푐푡푖표푛)
퐷211
(4.35)
푋˙푡=0−−−−−−−−−−−→
퐹푓푟푖푐푡푖표푛=퐹푠푡푎푡푖푐
퐹푠푡푎푡푖푐 = 퐶
2
12 ⋅Δ푌˙푡 + (퐾11 + 훼˙ ⋅ 퐶111)Δ푋푡 + (퐾12 + 훼˙ ⋅ 퐶112)Δ푌푡 − 퐶211 ⋅ 푋˙푏 (4.36)
The non-linear (step) nature of the friction law adds a signiﬁcant complication to the numerical simulation
of the tread motion. The magnitude of the friction force is a function of the vertical load but independent
from the slip velocity. In result, the friction force may impose a change to the direction of the motion,
something that does not correspond to the physical sliding behaviour. The tread slip velocity is calculated
as:
(4.24)
(4.33),(4.34)−−−−−−−−→ 푋˙푡 =
퐶211 ⋅ 푋˙푏 − 퐶212 ⋅Δ푌˙푡 − (퐾11 + 훼˙ ⋅ 퐶111)Δ푋푡 − (퐾12 + 훼˙ ⋅ 퐶112)Δ푌푡 + 푠푖푔푛(푋˙푡)휇 ⋅ 퐹푡푌
퐶211
(4.37)
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Given that 퐶211 < 0, the case in which:
푋˙푡 ⋅
(
퐶211 ⋅ 푋˙푏 − 퐶212 ⋅Δ푌˙푡 − (퐾11 + 훼˙ ⋅ 퐶111)Δ푋푡 − (퐾12 + 훼˙ ⋅ 퐶112)Δ푌 + 푠푖푔푛(푋˙푡)휇 ⋅ 퐹푡푌
)
> 0 (4.38)
imposes an artiﬁcial self excited oscillation to the tread tip, as a result of the self-conserved loop of successive
changes of velocity and friction directions, always opposing to each other. In other words the horizontal
velocity of the element cannot reach a zero value, an essential requirement for the transition between the
slipping and the adhesional zones. A similar, friction-induced, stability problem in tyre tread simulation has
been described by Oertel [142] and by Zimmer and Otter [254].
The problem of the numerically induced oscillation is typically overcome in the above studies by a
regularised friction function, according to which a zone of progressive transition between the two constant
values of opposite signed kinematic friction forces is introduced in the zero velocity area. Such an approach,
though, would certainly aﬀect the model’s behaviour in the, critical for the present study, phase of the near-
standstill equilibrium. In order not to introduce any deviation in the friction law, an additional criterion
is introduced, according to which a tread tip cannot change its direction of shear global velocity in two
successive simulation steps. Every value of tread global velocity, 푋˙푡, predicted by the eqn. 4.37 is compared
with the respective value of the previous simulation step. If a change of direction is identiﬁed, the tip is
considered to adhere to the road and its horizontal position is constrained for the present step:
푋˙푡 ⋅ 푋˙∗푡
{
≥ 0⇒ 푋˙푡: accepted, 퐹푓푟푖푐푡푖표푛 = −sign(X˙t)휇 ⋅ FtY
< 0⇒ 푋˙푡 = 0 , 퐹푓푟푖푐푡푖표푛 = 퐹푠푡푎푡푖푐
(4.39)
where 푋˙∗푡 refers to the velocity value at the previous time-step.
4.2.6 Contact behaviour of a single tread element
Prior to the incorporation of the above described contact algorithm in the tyre belt model, an insight into
its contact simulation potential is attempted through the examination of two simple contact case studies of
a single tread element:
1. A vertical, harmonic velocity excitation is applied to the belt node while the free end of the bristle is
assumed to be initially in road angular contact, under zero deformation condition.
2. The node follows a circular trajectory with constant angular velocity. The initially not in contact
element establishes and later terminates its road contact.
Both of the above cases are examined under diﬀerent surface frictional conditions in order the eﬀect of
the shear force development potential on the contact interaction to become evident. The tread physical
properties which are used are given in table 4.1.
Case study 1: Vertical velocity excitation of the belt node
The contact behaviour of the tread element, under a constant angle of orientation (훼 = 휋/4), is depicted in
ﬁg. 4.2 for various values of the friction coeﬃcient (휇 = 0, 0.2, 0.5). A sinusoidal vertical velocity excitation is
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Tread Physical Propertiesa
radial stiﬀness 퐾푡푟 [
푘푔푟
푠푒푐2 ] 3.02× 105
tangential stiﬀness 퐾푡푡 [
푘푔푟
푠푒푐2 ] 1.01× 105
radial damping coeﬃcient 퐶푟 = 푐푑 ⋅퐾푡푟 [푘푔푟푠푒푐 ]
tangential damping coeﬃcient 퐶푡 = 푐푑 ⋅퐾푡푡 [푘푔푟푠푒푐 ]
푐푑, single element [푠푒푐] 0.025
푐푑, tyre model [푠푒푐] 0.0025
initial radial length 푙푡, single element [푚푚] 100
푙푡, tyre model [푚푚] 10
a stiﬀness values according to the distributed tread properties given in [61],
assuming distribution of each property in 200 tread elements.
Table 4.1 – The physical properties of the tread
imposed to the belt (ﬁg. 4.2(a)) and the contact behaviour is examined for a full time period of it. As it has
been presented in section 4.2.2, when a two-dimensional radial-tangential tread element is in ground contact
under an orientation angle 훼 ∕= 휋/2 both vertical and horizontal deformations emerge, while the development
of the second may be suspended by the friction force. The developed slip displacement is maximum for the
non-frictional surface case (ﬁg. 4.2(b)), something that could be also predicted from eqn. 4.24 substituting
퐹푓푟푖푐푡푖표푛 = 0. In the case of a positive coeﬃcient of friction (휇 = 0.2) the tip departs from the initial contact
position, but the developed slip distance is smaller. For friction coeﬃcients higher than a critical one the tip
adheres to its initial contact position, as the static friction force may reach values that completely suspend
the sliding motion. This critical value is a function of the contact angle and the viscoelastic properties of
the tread.
The magnitude of the horizontal component of the reaction force increases with the coeﬃcient of friction
(4.2(c)). Interestingly, a similar eﬀect is imposed to the vertical component of the reaction force, given
that both of them develop as functions of both the horizontal and vertical deformations (section 4.2.2). In
accordance, a friction-less contact results not only in zero shear force but also in a lower vertical reaction
one, compared to the frictional cases. The reaction forces predicted by the single radial tread element are
also presented in the same plot. In this case, both horizontal and vertical deformation components are
kinematically derived and independent from the surface friction potential. The developed force magnitudes
in this case are higher, especially for the horizontal component.
The contact behaviour is signiﬁcantly aﬀected by the damping property and for this reason the contact
reaction forces do not follow precisely the harmonic pattern of the kinematic excitation but a relative phase
angle is exhibited by their development. Accordingly, the forces reach their maximum values before the belt
node reaches its lowest position and the contact is terminated before the node reaches its initial position.
Although the residual deformations in the higher coeﬃcient of friction cases are higher, their time rates of
decrease is the same in all cases, as the rebound process depends on the tread properties only (eqns. 4.31
and 4.32). The single radial element residual deformation is higher than the one of the combined element.
Case study 2: Circular motion of the belt node
The rotational motion of the belt node around a theoretical wheel centre axis is investigated in this case.
Two values of angular velocity -휔 = 1푟푎푑/푠푒푐 and 휔 = 5푟푎푑/푠푒푐 (anti-clockwise)- and three values of friction
177
0 0.05 0.1 0.15 0.2−8
−6
−4
−2
0
Time [sec]
D
is
pl
ac
em
en
t Y
b
[m
m]
    
    
    
  
0 0.05 0.1 0.15 0.2−100
0
100
Ve
lo
ci
ty
 Y
’ b
[m
m/
se
c]
(a) The vertical velocity and displacement of the node.
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(c) The vertical and horizontal reaction forces.
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(d) The recovery of the radial and tangential degrees of
freedom after the termination of the contact.
Figure 4.2 – The 1st case study tread deformation and contact forces for three diﬀerent values of the friction coeﬃcient
(휇 = 0, 0.2, 0.5).
coeﬃcient -휇 = 0, 0.2 and 0.5- are examined and presented in ﬁg. 4.3. In every subﬁgure, the horizontal
axis refers to the global orientation angle of the element and its positive direction also corresponds to the
time history of the motion.
The friction force incommodes the tread slip displacement and velocity (푋˙푡푟푒푎푑) during the ﬁrst phase
of the contact (downwards vertical motion of the node). In result, higher values of negative horizontal
deformation are developed (ﬁg. 4.3(b)), as the tread tip cannot follow the horizontal motion of the node.
Interestingly, though, a contrary eﬀect is identiﬁed during the second phase of the contact (upwards vertical
motion of the node). As the vertical deformation and load decrease, the friction force apparently does the
same and a recovery motion (deformation decrease) is exhibited by the tread. The higher friction coeﬃcient
case is associated with a higher maximum value of horizontal recovery velocity, a result of the higher amount
of energy stored by the element deformation mechanism during the ﬁrst phase of the motion.
The eﬀect of the varying, along the contact, angle of orientation is evident in ﬁgure 4.3(b), where in the
non frictional and the low friction-low velocity cases, the horizontal deformation (퐷푋푡) changes direction
during the second phase of the contact. This change is promoted by the continuously varying values of the
horizontal stiﬀness and damping coeﬃcients which develop as functions of the orientation angle. The high
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Figure 4.3 – The behaviour of the contact element in the 2nd case study, for three diﬀerent friction coeﬃcients and
two values of the base rotation velocity. (all subﬁgures follow the legend of (a), while (d) also follows the
additional legend of (c))
level of the horizontal deformation, which is associated with the higher friction cases, suspends a respective
change of the horizontal deformation direction. As a direct eﬀect of the damping property of the element, a
higher angular velocity shortens the duration of the contact.
The developed shear force is presented in ﬁg. 4.3(c) for all the examined cases, also in comparison to
the single radial element. Obviously, the eﬀect of the friction potential on the magnitude of the shear forces
is signiﬁcant, while, due to the damping mechanism, higher (in absolute terms) force values are developed
during the ﬁrst phase of the contact, than the ones of the second phase. A respective behaviour is exhibited
by the development pattern of the vertical reaction forces (ﬁg. 4.3(d)), where, though, a closer correlation
between all the cases may be observed. The contradicting to the above shear force prediction of the radial
element should be highlighted. In this case, the direction of the force is deﬁned by the orientation angle of
the element, resulting in the harmonic variation of the force along the contact (negative in the ﬁrst phase
and positive in the second one).
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Figure 4.4 – The combined belt and tread foundation model.
4.3 The combined belt-tread model
The above described tread foundation may be theoretically coupled with any in-plane tyre belt model,
applying to it a space distributed ﬁeld of contact excitations. Obviously, a discretised belt model would
oﬀer a computationally easier modelling of the interaction between the belt and the tread representations,
especially in the case that a space domain method of solution is to be followed. In general, the belt and
tread degrees of discretisation are diﬀerent and it is very common in such models (e.g. FTire [141] and
CDTire [68]) a much ﬁner discretisation to be chosen for the tread foundation in case the contact area
frictional phenomena are to be captured. The direct correspondence between the tread and the belt, realised
by the attachment nodes, is substituted by a force and deformation interface. This interface calculates the
excitation of a single belt node by the superposition of the contact forces generated by a number of tread
elements and at the same time calculates the belt deformation corresponding to the treat attachment points,
between two successive nodes, applying an interpolation method. Although this approach oﬀers a signiﬁcant
improvement of the accuracy, compared to the equal belt and tread discretisation, the latter method will be
used in the present study, as it highlights the physical interaction mechanism between the belt and the tread
contact behaviours.
One of the main research questions of the present study is the theoretical validation of a transient
physical tyre model based on a modal expansion and reduction technique, for reasons associated with its
computationally eﬃciency but also with the identiﬁcation of the mechanisms of interaction between the
excited modes and the performance characteristics. Although such techniques may be applied to both
analytical and discretised space representations, as it was presented in chapter 3, an analytical one will
be chosen here. Such a model allows for the space discretisation process to be decoupled from the modal
expansion method which remains based on the analytical formulation of the model. The belt structure will be
described by a discretised belt model but its modal characteristics evolve from its analytical mathematical
expression. Although the following analysis will be based on the pretensioned ring on elastic foundation
model, the conclusions that will be drawn will justify the possible applicability or not of the other modal
simulation approaches presented in chapter 3 on the simulation of the tyre contact behaviour.
An overview of the complete tyre model is given in ﬁg. 4.4. The actual contact simulation is accomplished
in the time domain and the loading conditions are progressively applied over time. For reasons that will
become later obvious (especially in chapter 5), the simulation process is signiﬁcantly simpliﬁed assuming a
vertical kinematic excitation of deformation instead of a load one. Moreover, for similar reasons, the wheel
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Figure 4.5 – The ﬂowchart of a single time step of the contact algorithm. (solid line: space domain calculation, dashed-
dotted line: modal domain calculation, dashed line: non linear sidewall related calculation)
position remains ﬁxed and the wheel-road approach is accomplished by the road level variation. Practically,
the level of the road rises according to a constant time rate of approach, until the required degree of vertical
deformation (approach) or resulting load has been achieved. Prior to that, the inﬂation pressure has been
applied to the model and the respective equilibrium has been established. The dynamic inﬂation of the ring
model has already been presented in sections 3.7.2 and 3.7.4 for the linear and the non linear sidewall cases
respectively. As it was highlighted, the process of inﬂation leads to a minor radius increase but it is necessary
in the non linear sidewall case for the identiﬁcation of the sidewall equilibrium geometry. Obviously, after
the required level of approach or load has been reached, suﬃcient additional time is oﬀered for the contact
equilibrium establishment.
An overview of the calculations composing a single time step of the simulation algorithm (presented in
ﬁg. 4.5) prescribes the coupling pattern of the algorithm subcomponents that will be later analysed. The
deformation response of the in-contact tread elements and the belt nodes deformation, as calculated in the
previous time step, are brought forward. Combining them with the road kinematic characteristics (which
theoretically capture both the wheel kinematic condition -velocity and displacement- and the road proﬁle
changes), the contact reaction forces are calculated. The contact reaction forces are used for the space-
domain derivation of the tread response. In parallel, the belt excitation is composed by the contact forces
(as sensed by the belt nodes), the inﬂation pressure and the possible contribution of the non linear sidewall
mechanism. The belt modal response is calculated and later transformed into the respective space domain
deformation.
4.3.1 The excitation and response of the discretised ring model
The modal expansion of the analytical ring model has been presented in section 3.3 of chapter 3. The
method derived the natural frequencies and the analytical expressions of the mode shapes of the structure
3.147. These expressions will be here transformed into their respective discretised form. Moreover, since
the calculation of the tread contact forces is based on the horizontal/vertical system of reference, a similar
expression should be adopted by the discretised mode shapes. The transformation of the deformation (푈)
of a belt point at a central angle 휃, as predicted by the 푗th mode shape, from the radial/tangential system
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to the horizontal/vertical one may be written as:[
푈 푗푋(휃)
푢푗푌 (휃)
]
=
[
cos 휃 − sin 휃
sin 휃 cos 휃
]
⋅
[
푈 푗푟 (휃)
푈 푗푡 (휃)
]
(4.40)
The application of a constant discretisation along the belt circumference leads to the following expression for
the central angle of each node, assuming that the 푖 = 1 node lies on the negative vertical global semi-axis:
휃푖 = −휋
2
+ (푖− 1)2 ⋅ 휋
푛푏
, 1 ≤ 푖 ≤ 푛푏 (4.41)
where 푛푏 is the number of belt nodes. Hence, the analytical expression of a mode shape function may be
substituted by a vector one, composed by the horizontal and the vertical deformations of the belt nodes:
Ψ푗 =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
푈 푗푋,푖=1(휃1)
푈 푗푌,푖=1(휃1)
...
푈 푗푋,푖(휃푖)
푈 푗푌,푖(휃푖)
...
푈 푗푋,푖=푛푏(휃푛푏)
푈 푗푌,푖=푛푏(휃푛푏)
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4.42)
The mode shape matrix (modal basis) is composed by the mode shape vectors of all the modes that participate
in the response calculation:
Ψ˜ =
[
Ψ1 ⋅ ⋅ ⋅Ψ푗 ⋅ ⋅ ⋅Ψ푛푚
]
(4.43)
The calculation of the response of a modally expanded ring model has been brieﬂy presented in section
3.7.2 of chapter 3, using the analytical mode shape expressions. Here, the respective discretised expressions
will be derived. The excitation force, in the particular case, is composed by the superposition of the contact
forces, the inﬂation pressure and the possible non linear sidewall contribution:
F2푛푏×1(푡) = F푖푛푓푙푎푡푖표푛(푡) + F푐표푛푡푎푐푡(푡) +
{
F푠푖푑푒푤푎푙푙(푡)
}
(4.44)
The modal response calculation retains the linear nature of the space domain described structural stiﬀness.
The response to multiple excitations can be either calculated through the summation of the excitation vectors
(as proposed in eqn. 4.44) or through the superposition of the individual to each excitation responses. In
the above equation the contact excitation is a transient one, but the inﬂation pressure remains constant over
time. The incorporation of the inﬂation to the excitation vector at every single time step may be omitted
and the respective steady state response (deformation) may be applied to the belt structure. Obviously,
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this computational simpliﬁcation cannot be applied to the non linear sidewall case, where the radial sidewall
force (and the respective response) is a non linear function of the deformation. In this case, the inﬂation
forces are given by the following transformation:[
퐹 푖푖푛푓,푋
퐹 푖푖푛푓,푌
]
= T(휃푖) ⋅
[
푃0 ⋅ 푏 2휋⋅푅푛푏
0
]
(4.45)
where 퐹 푖푖푛푓,푋/푌 is the inﬂation force of the 푖th node, along the 푋/푌 direction and 푃0
2휋⋅푅
푛푏
is the inﬂation
radial force corresponding to each node.
Following a form similar to the one of the mode shapes, the force vector may be written as:
F(푡) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
퐹푋,푖=1
퐹푌,푖=1
...
퐹푋,푖
퐹푌,푖
...
퐹푋,푖=푛푏
퐹푌,푖=푛푏
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4.46)
where 퐹푋,푖 and 퐹푌 푖 are the horizontal and vertical force components corresponding to the 푖th node of the
ring. The transformation of the analytical expression of the modal excitation into the respective discretised
one, is based on the theoretical equivalence between the cross product of two space discretised vectors and
the integration of the analytical value over the same length or distance:
Γ푗 =
∫ 2휋
휃=0
[(푈푟푗 )
2 + (푈 푡푗 )
2]d휃 =
2휋
nb
ΨTj ⋅Ψj (4.47)
The transformation may be now written as:
푓푚푗 (t) =
푅 ⋅ ∫ 2휋
휃=0
(
푞푟(t, 휃) ⋅Ujr(휃) + qt(t, 휃) ⋅Ujt(휃)
)
d휃
푏 ⋅푅 ⋅ 휌 ⋅ 푑 ⋅ Γ푗 ⇒ (4.48)
푓푚푗 =
푅 ⋅ 2휋
푛푏
Ψ푇푗 ⋅ q
푏 ⋅푅 ⋅ 휌 ⋅ 푑2휋
푛푏
Ψ푇푗 ⋅Ψ푗
=
Ψ푇푗 ⋅ q
푏 ⋅ 휌 ⋅ 푑 ⋅Ψ푇푗 ⋅Ψ푗
⇒ (4.49)
푓푚푗 =
Ψ푇푗
푛푏
2휋 ⋅푅F
푏 ⋅ 휌 ⋅ 푑 ⋅Ψ푇푗 ⋅Ψ푗
=
1
2휋 ⋅푅 ⋅ 푏 ⋅ 휌 ⋅ 푑
푛푏
Ψ푇푗 ⋅ F
Ψ푇푗 ⋅Ψ푗
⇒ (4.50)
푓푚푗 =
푛푏
푚푏
Ψ푇푗 ⋅ F
Ψ푇푗 ⋅Ψ푗
=
1
푚푖푏
Ψ푇푗 ⋅ F
Ψ푇푗 ⋅Ψ푗
(4.51)
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where 푚푖푏 is the mass property corresponding to each of the belt nodes. The modal participation factors
may be calculated by diﬀerential equations similar to the ones of the analytical approach (eqn. 3.100):
휂¨푗 + 휆푗 ⋅ 휂푗 + 휔2푗 ⋅ 휂푗 = 푓푚푗 (4.52)
Accordingly, the transformation of the deformation and velocity responses from the modal domain into the
space one may be written as:
u(푡) = Ψ ⋅ 휂˜ (4.53)
u˙(푡) = Ψ ⋅ ˙˜휂 (4.54)
where the deformation and deformation velocity vectors (u and u˙ respectively) follow the same space dis-
cretisation pattern with the mode shapes and 휂˜ is the vector of the modal participation factors of the modal
basis modes:
휂˜
⎡⎢⎢⎣
휂1(푡)
...
휂푛푚(푡)
⎤⎥⎥⎦ (4.55)
Finally, the global position of a belt node (푖), as used in section 4.2 for the calculation of the tread contact
forces, may be expressed as:
푋푏 = 푅 ⋅ cos 휃푖 + 푢푋,푖 (4.56)
푌푏 = 푅 ⋅ sin 휃푖 + 푢푌,푖 (4.57)
The tread orientation angle, 푎, of eqn. 4.28, which is also used for the calculation of the tread’s global
stiﬀness and damping values (section 4.2.2), is also derived through the belt modal response. This angle is
primarily a function of the rotation of the belt node around the wheel centre, 푎푟표푡푎푡푖표푛, as induced by the
belt response:
훼푟표푡푎푡푖표푛 = arctan(
푢푟
푢푡
) (4.58)
A secondary possible contribution to the angle 푎 may exist, expressed by the deviation (torsional) of the
tread’s orientation from the vertical to the belt’s tangent at the attachment point. Practically, this deviation
corresponds to the rotation of the tread element around the node and for the ring model it may be calculated
as:
훼푡표푟푠푖표푛 = − 1
푅
∂푢푟
∂휃
(4.59)
The total global orientation angle (푎) is given by the following equation:
훼 = 휃 + 푎푟표푡푎푡푖표푛 + 푎푡표푟푠푖표푛 (4.60)
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Figure 4.6 – The ﬂowchart of the contact algorithm.
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4.3.2 The ﬂowchart of the contact algorithm
Having completed the analysis of the various sections of the algorithm, the computational ﬂowchart of a
single time step (ﬁg. 4.6) may be synthesised:
1. The global positions (푌푡) of the out-of-contact (푐 = 0) tread elements are calculated (eqn. 4.28).
2. The possible contact of them is examined using the criterion described by eqn. 4.29 and the initial
contact conditions of the same equation are applied to the elements for which the criterion is satisﬁed.
3. The vertical deformation and deformation velocity (Δ푌푡 and Δ푌˙푡 in eqns. 4.1 and 4.2 respectively), the
friction force (퐹푓푟푖푐푡푖표푛, eqn. 4.33)and the tip shear relative velocity (Δ푋˙푡, eqn. 4.24) are calculated
for all the in-contact (푐 = 1) tread elements.
4. The satisfaction of the contact continuation condition (eqn. 4.30) is examined for all the in-contact
elements and the possible termination of contact is veriﬁed.
5. The transformation from the horizontal/vertical (Δ푋푡, Δ푌푡) to the radial/tangential (Δ푅푡, Δ푇푡) de-
formation system is applied to elements that step out of the contact (eqn. 4.8) and the residual
deformation is calculated (eqns. 4.31 and 4.32) for the elements that still exhibit signiﬁcant deforma-
tion.
6. For the in-contact elements, the tread slip displacement (relatively to the deformation position) is
derived by the integration of the shear velocity (eqn. 4.25).
7. The contact reaction forces applied to the contact belt points (퐹푡푌 and 퐹푡푋 in eqns. 4.26 and 4.27
respectively) are calculated and the excitation vector (F, eqn. 4.44) is composed including (in the non
linear sidewall case) the contribution of the inﬂation pressure and the sidewall tension (푇푟, eqn. 4.64,
section 4.3.4).
8. The modal force of each mode is derived (푓푚푗 , eqn. 3.108) and the modal participation factors (휂푗) are
calculated through the equation 4.52.
9. The belt response (u) and deformation velocity (u˙) in the space domain are derived (eqn. 4.53).
4.3.3 The tyre contact stiﬀness and the eﬀect of the load on the pressure dis-
tribution shape
Moving to the application of the above described contact algorithm, the deformation is imposed to the model
over a time of 0.4푠푒푐, assuming a constant velocity of road approach. A further time of 0.1푠푒푐 is provided
for the contact equilibrium establishment. The resulting deformation rate is suﬃciently low in order the
magnitude of the damping forces to remain modest and the stiﬀness interaction mechanism between the
belt and the tread deformations to be mainly captured. A friction coeﬃcient 휇 = 0.5 is chosen for the
cases in which no diﬀerent value is explicitly mentioned. The ring physical properties summarised in table
4.1 are used and the damping coeﬃcients predicted in section 3.10.2 (under the viscous stiﬀness and mass
proportionality assumption with coeﬃcient values of 훽푑 = 6 ⋅ 10−5 and 훾푑 = 400) are applied, as they
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Figure 4.7 – The increase of the tyre load and the tyre vertical deformation.
were found to predict a satisfactory modal damping ratios correlation with the majority of the experimental
studies.
The total contact stiﬀness of the tyre is derived (ﬁg. 4.7), by the summation of the equilibrium vertical
reaction forces for various values of wheel-road approach, measured from an initial tangential and no-load
relative position. The model captures the contact non linearity of the tyre, which is depicted by the increasing
contact stiﬀness. This behaviour has been experimentally veriﬁed in numerous studies [255, 256, 117, 53,
145, 1, 18] and is imposed by the increasing portion of the tyre circumference that conforms to the road
plane surface as the wheel and the road approach each other.
The development of the vertical contact forces along the contact length is presented in ﬁg.4.8 for various
levels of wheel-road relative approach. Both the contact length and the reaction forces increase with the
imposed deformation. Apart from the forces magnitude, though, a signiﬁcant change in the distribution
shape of the forces may be observed. The initial parabolic (convex) shape transforms into a trapezoidal one
as the load increases, a change that is in agreement with various experimental results [255, 257, 256, 258, 18].
The increase of the level of approach does not result in a proportional increase of the force values as both
the extension of the contact length and the shape evolution aﬀect the values of the developed forces. The
maximum values of the reaction force along the contact area (for the cases examined in ﬁg. 4.8) are presented
in ﬁg. 4.9 as a function of the total load. It is obvious that the rate of the force increase drops as the load
increases. A similar conclusion has been experimentally drawn by Hall et al in [258].
The respective development of the horizontal contact forces is presented in ﬁg. 4.10. A full period-like
harmonic shaped distribution along the contact length is predicted, becoming maximum (in absolute terms)
near the contact edges and reducing down to zero around the symmetry axis. The predicted inwards (towards
the symmetry axis) force direction has been experimentally veriﬁed in numerous studies, summarised in [228]
and [18]. As the circular shape of the belt conforms to the plane road surface, the belt slides away from
the centre of the contact. The developing friction force, though, reacts to this displacement generating the
inwards horizontal stress ﬁeld. As the load increases, no signiﬁcant change in the shape of the horizontal
forces ﬁeld can be identiﬁed, in contrast to the vertical one.
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Figure 4.8 – The development of the vertical contact forces ﬁeld with the imposed level of deformation.
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Figure 4.9 – The maximum value of the contact reaction force along the contact area as a function of the total load.
4.3.4 Sidewall nonlinearity and its eﬀect on the pressure distribution
It is well known that although the ring model oﬀers an excellent prediction of low frequency modal behaviour
of the tyre, the predicted contact stiﬀness is overestimated. Characteristically, Miege and Popov in [127]
notice a 44% higher contact stiﬀness value predicted by a ring model, compared to the experimental results
acquired using a truck tyre. The main reason for this overestimation is the sidewall non linear behaviour of
the tyre which cannot be captured by a linear sidewall equipped ring model. The geometrical buckling of
the membrane-like sidewall structure as the deformation increases, reduces the radial force in comparison to
the respective value predicted by the linear model.
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Figure 4.10 – The development of the horizontal contact forces ﬁeld with the imposed level of deformation.
Apart from the magnitude, though, the linear sidewall model fails to capture the actual sidewall behaviour
in terms of force direction as well. The actual membrane tension force of the sidewall exhibits a radially
inwards direction, no matter whether the belt deforms in a radial inwards or outwards direction. Only in
the case of an excessive inwards radial deformation, exceeding the levels corresponding to the typical tyre
operation and applicability of the model, does the sidewall force exhibit an outwards direction. In respect,
for typical tyre deformation levels the road contact reaction and the sidewall force are both counterbalanced
by the inﬂation pressure. In the linear sidewall case, though, the sidewall force exhibits an inwards direction
only as long as the radial deformation exceeds the theoretical undeformed length of the sidewall structure.
As typically the contact conditions impose an inwards radial deformation that in the contact area place the
belt radially inwards, the predicted sidewall force exhibits an outwards direction. In result, both sidewall
force and inﬂation pressure are supposed to counterbalance the road reactions, something that violates the
actual tyre behaviour. The above are summarised in ﬁg. 4.11.
Typically, the sidewall shape nonlinearity is represented by a membrane-based physical mechanism, as
it was proposed by Bo¨hm in [69]. A similar concept of an inextensible discretised string foundation will be
used here, based on the membrane concept presented in section 3.7.3 of chapter 3. The discretisation is
necessary for the capture of the varying sidewall behaviour along the model’s circumference, as induced by
the contact deformation. The cross section and side views of a single string element are presented in ﬁg.
4.12. Its tension force, normalised to the length of the ring circumference, is proportional to the inﬂation
pressure and its radius of curvature:
푇 = 푃0 ⋅ 푟푠 (4.61)
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Figure 4.11 – The diﬀerence in the direction and the magnitude of the sidewall radial forces predicted by the linear
stiﬀness and the string sidewall mechanisms.
while the string geometry, as presented in ﬁg. 4.12, may be described by the following system of equations:
휋 − 2푤
푙푠
=
1
푟푠
cos푤 =
퐿
2 ⋅ 푟
}
→ 퐿(휋 − 2푤) = 2푙푠 ⋅ cos푤 (4.62)
where :
푇 the string force, circumference length normalized
푇푟 the in-plane component of the string force
푇푛 the out-of-plane component of the string force
퐿 the distance between wheel and belt string attachment points
푃0 the inﬂation pressure
푟푠 the radius of the string
푙푠 the length of the string
푤 the angle between the wheel axis of symmetry and the direction
vertical to the in-plane projection of the string (see ﬁg. 3.37)
In contrast to the membrane mechanism proposed for the study of the ring inﬂation process (section 3.7.3
of chapter 3) the distance between the wheel and belt string attachment points cannot be calculated by the
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Figure 4.12 – A single string element in cross section and side view.
eqn. 퐿푖 = 푅 + 푢푟,푖 − 푅푤, as the belt deforms in both radial and tangential directions. In accordance, the
point’s distance is calculated by the following equation:
퐿푖 =
√(
(푅−푅푤) ⋅ cos 휃푖 + 푢푋,푖)2 + (푅−푅푤) ⋅ sin 휃푖 + 푢푋,푖)2 (4.63)
The nonlinear equation 4.62 of every string element is solved using an iteration algorithm in every time step.
The angle 푤푖 is calculated for the instantaneous distance value (퐿푖) and the in-plane component of the string
force is given by the equation:
푇푟 = 푃
∗
0 ⋅ 푙푠
sin푤
휋 − 2푤 (4.64)
where 푃 ∗0 is the discretisation-normalized inﬂation pressure, which eliminating the eﬀect of the discretisation
from the force calculation:
푃 ∗0 = 푃0
2 ⋅ 휋 ⋅푅
푛푏
(4.65)
The in-plane component of the string force lies on the direction of the string element, as it can be observed
in the side view of ﬁg. 4.12and it contributes to both vertical and horizontal node forces, according to the
angle 푎푟표푡푎푡푖표푛 (ﬁg. 3.37). This angle expresses the relative angular orientation of the belt node to the
corresponding wheel attachment point:
푇 푖푟푋 = 푇푟 ⋅ cos(휃푖 + 훼푖푟표푡푎푡푖표푛) (4.66)
푇 푖푟푌 = 푇푟 ⋅ sin(휃푖 + 훼푖푟표푡푎푡푖표푛), 1 ≤ 푖 ≤ 푛푏 (4.67)
Finally, the sidewall force vector (similar to eqn. 4.46) is composed by the sidewall forces of all the belt
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Figure 4.13 – The increase of the tyre load and the tyre vertical deformation in both linear and non linear sidewall cases.
nodes.
The total contact stiﬀness of the non linear sidewall model is presented in ﬁg. 4.13, in comparison to
the linear one. The pattern of the increasing stiﬀness with the deformation may be identiﬁed also in the
non linear model, but in this case the stiﬀness values are signiﬁcantly lower than the respective linear model
ones. The relative diﬀerence increases with the deformation, as the buckling behaviour becomes profound
and ranges from from 10% for the 5푚푚 deformation case to 30% for 50푚푚 one.
The vertical contact forces ﬁelds, under the non linear sidewall assumption, are presented in ﬁg. 4.14
for the same vertical deformation values with the ones examined in ﬁg. 4.8 (linear sidewall model). Com-
paring the two cases, it is obvious that the non linear sidewall model predicts lower force values and the
magnitude diﬀerence increases with the deformation level. Another signiﬁcant variation develops as the level
of deformation increases. Although both models predict a parabolic distribution shape for modest contact
deformations, a concave formation develops in the middle of the contact area for the string model, the
amplitude of which increases with the deformation. The concave formation in the 50푚푚 case aﬀects the dis-
tribution shape along the whole contact length, which signiﬁcantly deviates from the respective trapezoidal
one of the linear model.
The concave-shaped vertical distribution and the corresponding to it inwards belt deformation pattern
have been experimentally observed and analysed by Akasaka et al [259]. According to them, this behaviour
is associated primarily with the bending behaviour of the belt and secondarily with the inwards direction of
the shear force in the neighboring contact area. Under the current modelling approach and for the particular
physical properties, this characteristic deformation shape develops only for the non-linear sidewall model.
This conceptual diﬀerence may be further explained through ﬁg. 4.11. As the inwards directed contact
deformation increases, the radial sidewall force becomes outwards directed for the linear sidewall model and
reaches its maximum value in the centre of the contact area. The sidewall pushes the belt against the road
and prevents any shape deviation from the one imposed by the strict conformation to the road plane surface.
In the string sidewall case, though, the inwards radial deformation along the contact area corresponds to a
variation of the inwards directed sidewall force and moreover, its magnitude decreases with the deformation,
allowing for the development of the shape deviation of the belt from the one induced by the plane road
surface.
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Figure 4.14 – The development of the vertical contact forces ﬁeld with the imposed level of deformation in the non linear
sidewall model.
A certain load applied to the linear model is counterbalanced by the air pressure supported by the bending
stiﬀness of the belt and the sidewall stiﬀness. In result, a modest bending deformation is suﬃcient for the
generation of the support force. In the string case, though, the action of the air pressure is supported by
the bending stiﬀness but deteriorated by the inwards sidewall force. In result, a higher bending deformation
is necessary for the generation of the suﬃcient force. In any case, the bending and sidewall deformation
mechanisms do not develop independently, as they share a common platform of application, which is the
tyre belt. The tyre properties deﬁne the equilibrium belt deformation which corresponds to a certain relative
ratio of contribution of the two mechanisms. The eﬀect of the possible concave formation on the frictional
interaction between the tread and the road will be later analysed.
4.3.5 Inﬂation pressure contact eﬀects
As it has been highlighted, the main load support action is carried over by the inﬂation pressure and
secondarily by the tyre deformation mechanisms. In support of that, Hall et al in [258] experimentally
proved that the maximum contact pressure along the contact length exceeds the inﬂation pressure by a
factor ranging between 1.5 and 2.0 independently from the tyre load. Practically, the additional support
necessary to counterbalance the increasing load is provided by the increase of the contact area magnitude.
Obviously in the examined case, the linear deformation mechanism of the model, apart from the string radial
sidewall one, imposes an increasing with the load maximum contact pressure value, as can be identiﬁed in
ﬁg. 4.14.
Three inﬂation values (푃0 =1.7, 2.2 and 2.7 ⋅105푃푎) are examined in regards to the increase of the
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cases and three inﬂation pressures.
maximum contact pressure value with the imposed load. The respective ratio is calculated by the equation:
퐹푡푌 ∣푚푎푥
푃0 ⋅ 푏2 ⋅ 휋 ⋅푅
푛푏
(4.68)
The ratios across the range of the imposed deformations are presented in ﬁg. 4.15. The ratio values increase
almost linearly with the deformation while they decrease with the inﬂation pressure. Their development,
though, is not proportional to the deformation one, as a 5 times increase of the imposed deformation (resulting
in a more intensive increase of the corresponding load according to ﬁg. 4.13) results in an average 2 times
increase of the maximum contact force.
The actual eﬀect of the inﬂation pressure on the forces distribution shape is presented in ﬁg. 4.16 where
a 40푚푚 deformation is applied on the non linear sidewall model, inﬂated to the three examined pressure.
Apart from the increase in the reaction force magnitudes along the contact length, a shape transformation
can be also identiﬁed. As the inﬂation pressure increases, the concave formation is smoothed out and the
distribution transforms into a trapezoidal shaped one. The increased inﬂation force pushes radially outwards
the belt and increases the load that the particular level of deformation can support.
4.3.6 The belt deformation mechanism
The structural deformation of the belt along its circumference, as imposed by the contact conditions, is
presented in ﬁgs. 4.17(a) (horizontal) and 4.17(b) (vertical), where the respective contact length is also
marked. The horizontal deformation develops according to a symmetrical, outwards directed distribution.
Its values within the contact length are, though, moderate and the predominant deformation along the
contact is the vertical one(ﬁg. 4.17(b)). The maximum horizontal deformation occurs at a ±휋/4 angle,
measured from the vertical line of symmetry, which lies well outside the in-contact section of the belt.
The vertical deformation decreases rapidly towards the edges of the contact length (ﬁg. 4.17(b)), after
reaching its maximum value in the centre of it. A small increase is noticed at a ±휋/2 angle from the
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Figure 4.16 – The development of the vertical contact forces ﬁeld with the inﬂation pressure in the non linear sidewall
model.
symmetry line, which is justiﬁed by the lower value of tangential sidewall stiﬀness compared to the radial
one. Interestingly, the minimum vertical deformation is predicted at a point symmetrical to the centre of
the contact, a direct eﬀect of the increasing stiﬀness with the radial wheel to belt distance. The predicted
distribution shapes of the vertical deformation correlate well with the experimental ones presented in [260].
An insight into the vertical deformation of the belt in the region of the contact is accomplished by
presenting the vertical distance of the belt relative to the road level (ﬁg. 4.18). The radially inwards
deformation pattern of the belt, associated with the concave contact force distribution shape, develops even
for moderate deformation levels, although it is limited to a small angle range around the axis of symmetry
and in general the convex deformation shape is dominant along the contact. As the load increases, the
concave section broadens and the dominant deformation shape transforms from convex to concave. This
transformation aﬀects not only the vertical but also the horizontal contact pressure distribution in the area,
as it will be later discussed, after the analysis of the tread contact behaviour.
4.3.7 Friction potential and tread slip development
The shear slip motion of the tread tips along the contact surface is examined here as a function of the friction
potential of the road surface. For this reason, a constant vertical deformation of 40푚푚 is applied to the
non linear sidewall model and the tread slip behaviour in the non frictional case (휇 = 0) is compared to the
respective ones in two frictional cases (휇 = 0.01 and 휇 = 0.1). The displacement history - as measured from
the initial points of contact- of some tread elements along the contact semi-length is presented in ﬁg. 4.19.
The numbers next to each slip plot refer to the order of the element: for the particular value of the applied
deformation the contact length incorporates 25 tread elements, assuming a 200 elements belt discretisation.
Accordingly, the 1st element corresponds to the centre of the contact length while the 13th one to the right
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Figure 4.17 – The belt deformation along its circumference for various levels of vertical deformation level.
edge of it.
In general, the slip displacement has an outwards direction along the contact area and its value increases
as we move from the centre to the edges of it, reaching its maximum one for elements in the outer zone of
the contact. In the non-frictional case (ﬁg. 4.19(a)), a rebound motion may be identiﬁed, especially for the
elements close to the contact centre, as the displacement reaches a maximum value but later stabilises at
a lower one. This ﬁnal value is slightly negative for the 2nd element, as the tip reaches a standstill at a
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Figure 4.19 – The shear displacement (slip) of the tread tips, measured from the initial contact position, for three
diﬀerent values of the friction coeﬃcient (휇).
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Figure 4.20 – The deformation of the belt in the area of the contact. (휇 = 0)
position closer to the centre than the initial contact point.
The presence of friction is in general associated with lower shear displacement and the rebound motion
is also suspended (ﬁg. 4.19(b)). Although the maximum slip values for the ﬁrst elements (2nd, 4th, 6th)
are lower than the respective ones in the non-frictional case, the ﬁnal equilibrium values are higher, as the
rebound motion is absent. For the elements that this rebound motion was small or insigniﬁcant (9th, 11th)
the ﬁnal displacement values appear to be lower, compared to the non-frictional case ones.
As the coeﬃcient of friction increases further (ﬁg. 4.19(c)), the elements closer to the centre of the contact
length lock at their initial contact positions, as the developed friction is high enough to completely suspend
their slip motion. For 휇 = 0.1 the 2nd, 4th and 6th elements lock at their initial contact positions, while
the rest of them develop displacements, which are, though, much smaller compared to the ones of the lower
friction cases.
In general, for every case of tyre-road interaction, there is a value of friction coeﬃcient for which the
tread shear slip motion is completely suspended along the contact. In result, any further increase of the
coeﬃcient does not introduce any variation in the tyre stress and strain development as no change in the
dynamic interaction exists. It may be concluded that the areas close to the edges of the contact may develop
shear displacement for a broader range of tribological conditions, as the frictional locking appears ﬁrstly in
the region close to the centre of the contact.
The above described behaviour and conclusions are in agreement with the work of Maurice and Savkoor
[261], in which the areas towards the edges of the contact exhibit a higher tendency to slip. Furthermore, a
number of experimental and simulation studies (summarised in [18, 1]) locate the slip development primarily
at the edges of the contact area and the adhesion zones at the centre of it.
4.3.8 The belt-tread interaction mechanism
The tread slip behaviour is not determined only by the vertical load and the road frictional potential, but
also by its interaction with the belt deformation. The tread tendency to outwards slip motion (ﬁg. 4.19) is
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Figure 4.21 – The tread slip and the belt deformation histories corresponding to the 2nd contact point, for diﬀerent
values of the friction coeﬃcient.
obviously a direct result of the respective deformation pattern of the belt (ﬁg. 4.17(a)). The value of the
belt horizontal deformation increases as we move from the centre to the edges of the contact length as it
may be observed in ﬁg. 4.20(a).
An insight into the above interaction between the belt deformation and the tread slip is attempted by the
examination of the deformation of the particular nodes corresponding to the above examined tread elements.
This is accomplished in ﬁg. 4.20(b), for the non-frictional case, where the horizontal deformation of each
node is presented as the percentage ratio to its ﬁnal, equilibrium value. The respective rebound motion of
the 2nd, the 4th and the 6th nodes may be observed. Moreover, the 2nd node exhibits a horizontally inwards
ﬁnal deformation. No rebound motion may be observed for the rest of the nodes. This rebound motion of
the central belt zone is associated with the concave formation in the same area (ﬁg. 4.18), as the upwards
belt movement results in a horizontally inwards one (shrinkage).
Based on the above, a friction induced discrepancy between the rebound motion of the belt and the re-
spective one of the tread foundation may be identiﬁed. Although the friction force development may suspend
the rebound motion of the tread, this is not true for the rebound motion of the belt nodes. The friction
force cannot prevent the formation of the concave pattern, although it can slightly aﬀect its magnitude. The
bending mechanism which governs the concave formation, also discussed in [259], is present independently
from the tribological conditions. It is apparent, though, that certain conditions exist for which the tip re-
bound or even its complete shear displacement may be suspended, although the belt nodes bounce back, as
the concave deformation pattern is formed. This is presented in ﬁg. 4.21, where the tread tip and the belt
node displacements of the second contact element are examined (ﬁgs. 4.21(a) and 4.21(b) respectively), for
various values of the friction coeﬃcient.
This interaction is signiﬁcant for the contact behaviour of the tyre and prescribes the development
mechanism of its tangential contact reaction ﬁeld. In the central zone, the road-imposed reaction force
becomes outwards directed (positive), as the rebound (inwards) motion of the tread zone is suspended.
Moving along the contact half-length, the point where no further tread rebound motion is observed in the
frictionless case, coincides with the change in the contact force direction, for any value of the coeﬃcient of
friction. From that point the tangential contact ﬁeld receives its generally observed inwards direction, in
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Figure 4.22 – The eﬀect of the contact on the orientation of the tread elements (휇 = 0).
correlation to the measurements presented in [18]. The development of this mechanism, associated with the
change in the contact force direction along the contact semi-length, is suspended in the case of high friction,
in which the positive slip motion of the elements is in general obstructed (ﬁg. 4.19(c)) and the contact
reaction is directed inwards along the contact length.
The present analysis oﬀers an explanation for an observed discrepancy between various published ex-
perimental studies. Although a good agreement among them can be identiﬁed for the shape of the vertical
pressure distribution and the vertical belt deformation, this is not true for the respective horizontal ones. As
discussed by Pottinger [256], the frictional contact of a solid cylinder would result in pure inwards directed
contact forces emerging from the conformation of its circular shape to the plane surface. In the case of the
tyre, though, some experimental results of static and slow rolling contact indicate an outwards directed forces
ﬁeld ([256, 258] while other studies, summarized in [228, 18], indicate exactly the opposite. As it has been
highlighted, the contact stress direction is dictated by the belt contact deformation mechanism. When the
dominant mechanism is the solid disk-like one, the belt deformation is outwards directed and an opposite to
that contact stress ﬁeld is observed. When the predominant mechanisms, though, are the relaxation of the
radial, inﬂation-induced, tension and the bending one, the deformation is directed towards the centre of the
contact and radially inwards, resulting in outwards tangential contact stresses, even for the whole contact
area (e.g. [256, 260]).
The behaviour of the model presented in this study is primarily deﬁned by the ﬁrst of the two mechanisms,
in correlation to the majority of the experimental measurements [18], while the second mechanism can be
identiﬁed only in the central concave zone. In the case of a real tyre, though, its physical properties,
the carcass design and the belt-tread interaction will deﬁne the predominant mechanism and the relative
amplitude of the two zones. An experimentally acquired transition between these two zones may be found
in the work of Akasaka [255].
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4.3.9 The eﬀect of the contact angle
Up to this point, the eﬀect of the contact angle on the belt and tread interaction has been omitted from the
analysis. It is apparent, though, that the belt deformation from a circular to a planar proﬁle, as it conforms
to the road plane, transforms the initially radial orientation of the tread elements to an almost perpendicular
one, according to the analysis presented in section 4.3.1 . Moreover, their horizontal and vertical stiﬀness
values and damping characteristics vary as functions of the contact angle. The actual eﬀect of the orientation
change on the contact phenomena is directly related to the relative radial and tangential properties of the
tread element.
The equilibrium contact angle of the 14 tread elements of the contact area (2nd to 15th) is presented in
ﬁgure 4.22(a) for the ﬁve load cases. In the same plot the elements participating in the contact are marked.
Apart from the apparent orientation change towards the perpendicular one, in every case a larger deviation
from the perpendicular orientation may be observed for the elements located near the edge of the contact
length. Moreover, this deviation increases with the dimensions of the contact length, resulting in a broader
range of contact orientation angles.
Interestingly, the orientation of the contact elements is also aﬀected by the concave deformation pattern.
In ﬁg. 4.22(b) the angular deviation history of the orientation of the 2nd contact element is presented.
The deviation is calculated from the initial radial orientation, while the deviation value corresponding to
perpendicular orientation is also plotted for reasons of comparison. As the belt node participates in the
formation of the concave pattern, the element’s orientation may decrease further than −휋/2. It’s ﬁnal value,
though, depends on the -relative to the concave’s central plateau- location of the node.
4.3.10 The mechanism of the horizontal pressure distribution development
It is evident from the above analysis that the horizontal contact stress ﬁeld development is a highly non
linear function of the interaction between the two-dimensional belt deformation and the frictional behaviour
of the tread, in regards to its possible shear slip displacement. In ﬁg. 4.23 the evolution of the horizontal
contact stress ﬁeld is presented as a function of the friction coeﬃcient, for a constant vertical deformation
of 40푚푚. The mechanism of the stress ﬁeld generation may be summarized in the following:
∙ An almost symmetrical stress distribution along the contact semi-length is predicted for a limited
friction potential. The distribution corresponds to an outwards directed stress ﬁeld at the inner section
and an inwards directed one at the outer section. During the initial phase of the contact an outwards
directed slip displacement is developed along the whole contact length. This is imposed by a similar
deformation pattern of the belt, as its circular shape conforms to the contact plane. The initially
moderate vertical load cannot generate friction forces suﬃcient to suspend this slip. As the deformation
increases, the developing concave pattern of the belt induces a horizontally inwards motion to the
central nodes. The friction force now is higher, as the vertical load has increased, and may resist to the
belt-induced, rebound motion of the tread. The resulting contact stress ﬁeld for the aﬀected section
of the belt is an outwards directed one. In contrast, the outer part of the contact semi-length, is not
aﬀected by the concave deformation pattern. The belt displacement in this case remains outwards
directed during the contact realisation. The developed friction force reacts to this motion, resulting in
the inwards stress direction.
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Figure 4.23 – The development of the shear reaction forces along the contact semi-length, as a function of the friction
coeﬃcient.
∙ As the coeﬃcient of friction increases, the tread slip diminishes and the stress values in both zones
(inwards and outwards) are in general pronounced. In the central zone, the slip may still develop
during the initial phase, but the later suspension of the rebound motion leads to a slight increase in
the stress values, compared to lower friction coeﬃcient cases. The stress increase is higher, though, in
the outer zone, as the outwards directed deformation of the belt is directly retarded by the enhanced
friction potential.
∙ A further increase of the coeﬃcient of friction results in the radical expansion of the zone associated with
the inwards directed stress ﬁeld along the contact semi-length. The tread slip starts to be suspended
(frictional lock) for the central elements and the eﬀect is extended to the rest of the contact area, as
the coeﬃcient raises, emerging in the profound increase of the inwards directed stress values.
∙ The stress ﬁeld converges to a ﬁnal distribution of values, when the coeﬃcient of friction reaches a
value that prevents the slip development along the whole contact length. From that point, the stress
ﬁeld becomes insensitive to any further increase in friction coeﬃcient.
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4.4 The modal behaviour and modal reduction eﬀects on the tyre
contact
In the above analysis the physical mechanisms of the tyre contact behaviour were examined using a modally
expanded ring model, but the actual eﬀect of the modal basis breadth on the acquired solution was not
discussed. In this section, the tyre contact behaviour is examined from the associated modal content point
of view. Firstly, the development of the modal participation factors is presented as a function of the imposed
deformation for the linear and the non linear sidewall models. As a second step, the modal reduction of the
model is discussed and the respective eﬀects on the accuracy and the computational load are identiﬁed.
4.4.1 The complete modal model
The complete modal representation, in the case of a ﬁnite element model, may be easily derived: the space
discretisation determines the total number of the degrees of freedom which is equal to the total number of
modes that the model can predict. The transformation of the model from the space domain to the complete
expression of it in the modal domain is simply a coordinates transformation.
In the case of the analytical ring model, though, the correspondence between the two domains is neither
direct nor obvious. Theoretically, the ring model may be expanded to an inﬁnite number of modes. The
application of the space discretisation does not alter the analytical nature of the model and the number
of modes remains independent from the discretisation level. Given that the belt discretisation has been
associated with the tread elements attachment points, a ﬁrst deviation attempt from the inﬁnite modal basis
could be derived from the modal expression of the smallest wavelength that may be captured by the space
discretisation. As it may be observed in ﬁg.4.24, a sequence of 5 ring nodes can describe the harmonic
deformation of the wave length of a mode shape, with the last of the nodes being shared with the following
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Figure 4.25 – The total frequency range of the complete model.
wave pattern. The statement of the above observation using the respective central angles reads:
휃푛 =
2휋
푛
휃푛푏 =
2휋
푛푏
}
휃푛푚푎푥=4⋅휃푛푏−−−−−−−−→ 푛푚푎푥 = 푛푏
4
(4.69)
휃푛 the modal wavelength angle
휃푛푏 the discretisation angle
푛푚푎푥 the maximum modal number
푛푏 the total number of nodes
Assuming a ring model discretised to 400 nodes, the respective range of the modal numbers of the modes
that could be described by it is 푛 = [0, . . . 100]. Given that the 푛 > 0 modes need to be incorporated twice in
the modal base (rotated to a relative to each other angle of 휋/(2 ⋅푛)), the modal basis would theoretically be
composed by 201 radial and 201 tangential modes. The respective frequency range is presented in ﬁg.4.25.
Obviously, the frequency range extends to values that not only exhibit limited practical interest for the
tyre structural deformation and transient response but also introduce signiﬁcant problems to the associated
numerical calculations.
The emerging huge computational load is not only associated with the number of modes, as each of
them corresponds to a column of the matrix Ψ˜, but also with the assumed frequency range, imposing the
use of an extremely small time step for the simulation process. Moreover, a damping property distribution
corresponding to a physical one, such as the stiﬀness proportional distribution, results in an increasing modal
damping coeﬃcient with the modal number (see section 3.10 of chapter 3). In result, all the modes above a
critical frequency value exhibit an overcritical behaviour which imposes problems of stability associated with
the numerical simulation of stiﬀ problems. On the other hand, the overcritical modal behaviour suspends
the participation of the modes in a transient solution for reasons related to the excitation energy of these
modes. In order, though, to justify the modal reduction of the basis by physical and not computational
reasons, the modal content of the contact equilibrium should be examined.
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Figure 4.26 – The radial and tangential modes participation factors for every load/deformation case.
4.4.2 The modal content of the contact deformation
Starting from a linear sidewall model, the absolute values of the contact equilibrium modal participation
factors, as derived by eqn. 3.100, are presented in ﬁg. 4.26 for both radial and tangential modes and for
the various values of deformation. An important conclusion that may be drawn is that the participation of
the modes decreases with the modal number and asymptotically reaches insigniﬁcant values. This pattern
validates the use of a modally reduced model for the capture of the contact deformation of the tyre, composed
by the omission of the high modal number zones. Furthermore, comparing radial and tangential modes with
the same modal number, the participation of the second ones is much lower. Apparently, the contact
deformation is primarily associated with the radial low and medium modal zones. Combining the above
ﬁnding with the ones of chapter 3 it may be concluded that the contact of the tyre depends on all the
physical properties of the ring structure, as it excites modes sensitive to the sidewall stiﬀness, the inﬂation
pretension and the bending behaviour. Moreover, the mode shapes of the particular modes have been found
to exhibit signiﬁcant coupling of the radial and tangential deformation components, something that deduces
the applicability of the rectilinear modal representations. The above conclusions justify the adoption of the
pretensioned ring model, in contrast to the simpliﬁed models, for the construction of a modal basis able to
represent the tyre contact behaviour.
The 푛 = 1 and 푛 = 2 radial modes exhibit the highest participation which increases with the level of the
imposed deformation (ﬁg. 4.26(a)). For a low deformation level, the maximum participation corresponds to
the 푛 = 2 mode but for a high one the maximum participation value is assigned to the 푛 = 1 mode. The
maximum tangential mode participation factor corresponds to the 푛 = 0 mode (ﬁg.4.26(b)), and is associated
with the inﬂation process. Interestingly, the contact corresponding 푛 = 0 participation is lower than the
inﬂation corresponding one, as the contact deformation is associated with a radius decrease, in contrast to
the inﬂation process. The eﬀect of the deformation level on the participation of the 푛 > 0 modes is, though,
the contrary one, following the obvious -increasing with it- participation development.
In order to highlight the correspondence between the contact pressure distribution shape and the modal
content of the deformed belt the eﬀect of the magnitude is removed from both the contact force values
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Figure 4.27 – The eﬀect of the deformation level on the horizontal and vertical contact pressure distribution shape.
(The arrows indicate the deformation increase)
and the modal participation factors. For every deformation level of ﬁgs. 4.8 and 4.10 the force values
are normalised with respect to the respective vertical or horizontal maximum value along the contact. In
accordance, the modal participation factors are normalised in respect to the maximum radial or tangential
factor of each deformation case. The resulting pressure distributions are presented in ﬁg.4.27. The shape
transformation from a parabolic into a trapezoidal one with the deformation increase is evident. No signiﬁcant
shape transformation emerges in the horizontal pressure distribution case. The position of the maximum
horizontal value of which is slightly transferred towards the edge of the contact length as the deformation
increases.
The corresponding to the deformation levels relative modal participation factors are presented in ﬁgs.
4.28(a) and 4.28(b) for the radial and the tangential groups respectively. Interestingly, the lower the im-
posed deformation the broader is the range of the excited modes. Although for any load case, the relative
participation values decrease with the modal number, this decrease is intensiﬁed by the deformation. The
participation of higher modal number tangential modes, in contrast, is promoted by the deformation in-
crease. Given, though, that their absolute values are insigniﬁcant compared to the respective radial ones,
the conclusion that a broader modal range should be assigned to the simulation of the low load/deformation
tyre operating conditions may be reached.
An explanation of this modal participation development pattern is attempted through the comparison of
the shape of the deformed belt in the contact area with the mode shapes. This is accomplished in ﬁg.4.29 for
a low (10푚푚) and a high (50푚푚) deformation cases and the ﬁrst ten radial mode shapes. Their deformation
magnitude has been normalised to the corresponding belt deformation for easier shape comparison. As it
may be observed, the belt deformation pattern along the contact length correlates better with the 푛푚 = 5
mode shape in the low load case, while it correlates better with the 푛 = 3 one in the high load case. This
diﬀerence may be justiﬁed not only by the contact deformation nonlinearity but also by the relative to each
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Figure 4.28 – The radial and tangential modes participation factors for every load/deformation case.
other wavelength of the mode shapes and the contact area dimensions increase with the deformation level.
The shape correlation with a higher modal number mode shape in the low deformation case can oﬀer
an explanation to the excitation of a relatively broader range of modes (ﬁg.4.28(a)). It should be noticed
that although the belt deformation pattern correlates well with a particular mode shape, the similarly
high participation factors of the nearby modes reveals their equal importance for the deformed belt shape
representation. In other words, the contact deformation may be associated with a certain mode shape, but
its representation is associated with a broader modal range which favours, though, the participation of its
modal region.
The above conclusions may be summarised by the examination of the time history of the 푛푚 = 3 and
푛 = 5 participation factors, presented as normalised to their maximum values in ﬁg.4.30. The time history
of the normalized deformation is also plotted for easier comparison of the modal participation developments.
The 5th radial mode follows closely the development rate of the deformation in the early stage of the contact,
while the development of the 3rd one exhibits an initial delay during the low deformation phase.
4.4.3 The eﬀect of the non linear sidewall on the contact modal content
The eﬀect of the incorporation of the non linear sidewall mechanism in the prediction of the belt defor-
mation and the resulting contact force distribution have been analysed in section 4.3.4. Here, those eﬀects
will be examined through the corresponding variation of the participation of the modes in the equilibrium
deformation. Following an approach similar to the one presented in the linear model case, the deformation
magnitude eﬀect is removed from the response and the shape of the contact forces distribution is isolated in
ﬁg. 4.31. The transformation of the initial parabolic to the ﬁnal concave shape is obvious, but no signiﬁcant
shape variation from the linear case emerges for the horizontal distribution. The respective diﬀerence in the
belt deformation shape between the linear and the non linear sidewall cases is presented in ﬁg. 4.32
The modal content of the variation of the deformed belt shape is examined using the ratios of the
evolving participation factors to the respective ones of the linear sidewall model. Obviously, in order the
two models to be directly comparable, the linear one in this case has been modally expanded excluding
the radial sidewall stiﬀness.The sidewall eﬀect has been introduced as an external, deformation dependent,
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Figure 4.29 – The comparison of the deformed belt shape with the 푛 = 1 to 푛 = 10 radial mode shapes, in the low and
high deformation cases.
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Figure 4.30 – The normalised participation history of the 푛푚 = 3 and 푛푚 = 5 radial modes.
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Figure 4.31 – The eﬀect of the deformation on the distribution shape, under the non linear sidewall assumption. (the
arrows indicate the deformation increase)
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Figure 4.33 – The modal participation factors ratios of the non linear sidewall and the linear sidewall models.
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Frequency Radial Tangential
range [Hz] modes modes
110 2 0
130 3 0
150 4 0
180 5 0
400 11 0
600 15 0
800 18 1
1000 21 2
Table 4.2 – Modal range - frequency range correspondence.
excitation. Three deformation levels are examined: 10, 30 and 50푚푚. The buckling behaviour of the non
linear sidewall intensiﬁes the radially inwards belt deformation (evident in all cases of ﬁg.4.32). The profound
radial compliance is reﬂected on the higher participation values of the modes with modal numbers from 푛 = 2
to 푛 = 6 and the decreased participation of the 푛 = 7 to 푛 = 19 ones for the 10푚푚 case (ﬁg.4.33(c)), while
similar changes (successive zones of participation increase and decrease) may be also identiﬁed in the low
modal range of the other deformation cases (ﬁgs. 4.33(a) and 4.33(b)). The radical ratio deviation that
follows the development of these zones corresponds to the generation of the central concave deformation
pattern and the accompanying shape eﬀects in the surrounding area. Further similar ratio anomalies are
repeated at higher modal numbers.
Interestingly, the eﬀect of the concave shape formation is associated with higher modal number mode
shapes in the low deformation case. The ﬁrst ratio peak, is identiﬁed in the 푛 = 26 mode (1401퐻푍) region
in the 10푚푚 case. The extension of the concave formation to a larger area around the contact centre, as
the load level increases, results in the respective ratio peak of lower modal number modes. The ﬁrst peak
value in the = 30푚푚 case corresponds to the 푛 = 12 (570퐻푧) mode, while in the 50푚푚 case the 푛 = 9
(239퐻푧) mode exhibits a similar radical deviation. It is evident that the accurate representation of the
contact behaviour associated with the non linear sidewall mechanism necessitates a broader modal range in
the low deformation cases, where, though, the concave pattern of the belt deformation is moderate. The
above conclusion is in agreement with the previously identiﬁed correspondence between the load level and
the excited modal range of the linear model. In general, the load increase magniﬁes the dimensions of the
portion of the belt circumference which is aﬀected by the imposed deformation. In result, the belt shape
correlates better with the waveform predicted by a lower order mode shape, as its deformation pattern covers
an increased circumferential length.
4.4.4 The eﬀect of the modal reduction on the simulation accuracy
Having identiﬁed the modal range breadth that is able to capture the contact behaviour of the belt and
the associated deformation phenomena, the eﬀect of the modal reduction on the simulation accuracy may
be investigated. Such eﬀects will be examined in terms of both total load prediction and contact pressure
distribution shape and magnitudes. The correspondence between the frequency and the modal range of the
modal basis, resulting from the application of various degrees of reduction is summarised in table 4.2 .
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Figure 4.34 – The total vertical load as a function of the imposed deformation for various degrees of reduction.
Tyre contact stiﬀness
The total vertical load predicted by the non linear sidewall model is presented in ﬁg. 4.34 as a function of
the imposed deformation, for various levels of the modal reduction. Obviously, the shorter the frequency
range, the stiﬀer the predicted contact behaviour becomes, as the deduction of modes corresponds to the
decrease of the compliance capability of the model. Characteristically, the contact behaviour for a frequency
range narrower than 150퐻푧 is stiﬀer than the one of the linear sidewall model (also presented in ﬁg.4.34 for
comparison reasons). In other words, the eﬀect of the modal reduction to the three ﬁrst radial and breathing
modes cancels out the buckling sidewall eﬀect, in term of total contact stiﬀness.
As it is expected, the deviation of the total load from the one predicted by the complete model increases
with the level of deformation. Examining, though, the percentage deviation in each deformation case as
a function of the reduction degree (ﬁg. 4.35), a diﬀerent pattern is observed. Starting from an excessive
degree of reduction, an extremely narrow frequency range (150퐻푧- 2 radial modes) results in a higher
load overestimation in the high deformation case than in the low deformation one (350% in the 50푚푚
case compared to 120% in the 10푚푚 case). The deviation associated with the high load case, though,
decreases radically. For a frequency range limit between 150퐻푧 and 300퐻푧, a larger deviation is predicted
for the 10푚푚 deformation compared to the 50푚푚 one. It is obvious that the broader modal range which is
associated with the low deformation level(ﬁg.4.28(a)), results in a higher computational error if a common
degree of reduction is applied to all the deformation cases. The examination of the contact stiﬀness supports
the previously drawn conclusion that the lower the induced load or deformation level, the broader is the
suﬃcient modal range of the model for the achievement of a certain accuracy degree.
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Figure 4.35 – The load percentage deviation from the complete model as a function of the frequency range of the
solution.
Vertical contact force distribution
Moving the discussion from the eﬀect of the modal reduction on the total contact stiﬀness to the force
distribution along the contact length, the vertical force ﬁelds for 4 reduced models are presented in ﬁgs.
4.36(a) and 4.36(b) for the 10푚푚 and the 50푚푚 deformation cases respectively. The distributions predicted
by the complete model is also plotted for comparison reasons. Starting from the ﬁrst case, it may be observed
that the reduction results in an overestimation of the force values in the central zone and a respective
underestimation in the outer zones. This behaviour may be physically justiﬁed by the incapability of the
prediction of the belt shape conformation to the plane road surface. As the force values in the central contact
area are much higher than the ones at the edges of it, the eﬀect of the overestimation is the predominant
one leading to the similar eﬀect on the total contact stiﬀness. The shape eﬀect of the reduction in the
high deformation case is more complicated because of the profound concave formation. The reduced models
underestimate the force values at the contact edges, or even predict a shorter contact area (400퐻푧 case).
Moving towards the centre of the contact, though, the deviation pattern depends on the actual model and
the possible correlation between the deformed belt at the particular position and the mode shape waveforms.
The examination of the reduction eﬀect through the percentage force deviation from the complete model
along the contact (ﬁg. 4.37) reveals its agreement with the above enounced association between the degree of
accuracy achieved by a reduced model and the level of deformation. As in both cases equally reduced models
are examined, the percentage deviation in the high deformation case is lower, ignoring the local eﬀect of
the contact length variation. Accordingly, the possible requirement of a 5% maximum percentage deviation
along the contact is fulﬁlled by a 600퐻푧 range of solution in the 50푚푚 deformation case and by a1000퐻푧
one in the 10푚푚 case.
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Figure 4.36 – The vertical force distribution for various levels of modal reduction.
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Figure 4.37 – The deviation of the vertical pressure distribution from the complete model corresponding one, for various
levels of modal reduction.
Horizontal contact force distribution
The eﬀect of the modal reduction on the horizontal forces distribution is presented in ﬁg. 4.38 for the
deformation cases examined in the respective vertical cases. Underestimation at the edge of the contact
transforming into an overestimation is the observed pattern in the low deformation case, similarly to the
vertical deviation. Once again, no certain deviation pattern can be identiﬁed in the high deformation case,
close to the central area which is aﬀected by the concave formation. In the outer zone, the deviation pattern
follows the one of the vertical case.
4.4.5 The eﬀect of the modal reduction on the computational eﬃciency
Obviously, the computational load associated with the contact simulation algorithm exhibits a direct de-
pendency on the discretisation degree. Two basic mechanisms contribute to this dependency. Firstly, the
dimension of the belt related vectors (excitation, response and mode shapes) is equal to the total degrees of
freedom. Having assigned two degrees to each of the belt nodes, the discretisation eﬀect on the load associ-
ated with the calculation of the structural phenomena becomes obvious. The computational load increases
further in the non linear sidewall case, where for each of the nodes the string geometry has to be derived by
an iteration method. Secondly, the number of tread elements lying in the contact area depends on the degree
of discretisation and as it is presented in ﬁg. 4.39(a) the contact elements increase proportionally to the
number of nodes. In this case, the computational load is related to the calculation of the tread response and
the contact reaction forces. The combined eﬀect of the discretisation degree on the relative computational
time is presented in ﬁg. 4.39(b) for a constant deformation and modal basis breadth. The computational
time, which is regarded to be the computational load index, follows an exponential increase pattern with the
number of nodes.
The modal reduction method is called to modulate the computation load, independently from the above
discretisation eﬀects. The computational time of the same contact calculation for a constant discretisation
degree is presented in ﬁg. 4.40. The time increases exponentially also with the frequency range, and
characteristically the solution time of the complete model is almost 100 time longer than the 1000퐻푧 reduced
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Figure 4.38 – The horizontal force distribution for various levels of modal reduction.
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Figure 4.39 – The discretisation eﬀect on the computational load.
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Figure 4.40 – The relative computational time as a function of the frequency range of the model.
model. The non linear increase of the calculation time does not result only from the higher number of the
participating modes, but also from the requirement for the application of shorter time step to the numerical
solution, which is associated with the presence of higher natural frequencies. Focusing in the reduced models
which were examined in the previous section, the transition from the 180퐻푧 (6 radial and 1 tangential mode)
model to the 1000퐻푧 (22 radial and 3 tangential modes) one magniﬁes the computational time by a factor
of 1.8.
4.5 Summary of the chapter
A contact simulation algorithm was developed, able to represent the transient interaction phenomena between
the tyre deformation and the tread frictional slip. The tyre tread was modelled as a discretised foundation of
contact elements, each of them composed by a radial and a tangential Kelvin-Voigt element. The tread model
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was found able to simulate the transient adhesion or slip shear motion, as imposed by the belt response, the
frictional potential of the road and the viscoelastic properties of the elements.
The tread foundation was combined with the analytical ring on elastic foundation model, but here a space
discretised form of this model was developed, in order to be coupled with the discretised tread foundation.
The transient deformation of the belt structure was calculated in the modal-time domain, using as variables
the participation factors of the modes in the response. The tread-road interaction was calculated in the space-
time domain, as the non linear character of the friction force development prevents a common application
of a modal expansion method on both the belt and the tread models.
The contact behaviour of the model was enhanced by the addition of a discretised foundation of inexten-
sible string elements capturing the shape (buckling) non linear contact eﬀects of the sidewall. The general
contact behaviour of the model, in terms of total stiﬀness, was examined together with the eﬀects of the
imposed deformation and the inﬂation pressure on the predicted contact forces distribution ﬁelds. The model
was found capable of predicting the increasing with the load contact stiﬀness, the sub-proportional increase
of the contact pressure values with the load and their direct dependency on the inﬂation pressure. The typ-
ical evolution of the distribution shape from a parabolic into a trapezoidal one was acquired, while the non
linear sidewall was found to support the formation of a radially inwards central section of belt deformation
pattern, resulting in a corresponding central concave shape of the vertical pressure distribution.
Two contradicting to each other contact deformation mechanisms of the belt were identiﬁed: the solid
disk-like one and the bending one supported by the relaxation of the, inﬂation-induced, radial stress. The
ﬁrst mechanism results in a horizontally expanding belt as its circular shape conforms to the plane surface,
while the second one results in a horizontally shrinking belt as imposed by the formation of the concave
pattern. The relative to each other degree of conformation to each of the mechanisms is depicted on the
horizontal contact stress distribution of the tyre and associates it with the belt mechanical properties. The
possible development of a radially inwards belt deformation, depending on the tyre properties, was found to
have a crucial role in the direction of the horizontal contact pressure ﬁeld and based on that the mechanism
of interaction between the belt deformation, the friction potential and the resulting horizontal pressure ﬁeld
was identiﬁed.
Given that the modal reduction method is crucial for the accomplishment of an acceptable computational
eﬃciency of the model, the modal content of the belt deformation was investigated as a function of the load
conditions. The contact participation of the modes, of both the radial and tangential groups, decreases with
the modal number, while the participation of the tangential modes is much lower than the participation
of the radial ones. This pattern validates the applicability of a reduced model, based on the omission
of the high frequency modes, for the simulation of the contact behaviour of the tyre. In parallel, the
association of the contact deformation with the low and medium frequency range modes highlights the
contribution of a number of physical properties (sidewall stiﬀness, inﬂation pretension, bending mechanism)
and strain patterns (coupled radial and tangential deformations) that deﬁne the ring modal behaviour across
the particular range.
The actual eﬀect of the modal reduction on the computational accuracy was further investigated. The
necessary modal range for the achievement of a certain degree of accuracy was found to decrease with the
deformation level, as the extension of the contact induced deformation to an increasing portion of the belt
circumference can be described by lower modal number mode shapes. In general the modal range was found
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to be a function of both the circumferential length associated with the deformation response and the shape
forms (e.g. the concave one) which are to be represented. For the contact with a plane road surface and
including the prediction capability of the concave pattern, a 1000퐻푧 model was found to oﬀer a satisfactory
accuracy for the typical belt and tread properties used in this study.
The participation of the modes corresponding to the contact equilibrium can be associated with the
optimum representation of the belt deformation shape by the superposition of the mode shapes. In result, the
solution accuracy depends on the extent to which the linear combination of the participating in the solution
mode shapes is able to describe the belt conformity and the variations in its equilibrium deformation shape.
The above examination of the tyre contact behaviour through the excitation of selected modes, though, is not
a pure shape correlation process. It should be reminded that the contact equilibrium has been established
through a contact dynamic process. The increasing with the modal number frequency corresponds to a
higher energy level associated with the deformation described by the mode shape of the mode. In result, the
higher the modal number of a mode the higher is the energy required for the participation of it to the belt
response.
The above issue becomes more complicated when the modal participation factors are investigated in the
case of higher frequency transient tyre operating conditions and the respective suﬃcient modal range is to
be captured. The transient nature of the excitation magniﬁes the participation factor of certain modes,
the natural frequency of which lies in the area of the excitation frequency. Furthermore, the eﬀect of
the damping coeﬃcient of each mode is crucial for the derivation of the structural response. The modal
damping coeﬃcients should ideally be experimentally determined or derived through a space distribution
model corresponding to a physical dissipation mechanism (as presented in section 3.10 of chapter 3), as the
measurable modal range is usually shorter than the appropriate one for the modal expansion of the tyre
model (≃ 1000퐻푧). The eﬀect of damping on the transient tyre performance and the possible diﬀerences
between the modal range associated with the tyre contact behaviour and the transient rolling one will be
examined in chapter 5, where the modelling of the rolling contact behaviour of the tyre will be investigated.
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Chapter 5
The simulation of the transient rolling
and slipping conditions
In this chapter, the tyre-road contact modelling approach (chapter 4) will be further developed so that
transient rolling operating conditions may be accounted for, including the slipping behaviour and the shear
force generation. The simulation of the physical mechanism of interaction between the tyre structural
characteristics and the friction force generation along the contact area is the obvious advantage of the
method.
The calculation of the belt deformation in the modal-time domain is retained and oﬀers, apart from
the apparent computational advantage, the modal participation content of the tyre response under usual
operating conditions. Moreover, the method may oﬀer an insight into the eﬀect of the model’s physical
properties on its physical behaviour and performance through the sensitivity of the excited modes to them.
The eﬀect of the physical properties on the tyre modal characteristics has already been presented in section
3.4.1of chapter 3; the predicted modal range (as a function of the modal number) may be decomposed in
successive sectors, and a physical property was found to have a dominant inﬂuence over each of them. Here,
the variation in the modal participation factors from the static contact ones will be proposed as a method
for the study of the above interaction mechanism.
Initially, the theoretical background of the simulation of transient rolling conditions will be extensively
presented. This is the ﬁnal step of the ring model transformation from a frequency domain modal model into
a fully transient time domain tyre model, able to simulate both vibrational and frictional phenomena and to
be embedded in a vehicle dynamics model. The simulation of large displacement conditions (in comparison
to the small displacement modal deformation) will be identiﬁed as the main challenge for this transformation
and a mathematical method for its overcome will be proposed.
Later, the model will be used for the study of the launch process and the eﬀect of structural characteristics
(damping) and interface properties (friction) on the dynamic transformation of the horizontal motion to the
rotational one (and vice versa) will be discussed. Finally, a method for the application of steady state
kinematic and slip operating conditions to the model will be prescribed and the predicted tyre shear force as
a function of the macroscopic slip will be presented, together with the conclusions that may be drawn from
its pattern.
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5.1 The simulation of the large displacement conditions
The major conceptual diﬀerence between the simulation of the tyre contact and the tyre rolling and transla-
tional operating conditions, is that in the second case the displacement of the belt nodes,a combination of the
tyre deformation and translation, cannot be regarded as small. In the case of the contact, though, assuming
that it is kinematically imposed suspending the wheel degrees of freedom and moving the road surface, the
displacement of the belt nodes is small and purely induced by its deformation. The latter, allowed for the
application of a modal based method, given that the modal expansion of any structure is accomplished under
the small deformation assumption. Obviously, this assumption is not valid in the general rolling case, as the
wheel participates in the motion.
The capability to simulate transient large displacement operating conditions, imposed not kinematically
but dynamically by external excitations, is a major enhancement of the proposed approach over existing
modal based models and its theoretical background will be presented in detail. Moreover, the method
could be applied on the simulation of any dynamic system which combines translational and deformational
response. Firstly, the approach will be presented for a simple, two degrees of freedom, model and later will
be applied to the tyre structure.
5.1.1 The two mass system
A simple two degrees of freedom system is presented in ﬁg. 5.1. A respective mass is assigned to each of
them and their dynamic interaction is in general prescribed by a stiﬀness and a viscous damping element,
although the eﬀect of the second one will be neglected in the following analysis. The system’s motion is
described by the following equations:
푚1 ⋅ 푥¨1 + 푘(푥1 − 푥2) = 퐹1 (5.1a)
푚2 ⋅ 푥¨2 + 푘(−푥1 + 푥2) = 퐹2 (5.1b)
where:
푚1, 푚2 the mass assigned to each of the DOFs
푥1, 푥2 the displacements of the DOFs
푘 the internal stiﬀness of the system
퐹1, 퐹2 the external excitation forces
The system may be loosely regarded as representing the wheel-belt interaction (푚1 and 푚2 respectively)
in a simpliﬁed way, along one dimension and neglecting the ﬂexural deformation of the belt, while, the
stiﬀness element accordingly represents the sidewall stiﬀness. Although the expression of the displacements
in the stationary system (using their absolute values) may be used in the rectilinear motion case, it is not
viable in the rotational motion one, given that a consistent from of the globally expressed equations of motion
could not be retained. Apparently, a relative to each other expression of the equations has to be used. An
obvious approach, which would retain the information of the global position of the system, could be the
expression of the wheel (푚1) displacement in global (absolute) terms and the expression of the belt (푚2)
response in a form relative to that. Designating the relative displacement as Δ푥 = 푥2− 푥1, the equations of
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Figure 5.1 – The two degrees of freedom system.
motion are rewritten using 푥1 and 퐷푥 as their variables:
푚1 ⋅ 푥¨1 − 푘 ⋅Δ푥˙ = 퐹1 (5.2a)
(푚2 −푚1)푥¨1 +푚2 ⋅Δ푥¨+ 2 ⋅ 푘 ⋅Δ푥 = 퐹2 − 퐹1 (5.2b)
where Δ푥˙ and Δ푥¨ are respectively the relative to 푚1 velocity and acceleration of 푚2:
Δ푥˙ = 푥˙2 − 푥˙1 (5.3)
Δ푥¨ = 푥¨2 − 푥¨1 (5.4)
Obviously, the two forms of the system’s equations of motion (5.1 and 5.2) are equivalent in physical
terms.As the followed approach is based on the modal expansion of the system, possible diﬀerences in the
modal basis, as emerging from the two forms, should be investigated. Starting from the global one, the
equations are rewritten in a matrix form:[
푚1 0
0 푚2
]
⋅
[
푥¨1
푥¨2
]
+
[
푘 −푘
−푘 푘
]
⋅
[
푥1
푥2
]
=
[
퐹1
퐹2
]
(5.5)
⇒M ⋅ x¨+K ⋅ x = F (5.6)
where:
M the mass matrix
K the stiﬀness matrix
F the excitation vector
x the displacements’ vector
The two natural frequencies of the system are calculated as:
휔1,2 =
{
0√
푘
푚1
+
푘
푚2
(5.7)
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and the corresponding mode shape matrix is:
Ψ˜ =
[
Ψ1 Ψ2
]
=
⎡⎣1 1
1 −푚1
푚2
⎤⎦ (5.8)
The ﬁrst mode corresponds to the common, non-deformational, displacement of the two DOFs, rigid
mode, while the second mode describes their out of phase, deformational, response (ﬂexural mode). Obvi-
ously, the above eigenvectors matrix is a complete modal basis of the system and diagonalises the inertia
(M) and stiﬀness (M) matrices of it:
M푚 = Ψ˜푇 ⋅M ⋅ Ψ˜ (5.9)
K푚 = Ψ˜푇 ⋅K ⋅ Ψ˜ (5.10)
where M푚 and K푚 are the diagonal matrices of modal mass and modal stiﬀness respectively. Applying the
same process to eqns. 5.2, it may be written:[
푚1 0
푚2 −푚1 푚2
]
⋅
[
푥¨1
퐷푥¨
]
+
[
0 −푘
0 2 ⋅ 푘
]
⋅
[
푥1
퐷푥
]
=
[
퐹1
퐹2 − 퐹1
]
(5.11)
⇒M푟푒푙 ⋅ x¨푟푒푙 +K푟푒푙 ⋅ x푟푒푙 = F푟푒푙 (5.12)
The application of the modal expansion method to the above matrix equation returns the same natural
frequencies with eqn. 5.6 (given by eqn. 5.7) and the following eigenvectors:
Ψ˜푟푒푙 =
[
Ψ푟푒푙1 Ψ
푟푒푙
2
]
=
⎡⎣1 1
0 −1− 푚1
푚2
⎤⎦ (5.13)
which obviously describe the same deformation patterns with the ones described by eqn. 5.8,from which they
could be derived applying the transformation 퐷푥 = 푥2 − 푥1. Nevertheless, there is a signiﬁcant diﬀerence
between the two forms of the modal basis. The diagonalisation of the matrices corresponding to the relative
form:
M푚푟푒푙 = Ψ˜
푇
푟푒푙 ⋅M푟푒푙 ⋅ Ψ˜푟푒푙 (5.14)
K푚푟푒푙 = Ψ˜
푇
푟푒푙 ⋅K푟푒푙 ⋅ Ψ˜푟푒푙 (5.15)
fails, as the emerging ones are not diagonal. The arbitrary response of the system, when it is described by the
relative equations of motion, cannot be decomposed in the excitation of the distinctive modes. Moreover, as
the rigid mode (Ψ1) cannot be decoupled from the ﬂexural one (Ψ2), the response cannot be decomposed in
a translational motion of the mass 푚1 (which would be calculated in global coordinates in the space domain),
and a relative to it deformation of the mass푚2 (which would be calculated in relative coordinates). Applying
the above conclusion to the wheel-belt case, the system’s response cannot be decoupled in the wheel’s
displacement and the, relative to that, belt deformation.
The above barrier is overcome by the adoption of a new, moving, system of reference, which does not
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necessarily coincide with the wheel centre and an assigned to that degree of freedom (푥푠) prescribes its
response. Using that response as a reference value, the relative response of the system’s degrees of freedom
may be written as:
Δ푥푠1 = 푥1 − 푥푠 (5.16a)
Δ푥푠2 = 푥2 − 푥푠 (5.16b)
The translational motion of the system (푥푠 degree of freedom) is deﬁned by the total inertial property of the
system: ∑
푚 ⋅ 푥¨푠 =
∑
푓 ⇒ (푚1 +푚2)푥¨푠 = 퐹1 + 퐹2 (5.17)
and corresponds to the rigid body response of the system. Subtracting the above equation from the initial
equations of motion (eqns. 5.1) and substituting the expressions 5.16 to them, it may be written:
푚1 ⋅Δ푥¨푠1 + 푘 ⋅ (Δ푥푠1 −Δ푥푠2) = −퐹2 +푚2 ⋅ 푥¨푠 (5.18a)
푚2 ⋅Δ푥¨푠2 + 푘 ⋅ (Δ푥푠2 −Δ푥푠1) = −퐹1 +푚1 ⋅ 푥¨푠 (5.18b)
The relative deformation vector is deﬁned as:
Δx푠 =
[
Δ푥푠1
Δ푥푠2
]
(5.19)
and respectively the system of the equations of motion may be written as:[
푚1 0
0 푚2
]
⋅
[
Δ푥¨푠1
Δ푥¨푠2
]
+
[
푘 −푘
−푘 푘
]
⋅
[
Δ푥푠1
Δ푥푠2
]
= −
[
퐹2
퐹1
]
+ 푥¨푠 ⋅
[
푚2
푚1
]
(5.20)
⇒M ⋅Δx¨푠 +K ⋅Δx푠 =
[
퐹1
퐹2
]
−
[∑
퐹∑
퐹
]
+ 푥¨푠 ⋅
[∑
푚∑
푚
]
−
[
푚1
푚2
])
(5.21)
Substituting eqn. 5.17 to the above, it is derived:
M ⋅Δx¨푠 +K ⋅Δx푠 = F− 푥¨푠 ⋅
[
푚1
푚2
]
(5.22)
The left part of the above equation is identical to the left part of the matrix form of the initial system of
the equations of motion (eqn. 5.6), if the vector of the global degrees of freedom (x) is substituted by the
corresponding relative one (ΔX푠). Consequently, the application of the modal expansion method results in
the same natural frequencies and modal basis with the global form of the system, which are obviously able
to diagonalise the system’s matrices and to decouple the corresponding modes. The right part of eqn.5.22 is
derived from the excitation vector and the acceleration of the system, calculated by eqn. 5.17.
In general,the modal expansion method [169, 250] imposes the substitution of the degrees of freedom
vector (ΔX푠) by the product of the eigenvectors matrix (Ψ˜) and the vector of the modal participation
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factors (휂˜):
ΔX푠 = Ψ˜ ⋅ 휂˜ (5.23)
while the matrix form of the equations of motion (eqn. 5.22) is multiplied with the transpose of the eigen-
vectors matrix:
Ψ˜푇 ⋅M ⋅ Ψ˜ ⋅ ¨˜휂 + Ψ˜푇 ⋅K ⋅ Ψ˜ ⋅ 휂 = Ψ˜푇

F− 푥¨푠 ⋅
[
푚1
푚2
])
(5.24)
⇒M푚 ⋅ ¨˜휂 +C푚 ⋅ 휂˜ = Ψ푇 F− 푥¨푠 ⋅
[
푚1
푚2
])
(5.25)
Rewriting the right part of the above equation only for the rigid mode, it may be derived:
[
1 1
] [퐹1
퐹2
]
− 푥¨푠 ⋅
[
푚1
푚2
])
=
∑
푓 − 푥¨푠 ⋅
∑
푚 ≡ 0 (5.26)
Apparently, the right part of eqn. 5.25 cancels out the corresponding to the rigid mode excitation of the
system. Its rigid mode motion inheres solely in the time domain inertial equation of motion (eqn. 5.17).
Summarising the above, the described approach addresses the problem associated with the application of
the modal expansion method on the relative form of the system’s equations of motion, which is necessary for
the capture of the non linear large displacements such as the ones imposed by the rotation. Instead of ex-
pressing the response of the system’s degrees of freedom as relative values to the global displacement response
of one of them, an additional degree of freedom is introduced, associated with the global rigid mode motion
of the whole system and controlled by the total inertia of it. A moving system of reference is accordingly
introduced and the system’e equations of motion are rewritten according to that.Their homogenous form
is similar to the one of their global expression and in return the modal characteristics remain unchanged,
something that allows for the decomposition of the relative response in the participation of individual modes.
The excitation, corresponding to the relative form of the equations, is calculated using the system’s rigid
acceleration. Under this approach, the rigid mode is deduced from the equations of motion of the system and
is described solely by the inertial diﬀerential equation. Apparently, the total response (translational and de-
formational) of a degree of freedom is composed by the superposition of the system’s translation, calculated
in the space-time domain, and the relative ﬂexural response, calculated in the modal-time domain.
5.1.2 The wheel-tyre system
The above method will be here applied to the wheel and belt system, starting from the remission of the
suspension of the wheel degrees of freedom. The modal characteristics of the combined wheel and belt system
have been presented in section 3.8 of chapter 3, but herein the same characteristics will capture the modal
behaviour as expressed in the moving system of reference (푥푂푦). This is enabled by the initial coincidence
of the position of the system’s origin with the respective one of the stationary system of reference and the
wheel centre.
The in-plane displacement of the moving system, stated in the stationary system of reference (푋푂푌 ),
is described by three inertial diﬀerential equations (two for the in-plane translational motion and one for
the rotational motion). The global position of the wheel and the belt nodes will be calculated by the
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Figure 5.2 – An overview of the large displacement transient simulation algorithm.
superposition of their modal response on the system’s motion. Using them, the contact interaction of the
tyre with the road will be stated in the global stationary system, following the process described in chapter
4. The derived global forces and the total moment will be ﬁrstly used for the calculation of the global
system’s rigid motion; secondly, both global accelerations and external excitation forces will be transformed
and projected to the transient system and the expression of the space domain local system excitation will
be derived. The corresponding to that modal domain excitation will be calculated and the time domain
diﬀerential equations of the modal participation factors will be numerically solved. The above procedure,
summarised in ﬁg. 5.2, is followed in every time step of the simulation, and will be analytically presented in
the following.
The discretised belt and tread representations and the contact algorithm, developed in chapter 4, will
be used for the investigation of the tyre-road interaction; in respect, the common stages of the modelling
formulation will be excluded from the following analysis. A distributed external excitation will be used as
a starting point for the analysis. In the linear sidewall case, which is initially examined, the excitation is
composed by the contact forces, applied to the belt nodes, and the external forces and moment applied to
the wheel.
It is worth mentioning that the incorporation of the eﬀect of the inﬂation pressure through the superposi-
tion of an initial radius increase, instead of a steady radial excitation force, oﬀers a signiﬁcant computational
advantage. The excitation vector incorporates non zero values only for the belt nodes which are in contact
with the road and the computationally expensive transformation of the excitation forces from the stationary
to the transient system of reference will only be accomplished for these nodes. The inﬂation pressure does
not aﬀect the wheel response, although it may be considered to be an external excitation, as the summation
of the radial inﬂation forces along the wheel circumference results in a zero total resultant force.
The horizontal and vertical translational rigid body motion of the transient system of reference is de-
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scribed by the following equations:
(푚푤 +푚푏) ⋅ 푢¨푠푋 =
∑
퐹푋 (5.27)
(푚푤 +푚푏) ⋅ 푢¨푠푌 =
∑
퐹푌 (5.28)
while the respective rotational rigid motion is given by:
(퐼푤 + 퐼푏) ⋅ 푢¨푠Φ =
∑
푀 (5.29)
where:
푢푠푋/푌 the horizontal/vertical displacement of the system
푢푠Φ the rotational displacement of the system∑
퐹푋/푌 the summation of the horizontal/vertical external excitation forces∑
푀 the summation of external moments of rotation
푚푤 the wheel mass
푚푏 the belt mass
퐼푤 the wheel moment of inertia
퐼푚 the belt moment of inertia
The total excitation force, along each of the dimensions, is composed by the contact forces applied to
the belt nodes and the external forces applied to the wheel:
∑
퐹푋/푌 = 퐹
푤
푋/푌 +
푛푏∑
푖=1,푐푖=1
퐹 푖푡푋/푡푌 (5.30)
where:
퐹푤푋/푌 the horizontal/vertical external wheel forces
퐹 푖푡푋/푡푌 the horizontal/vertical contact forces applied to the 푖th node
푛푏 the total number of nodes
푐푖 the contact index of the 푖th node(c=0: no contact, c=1: contact)
The respective moment equation will be given at a later stage of the analysis, as its calculation necessi-
tates the earlier calculation of the belt response.
In the preceding study of the modal and contact tyre behaviour (chapters 3 and 4 respectively), the centre
of the ﬁxed wheel was ﬁxed at the origin of the stationary system of reference, an assumption followed here
as an initial condition. As additionally the initial origin position and the orientation of the transient system
coincide with the ones of the stationary system, the integration of the equations results in the global position
and angular orientation of the transient system (respectively 푋푠, 푌푠 and Φ푠), measured in the stationary
one.
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Having calculated the rigid body motion of the system, the excitation is projected to the transient system:[
퐹 푖푡푥
퐹 푖푡푦
]
= T(Φ푠) ⋅
[
퐹 푖푡푋
퐹 푖푡푌
]
(5.31)
while the projection of the wheel external excitation forces reads:[
퐹푤푥
퐹푤푦
]
= T(Φ푠) ⋅
[
퐹푤푋
퐹푤푌
]
(5.32)
where additionally 퐹 푖푡푥/푡푦 are the contact forces applied to the 푖th belt node along the horizontal/vertical
direction of the transient system and 퐹푤푥/푦 the external wheel forces along the same directions.
Prior to the composition of the space domain excitation vector in the transient system, the general form of
the excitation and response vectors of the combined wheel and belt system will be discussed. The application
of the modal expansion on the combined system has been presented in section 3.8 of chapter 3 and may be
summarised in the following conclusions:
∙ The incorporation of the three wheel degrees of freedom (corresponding to the horizontal/vertical
translations and the in-plane rotation) results in three distinctive modes, added to the modal basis of
the ﬁxed wheel model.
∙ In particular, three rigid -zero frequency- modes are predicted by the combined system, corresponding
to the common wheel and tyre in-plane translations and their in-phase rotation. These modes may be
regarded as having evolved from the radial n=1 and the tangential n=0 modes respectively.
∙ Examining the ﬂexural modes, the radial 푛 = 0 (torsional) and 푛 = 1 modes are primarily aﬀected
by the wheel participation in the modal expansion and insigniﬁcantly the tangential n=1 modes. The
corresponding mode shapes capture respectively the anti-diagonal (out of phase) relative wheel-tyre
rotational (푛 = 0) and translational translational (푛 = 1) motion.
∙ All the 푛 > 1 modes remain similar to the one of the ﬁxed wheel model.
Given that the combined rigid body motion is not captured by the modal response but exclusively by
the space domain inertial motion of the system, the rigid modes of the system may be subtracted from the
modal basis. Consequently, the basis will diﬀer from the one used in the contact study only in the 푛 = 1
radial couple of modes (horizontal/vertical), the 푛 = 1 tangential couple (horizontal/vertical) and the 푛 = 0
radial (anti-diagonal torsional) modes, as the wheel-tyre (non rigid body) interaction is captured by these
ﬁve modes. The discretised form of the belt model, proposed in chapter 4, is adopted and given that every
mode shape vector must have the same length, each of them has to be extended in order to incorporate the
three additional wheel DOFs, although non zero deformation amplitude values will be present only in the
above mentioned ﬁve modes.
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In compliance with eqn. 4.42, the mode shape vector of the 푗th mode can be written as:
Ψ푗 =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
푈푤,푗푥
푈푤,푗푦
푈푤,푗Φ
푈 푗푥,푖=1(휃1)
푈 푗푦,푖=1(휃1)
...
푈 푗푥,푖(휃푖)
푈 푗푦,푖(휃푖)
...
푈 푗푥,푖=푛푏(휃푛푏)
푈 푗푦,푖=푛푏(휃푛푏)
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5.33)
where:
푈푤,푗 the wheel displacement predicted by the 푗th mode
푈 푗푖 the 푖th node deformation predicted by the 푗th mode
휃푖 the central angle of the 푖th node
Following the analysis of section 3.8 of chapter 3, such an orientation angle can be selected for the
wheel-belt rectilinear interaction modes, that each of the two recurrences of each of them in the modal basis
captures the horizontal or the vertical direction respectively:
푈푤,푗푥 =
{푅 ⋅ 휋(푘푟 ⋅푅푚푗 − 푘푡 ⋅ 푇푚푗 )
휋 ⋅푅(푘푟 + 푘푡)− 휔2푗 ⋅푚푤
, 푗 : 푛 = 1, radial/tangential mode of horizontal displacement
0, 푗 : all the other modes
(5.34)
푈푤,푗푦 =
{푅 ⋅ 휋(푘푟 ⋅푅푚푗 − 푘푡 ⋅ 푇푚푗 )
휋 ⋅푅(푘푟 + 푘푡)− 휔2푗 ⋅푚푤
, 푗 : 푛 = 1, radial/tangential mode of vertical displacement
0, 푗 : all the other modes
(5.35)
푈푤,푗Φ =
{
Φ푗 =
2휋 ⋅푅2 ⋅ 푘푡 ⋅ 푇푚푗
2휋 ⋅푅3 ⋅ 푘푡 − 휔2푗 ⋅ 퐼푤
, 푗 : 푛 = 0, radial mode (torsional)
0, 푗 : all the other modes
(5.36)
The force vector will follow the same space discretisation pattern with the eigenvectors and may be written
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as:
F(푡) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
퐹푤푥
퐹푤푦
푀푤
퐹 1푡푥
퐹 1푡푦
...
퐹 푖푡푥
퐹 푖푡푦
...
퐹푛푏푡푥
퐹푛푏푡푦
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5.37)
The derivation of the right part of the system’s matrix equations (5.25) necessitates the subtraction from
each of the above force terms of the global acceleration of the system multiplied by the inertia value assigned
to the corresponding degree of freedom. The rotation of the transient system imposes some additional terms
of global acceleration, further from the ones induced by the translational motion. These additional terms, in
contrast to the translational ones, diﬀer according to the examined node and depend on the circumferential
position of it. The global acceleration of the transient system which corresponds to the 푖th node, will be
calculated in the following. Firstly, the global acceleration of the 푖th node is expressed in the stationary
system, starting from the general equation which transforms its coordinates from the one system to the
other. Later, the system’s global acceleration, as sensed by the particular node, is derived and ﬁnally this
acceleration will be projected to the transient system, so that it can be used in the modal response calculation.
The global position of the 푖th node is given by the equation:[
푋푖푏
푌 푖푏
]
=
[
푋푠
푌 푠
]
+T푇 (Φ푠) ⋅
[
푥푖
푦푖
]
(5.38)
where:
푋/푌 푖푏 the horizontal/vertical coordinates of the 푖th belt node in the stationary system of reference
푋/푌 푠 the horizontal/vertical coordinates of the transient system’s origin in the same system
푥/푦푖 the horizontal/vertical coordinates of the 푖th node in the transient system of reference
A corresponding velocity expression emerges by the time derivation of the above equation:[
푢˙푖푋
푢˙푖푌
]
=
[
푢˙푠푋
푢˙푠푌
]
+ T˙푇 (Φ푠) ⋅ Φ˙푠 ⋅
[
푥푖
푦푖
]
+T푇 (Φ푠) ⋅
[
푢˙푖푥
푢˙푖푦
]
(5.39)
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and an expression for the global acceleration of the 푖th node is similarly derived:[
푢¨푖푋
푢¨푖푌
]
=
[
푢¨푠푋
푢¨푠푌
]
+T¨푇 (Φ푠)⋅(Φ˙푠)2⋅
[
푥푖
푦푖
]
+T˙푇 (Φ푠)⋅Φ¨푠⋅
[
푥푖
푦푖
]
+T˙푇 (Φ푠)⋅Φ˙푠⋅
[
푢˙푖푥
푢˙푖푦
]
+T˙푇 (Φ푠)⋅Φ˙푠⋅
[
푢˙푖푥
푢˙푖푦
]
+T푇 (Φ푠)⋅
[
푢¨푖푥
푢¨푖푦
]
(5.40)
The above acceleration expression can be simpliﬁed using the following identities:
T˙푇 (Φ푠) =
[
− sinΦ푠 − cosΦ푠
cosΦ푠 − sinΦ푠
]
=
[
cosΦ푠 − sinΦ푠
sinΦ푠 cosΦ푠
]
⋅
[
0 −1
1 0
]
= T푇 (Φ푠) ⋅
[
0 −1
1 0
]
(5.41)
and
T¨푇 (Φ푠) = T˙
푇 (Φ푠) ⋅
[
0 −1
1 0
]
= T푇 (Φ푠) ⋅
[
0 −1
1 0
]
⋅
[
0 −1
1 0
]
= −T푇 (Φ푠) ⋅
[
1 0
0 1
]
= −T푇 (Φ푠) (5.42)
The global acceleration of the 푖th node can be now expressed as:[
푢¨푖푋
푢¨푖푌
]
=
[
푢¨푠푋
푢¨푠푌
]
−T푇 (Φ푠) ⋅ (Φ˙푠)2 ⋅
[
푥푖
푦푖
]
+T푇 (Φ푠) ⋅ Φ¨푠 ⋅
[
0 −1
1 0
]
⋅
[
푥푖
푦푖
]
+ 2 ⋅T푇 (Φ푠) ⋅ Φ˙푠 ⋅
[
0 −1
1 0
]
⋅
[
푢˙푖푥
푢˙푖푦
]
+T푇 (Φ푠) ⋅
[
푢¨푖푥
푢¨푖푦
] (5.43)
The last four acceleration terms depend on the rotation of the transient system in respect to the stationary
one and are referred in the literature as: centripetal, tangential, Coriolis and linear accelerations respectively.
It should be considered that here an expression of the global acceleration of the transient system, as sensed
by the 푖th node, is to be derived. Consequently, the terms of eqn. 5.43 referring to the acceleration of the
node in the transient system (the Coriolis and the linear ones in particular) will be subtracted from the
expression; their eﬀect has been incorporated in the left (modal) part of the system’s equations of motion.
In conclusion, the global acceleration of the transient system will be composed by the translational terms
(common for all the belt nodes) plus the centripetal and tangential terms, the values of which diﬀer from
node to node: [
푢¨푠→푖푋
푢¨푠→푖푌
]
=
[
푢¨푠푋
푢¨푠푌
]
−T푇 (Φ푠) ⋅ (Φ˙푠)2 ⋅
[
푥푖
푦푖
]
+T푇 (Φ푠) ⋅ Φ¨푠 ⋅
[
0 −1
1 0
]
⋅
[
푥푖
푦푖
]
(5.44)
where 푢¨푠→푖푋 corresponds to the total global acceleration of the transient system, as sensed by the 푖th node of
the belt.In order the above acceleration to be introduced in the equations of motion, it has to be projected
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to the transient system:[
푢¨푠→푖푥
푢¨푠→푖푦
]
= T(Φ푠) ⋅
[
푢¨푠→푖푋
푢¨푠→푖푌
]
(5.45)[
푢¨푠→푖푥
푢¨푠→푖푦
]
= T(Φ푠)
[
푢¨푠푋
푢¨푠푌
]
−T푇 (Φ푠) ⋅ (Φ˙푠)2 ⋅
[
푥푖
푦푖
]
+T푇 (Φ푠) ⋅ Φ¨푠 ⋅
[
0 −1
1 0
]
⋅
[
푥푖
푦푖
])
⇒ (5.46)[
푢¨푠→푖푥
푢¨푠→푖푦
]
= T(Φ푠) ⋅
[
푢¨푠푋
푢¨푠푌
]
−T(Φ푠) ⋅T푇 (Φ푠) ⋅ (Φ˙푠)2 ⋅
[
푥푖
푦푖
]
+T(Φ푠) ⋅T푇 (Φ푠) ⋅ Φ¨푠 ⋅
[
0 −1
1 0
]
⋅
[
푥푖
푦푖
]
⇒ (5.47)[
푢¨푠→푖푥
푢¨푠→푖푦
]
= T(Φ푠) ⋅
[
푢¨푠푋
푢¨푠푌
]
− (Φ˙푠)2 ⋅
[
푥푖
푦푖
]
+ Φ¨푠 ⋅
[
0 −1
1 0
]
⋅
[
푥푖
푦푖
]
(5.48)
For the dynamic analysis, the wheel is modelled as a point with concentrated inertia properties. In respect,
no rotation induced terms will be present in the corresponding to the wheel transient system’s acceleration
and consequently the system transformation deduces to a simple projection. Moreover, as an angular degree
of freedom is assigned to the wheel, the system’s angular acceleration can be directly transmitted to the
wheel. The transformation reads: [
푢¨푠→푤푥
푢¨푠→푤푦
]
= T(Φ푠) ⋅
[
푢¨푠푋
푢¨푠푌
]
(5.49)
and
푢¨푠→푤Φ = 푢¨
푠
Φ (5.50)
The total excitation vector (following the pattern of eqn. 5.22) can be composed using the discretised force
vector 5.62 and the above derived acceleration expressions( eqns. 5.48, 5.49 and 5.50):
F푠 =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
퐹푤푥
퐹푤푦
푀푤
퐹푥,푖=1
퐹푦,푖=1
...
퐹푥,푖
퐹푦,푖
...
퐹푥,푖=푛푏
퐹푦,푖=푛푏
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
푢¨푠→푤푥 ⋅푚푤
푢¨푠→푤푦 ⋅푚푤
푢¨푠Φ ⋅ 퐼푤
푢¨푠→푖=1푥 ⋅ 푚푤푛푏
푢¨푠→푖=1푦 ⋅ 푚푤푛푏
...
푢¨푠→푖푥 ⋅ 푚푤푛푏
푢¨푠→푖푦 ⋅ 푚푤푛푏
...
푢¨푠→푖=푛푏푥 ⋅ 푚푤푛푏
푢¨푠→푖=푛푏푦 ⋅ 푚푤푛푏
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5.51)
where F푠 is the total excitation vector, including the terms corresponding to the acceleration of the transient
system.
The modal mass of the model may be calculated by the addition of the concentrated wheel inertia
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properties to the respective discretised belt modal mass expression (eqn. 4.51):
M푚 = Ψ˜푇 ⋅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
푚푤 0 0 0 0 ⋅ ⋅ ⋅ 0
0 푚푤 0 0 0 ⋅ ⋅ ⋅ 0
0 0 퐼푤 0 0 ⋅ ⋅ ⋅ 0
0 0 0 푚푏푛푏 0 ⋅ ⋅ ⋅ 0
0 0 0 0 푚푏푛푏 ⋅ ⋅ ⋅ 0
...
...
...
...
...
. . .
...
0 0 0 0 0 ⋅ ⋅ ⋅ 푚푏푛푏
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⋅ Ψ˜ (5.52)
The time diﬀerential equation of the participation factor of the 푗th mode may be written as:
휂¨푗 + 휆푗 ⋅ 휂˙ + 휔2푗 ⋅ 휂푗 =
Ψ푇푗 ⋅ F푠
M푚(푗, 푗)
(5.53)
where M푚(푗, 푗) is the (푗,푗) diagonal element of the matrix derived by eqn.5.52. The deformation and
deformation rate response in the space-time domain are respectively calculated by the transformation:
u = Ψ˜ ⋅ 휂˜ (5.54)
u˙ = Ψ˜ ⋅ ˙˜휂 (5.55)
The calculation of the global position of the belt nodes is processed in two steps; ﬁrstly, the deformation
response is transformed into the stationary system of reference, using the rotation angle of the transient
system (Φ푠): [
푢푖푋
푢푖푌
]
= 푇푇 (Φ푠) ⋅
[
푢푖푥
푢푖푦
]
(5.56)
where 푢푖푋 and 푢
푖
푌 are the horizontal and vertical deformations of the 푖th belt node, projected to the global
system of reference. Secondly,the transient system’s global position and orientation is superimposed to the
above deformation: [
푋푖푏
푌 푖푏
]
=
[
푋푠
푌푠
]
+T푇 (휃푖 +Φ푠) ⋅
[
푅
0
]
+
[
푢푖푋
푢푖푌
]
(5.57)
The global velocity of the belt nodes is calculated by a similar process(eqn. 5.39).
The orientation of the tread elements in the stationary system can be calculated as a superposition of
the system’s rigid rotation and the belt’s ﬂexural deformational. Eqns. 4.58 and 4.59 respectively describe
the rotation and torsional terms of the belt’s contribution.
훼푖 = 휃푖 +Φ푠 + 푎
푖
푟표푡푎푡푖표푛 + 푎
푖
푡표푟푠푖표푛 (5.58)
Having calculated the belt nodes’ global position and the global orientation of the respective tread elements,
the contact analysis presented in sections 4.2.2, 4.2.3, 4.2.4 and 4.2.5 may be applied and the contact forces
are calculated.
For computational reasons, the contact induced moment is calculated in the transient system of reference.
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Accordingly, the tangential component of each contact force is calculated by the transformation:[
퐹푟,푖
퐹푡,푖
]
= T(휃푖) ⋅
[
퐹푥,푖
퐹푦,푖
]
(5.59)
while the respective moment is given by the equation:
푀푖 = 퐹
푖
푡 ⋅
√
(푅 ⋅ cos 휃푖 + 푢푥,푖)2 + (푅 ⋅ sin 휃푖 + 푢푦,푖)2 (5.60)
The total rotation moment of the system is calculated summing the above contact moments and the possible
external moment applied to the wheel:
∑
푀 =푀푤 +
푛푏∑
푖=1,푐푖=1
푀푖 (5.61)
5.1.3 The non linear sidewall case
As it has been discussed in section 4.3.4 of chapter 4, the sidewall geometrical buckling imposes a geometry
dependent non linearity to the respective stiﬀness. This behaviour was modelled using an analytical or
discretised membrane foundation. Modal expansion,though, is a linear method (section 3.7.3 of chapter 3)
and it cannot be applied on the simulation of the non linear behaviour. Consequently, the sidewall term was
dropped from the modal model and its eﬀect was captured by non linear excitation forces, calculated by the
respective non linear equations (section 4.3.4, chapter 4). A similar approach will be followed in the rotation
analysis. It should be highlighted that the non linear sidewall mechanism prevents the substitution of the
inﬂation excitation by a constant radius increase. Consequently, the inﬂation pressure terms have to be
retained in the right part of the equations and the breathing modal participation factor has to be calculated
similarly to the rest of the modes.
The string forces are regarded as external excitations of both the belt nodes and the wheel and the
calculation of the excitation of the latter one is accomplished summing them along the two directions of
the transient system of reference. These forces are considered as internal ones of the wheel-belt system and
in respect they do not participate in the rigid body motion of the combined system. In other words, the
sidewall eﬀect is captured in the transient system of reference and, similarly to the inﬂation pressure one,
no projection to the stationary system is necessary.
The force vector in the non linear sidewall case is given by eqn. 5.62 with the addition of the sidewall
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and the inﬂation terms, the latter ones obviously only for the belt nodes:
F(푡) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
퐹푤푥 + 퐹
푏→푤
푥
퐹푤푦 + 퐹
푏→푤
푦
푀푤 +푀 푏→푤
퐹푡푥1 + 푇 1푟푥 + 퐹
1
푖푛푓,푥
퐹 1푡푦 + 푇
1
푟푦 + 퐹
1
푖푛푓,푦
...
퐹 푖푡푥 + 푇
푖
푟푥 + 퐹
푖
푖푛푓,푥
퐹 푖푡푦 + 푇
푖
푟푦 + 퐹
푖
푖푛푓,푦
...
퐹푛푏푡푥 + 푇
푛푏
푟푥 + 퐹
푛푏
푖푛푓,푥
퐹푛푏푡푦 + 푇
푛푏
푟푦 + 퐹
푛푏
푖푛푓,푦
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5.62)
where:
퐹 푏→푤푥/푦 the total force applied from the belt to the wheel,
through the discretised non linear sidewall foundation, along the 푥/푦 direction
푀 푏→푤 the total moment applied from the belt to the wheel
퐹 푖푡푥/푦 the contact force applied to the 푖th node, along the 푥/푦 direction
푇 푖푟푥/푟푦 the force applied from the wheel to the 푖th belt node,
through the discretised non linear sidewall foundation, along the 푥/푦 direction
퐹 푖푖푛푓,푥/푦 the inﬂation force applied to the 푖th belt node, along the 푥/푦 direction
The total force applied from the belt nodes to the wheel is calculated as:
퐹 푏→푤푥/푦 = −
푛푏∑
푖=1
푇 푖푟푥/푟푦 (5.63)
It should also be mentioned that the moment applied to each of the wheel theoretical nodes is calculated
assuming that the application point of the sidewall force is the belt node belt, similarly to eqn. 5.60 and not
the respective wheel node. This computational simpliﬁcation omits the sidewall geometry eﬀect from any
other part of the calculation apart from the force nonlinearity. The moment equation reads:
푀 푏→푤 = −
푛푏∑
푖=1
푇 푖푟푡 ⋅
√
(푅 ⋅ cos 휃푖 + 푢푥,푖)2 + (푅 ⋅ sin 휃푖 + 푢푦,푖)2 (5.64)
where the force term 푇 푖푟푡 is the tangential component of the in-plane string force applied to the 푖th node,
which is calculated by the projection from the horizontal/vertical to the radial/tangential local system of
reference: [
푇 푖푟푟
푇 푖푟푡
]
= T(휃푖) ⋅
[
푇 푖푟푥
푇 푖푟푦
]
(5.65)
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Figure 5.3 – The inﬂation and contact initial steps.
5.2 The tyre launch
The physical background of the model enables the simulation of the tyre launch process. Before that, the
inﬂation and contact conditions are applied to the model, as characteristically presented in ﬁg. 5.3, together
with the respective transient system displacement. As it was highlighted in the algorithm analysis, the
model interacts with the environment through the imposition of excitation forces and moments. Steady
state kinematic conditions may be represented through the application of the corresponding forces and
moments and the accomplishment of the equilibrium state with the time. Accordingly, the contact state is
imposed through the application of a vertical load to the wheel and the respective equilibrium is gradually
developed.
At the next stage, the rotation may be dynamically imposed to the wheel in two ways: either by the
application of a rotational moment or the application of a horizontal force. The wheel responds developing
an angular or horizontal motion which is transferred to the belt nodes by the sidewall foundation. The
frictional interaction between the tread and the road surface is responsible for the transformation of them
respectively into a horizontal or rotational motion which is in respect transferred through the sidewall back
to the wheel. The moment imposed launch process represents a driving wheel, while the force imposed one
corresponds to a driven wheel.
In terms of rotation, the interaction between the wheel and the belt is controlled by the tangential
sidewall foundation while in terms of translation both the radial (along the direction of motion) and the
tangential ones (vertical direction) contribute. Given that the magnitude of the radial stiﬀness is in general
higher than the tangential one, especially taking into account its non linearity, the application of a horizontal
force instantly results in steady rolling motion, while the application of a respective moment results in a
signiﬁcant rotational vibration (shuﬄe) of the translational velocity. Obviously, the above interaction and
the equilibrium establishment depend on the frictional characteristics of the road surface and the structural
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Figure 5.4 – The angular velocity response of the system to a horizontal step force excitation applied to the wheel, for
various values of friction coeﬃcient.
damping properties of the tyre. The existence of friction provokes the correspondence between the rotational
and the translational motion of the system, while the damping factor controls to what extent the oﬀered to
the system energy will be transformed into motion or deformation. The above phenomena are summarised
in ﬁgs. 5.4 to 5.7, where force and moment step excitations are applied to the wheel and the launch response
of the system is monitored. In all the examined cases the non linear sidewall mode has been incorporated in
the simulation.
In all the examined cases, the contact equilibrium imposed by a vertical load of 5000푁 is chosen as an
initial condition, while both the wheel mass and moment of inertia are assumed to be equal to the respective
belt values (7.82푘푔푟 and 4.25 ⋅ 10−3푘푔푟 ⋅푚2). The eﬀect of the coeﬃcient of friction on the launch process
of a driven wheel, imposed by a horizontal step force of 1푘푔푟 ⋅푚/푠푒푐2 applied to it, is presented in ﬁg. 5.4.
The history of the angular velocity response of the system is examined for three values of friction coeﬃcient:
휇 = 10−4, 10−2 and 1. For the lowest one, the initial rotation of the system (supported by the initially
high damping forces) diminishes and the tyre skids on the road surface without rotating. For the two higher
friction coeﬃcients an almost constant angular acceleration is developed and the magnitude of it slightly
higher in the 휇 = 1 case, given that the friction suspends the relative slip between the tread and the road
that causes the discrepancy between the two motions.
The eﬀect of the tyre damping on the driven wheel launch is depicted in ﬁg. 5.5. A combined mass and
stiﬀness proportional damping property is assumed (section 3.10.2 of chapter 3), with mass and stiﬀness
proportionality coeﬃcients of 훽푑 = 6 ⋅ 10−5 and 훾푑 = 400 respectively. Arbitrary assigning these damping
values to a medium damping case, a low one corresponds to half values of the above coeﬃcient and a high
one to double values of them. The step excitation force remains unchanged from the above driven wheel
case. The diﬀerence between the damping cases is fond to be quantitative, as in all of them the development
pattern of the angular velocity is the same. Obviously, the higher the damping eﬀect, the slower is the
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Figure 5.5 – The angular velocity response of the system to a horizontal step force excitation applied to the wheel, for
various levels of damping.
velocity build up, given that the level of energy absorbed by the structural deformation (rolling resistance)
accordingly increases.
Moving the discussion to the driving wheel case, the eﬀect of the coeﬃcient of friction on the launch
process of the driving wheel is presented in ﬁg. 5.6. A step moment excitation of −10−3푘푔푟 ⋅ 푚2/푠푒푐2
(clockwise) is applied to the wheel and the translational horizontal velocity of the system is monitored over
the ﬁrst two seconds for three values of friction coeﬃcient. The lowest one fails to transform the rotational
motion into a translational one and the wheel is practically spinning remaining at the same global position.
For the other two higher friction coeﬃcients, a forward motion may be developed but a large scale oscillation
is observed (shuﬄe response) resulting in the velocity getting also negative values, in accordance to the
simulation results published by Maurice and Savkoor in [261]. Interestingly, the higher coeﬃcient of friction
results in slightly higher oscillation amplitude, as the suspension of relative slip between the tread and the
road magniﬁes the shuﬄe response. For similar reasons, the response predicted by the lower coeﬃcient
exhibits a slight time delay in comparison to the one predicted in the higher friction coeﬃcient case.
The eﬀect of the damping level on the shuﬄe behaviour of the driving wheel is presented in ﬁg. 5.7.
Obviously for all damping levels, the system exhibits a shuﬄe response with the same frequency but as the
damping increases, the amplitude of the oscillation decreases, given that more energy is dissipated by the
structural deformation. It is worth mentioning that in the above shuﬄe oscillations the frequency is very
close to the damped one of the radial 푛 = 0, mode revealing the torsional physical mechanism of the observed
response.
Before moving from the launch to the examination of other rolling scenarios, the applicability of the
approach to higher angular velocity cases should be mentioned. As it has been discussed in section 3.9 of
chapter 3 there are two eﬀects of the rotation on the belt modal characteristics. The centrifugal acceleration
imposes a stiﬀening eﬀect similar to the one of the inﬂation pressure, while the coriolis acceleration results
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Figure 5.6 – The horizontal velocity response of the system to a step moment excitation applied to the wheel, for various
values of friction coeﬃcient.
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Figure 5.7 – The angular velocity response of the system to a step moment excitation applied to the wheel, for various
levels of damping.
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in a bifurcation of the modes. The intensity of both of them increases with the angular velocity and depends
on the examined mode and the physical properties of the belt. These eﬀects may be incorporated in the
modal basis but their non linearity imposes the reapplication of the modal expansion process in order to be
captured. Consequently, each modal basis corresponds to a single value of angular velocity but may be also
associated with a range of it, for an acceptable error value. The zero angular velocity model which was used
for the above launch analysis imposes a limit to the angular velocity at which the model is applicable, above
which the modal expansion process should be reapplied.
5.3 The application of kinematic conditions
Although the described algorithm captures the dynamic response of the model, the simulation of certain
kinematic conditions is not straightforward. Theoretically, certain steady state operating conditions, angu-
lar or horizontal velocity, may be simulated by the model through the application of the respective steady
excitation and the provision of suﬃcient time for the equilibrium establishment. Usually, though, the respec-
tive excitation values are not known in advance since they are functions of a number of factors, such as the
vertical load or the coeﬃcient of friction. Consequently, the kinematic conditions could be only accomplished
applying a closed-loop control system.
The direct assignment of certain velocity values to the degrees of freedom of the model is obstructed
by the actual process of their calculation. The velocity and displacement of each of the model’s degrees of
freedom emerge as the superposition of the space (translational) and modal (vibrational) domain solutions.
In accordance, a certain kinematic value may be obtained by an inﬁnite number of combinations of the above
values. Each of these combinations, though, corresponds to diﬀerent physical stress and strain conditions of
the model, resulting in a diﬀerent behaviour and performance characteristics of it.
This problem may be overcome by the assignment of the desired kinematic values to the motion of the
system and the drop of the respective diﬀerential equation. At the same time, though, the modal response of
the degrees of freedom to which the values should be assigned to (usually the wheel ones) should be cancelled
out, so that its global kinematic condition will be deﬁned solely by the system’s global displacement. The
modal response cancellation is accomplished by dropping the excitation term associated with the particular
degree of freedom from the right part of the equations of motion. Obviously, as the imposed kinematic
condition is expressed in the stationary system of reference but the vibrational response of the system is
expressed in the transient one, the response cancellation along a constant global direction incorporates a
continuous (at every simulation step) transformation between the two systems of reference.
The global position of the wheel degrees of freedom is given by the equations (following the nomenclature
of section 5.1): [
푋푤
푌푤
]
=
[
푋푠
푌푠
]
+T푇 (Φ푠)
[
푢푚푤,푥
푢푚푤,푦
]
⇒ (5.66)
[
푋푤
푌푤
]
=
[
푋푠
푌푠
]
+
[
푢푚푤,푋
푢푚푤,푌
]
(5.67)
Assuming that the system’s global position (푋푠/푌푠) or its derivative would be imposed, the cancellation of the
respective modal response would be achieved by zeroing the line of the excitation vector which corresponds
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Obviously, the above step of the modal response cancellation may be omitted in case the desired kinematic
characteristics are not strictly assigned to a particular degree of freedom but to the total motion of the model.
In this case, the kinematic conditions may be applied to the system’s motion as above, but the development
of the modal response of the system is not suspended.
5.4 The eﬀective radius concept
The tyre shear force evolves primarily as a non linear function of the tyre macroscopic slip and both simulation
and experimental results prescribe this force across a range of steady state slip values. The deﬁnition of the
slip value is based on the deviation of the rotational to the translational ratio from the value imposed by
the theoretical non slipping single contact point rolling. Obviously, the tyre is a multi-degrees of freedom
deformable system and the imposition of certain slipping positions is not possible, given that the actual
kinematic conditions vary along the contact area. Following the analysis of section 5.3, the corresponding
to a certain slip value kinematic conditions may be assigned to either the wheel or the combined wheel and
belt system, with the second case corresponding to a computationally lighter method.
Apparently, the ratio between of the translational and the rotational velocity of a non slipping rolling
tyre theoretically corresponds to the constant radius of the tyre. In the actual case, though, this radius is
changing as a function of the load and the velocity and cannot be used for the relative to it deﬁnition of
macroscopic slipping conditions. The issue is overcome by the deﬁnition of the eﬀective radius, the value of
which is assigned to certain free rolling operating conditions. For their establishment, a steady translational
or rotational velocity value is imposed to the model while the complementary velocity is developed by the
frictional interaction between the tyre and the road, given that suﬃcient time is provided for the equilibrium
development. The ratio between the two velocities is the eﬀective radius assigned to the particular free
rolling conditions:
푅푒푓 =
푋˙푓푟푠
Φ˙푓푟푠
(5.69)
where the index 푓푟 refers to the free rolling operating conditions. Based on eﬀective radius, the slip (푠푙) value
may be alternatively deﬁned by the deviation of either the angular or the translational horizontal velocity
from the respective free rolling ones:
푠푙Φ˙ = 100
Φ˙푠 − Φ˙푓푟푠
Φ˙푓푟푠
% (5.70)
푠푙푋˙ = 100
푋˙푠 −푅푒푓 ⋅ Φ˙푓푟푠
푅푒푓 ⋅ Φ˙푓푟푠
% = 100
푋˙푠 − 푋˙푓푟푠
푋˙푓푟푠
% (5.71)
Consequently, an accelerating wheel condition would be described by a positive slip value according to the
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Figure 5.8 – The vertical pressure distribution for various values of free rolling velocity, in comparison to the static one.
angular velocity deﬁnition (eqn. 5.70) but by a negative slip value, if the latter is deﬁned by the horizontal
velocity values (eqn. 5.71). The slip deﬁnition according to the angular velocity values is the most common
one in the bibliography (see for example [1]) and will be followed in the present analysis.
Some characteristic free rolling and slip steady state operating conditions will be examined in this section,
together with the developed contact pressure distributions, the micro-slip development along the contact area
and the predicted shear force. The application of a 5000푁 load to the wheel will be used, as previously, for
the contact conditions generation, while all the results have been acquired by the non linear sidewall model.
The tread-road interaction is assumed to be frictional, described by a with a coeﬃcient of friction value of
휇 = 1.
5.5 Free rolling cases examination
The vertical contact pressure distribution of a free rolling tyre for a range of horizontal velocities (up to
80푘푚/ℎ), assigned to the system, is presented in ﬁg. 5.8, in comparison to the static case. Although the
general parabolic/trapezoidal shape of the contact pressure distribution is also retained in the rolling cases,
its shape is not symmetrical any more. The whole contact area moves forward (towards the leading edge of
the contact) as the velocity increases, while the pressure values at the initial phase of the contact increase
signiﬁcantly and in result the values along the biggest part of the contact slightly deduce. In terms of vertical
equilibrium, the wheel load is primarily balanced at the front of the contact, generating a moment of opposite
direction to the rotation. This contact reaction is imposed by the combined damping mechanism of the belt,
the sidewall and the tread and oﬀer a physical interpretation of the rolling resistance moment mechanism as
a function of the rolling velocity.
The horizontal pressure distributions for the same range of horizontal velocity values are presented in ﬁg.
5.9. A respective diversion from the symmetrical shape is developed as the velocity increases. The magnitude
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Figure 5.9 – The horizontal pressure distribution for various values of free rolling velocity, in comparison to the static
one.
of the backwards directed pressures at the front of the contact area increases while the magnitude of the
forwards directed pressures at the rear of the contact area decreases. Apparently, the total resultant force
is backwards directed and is commonly referred as rolling resistance force. For velocity values exceeding a
certain limit, the pressure values become backwards directed along the whole contact length area.
Following the analysis of section 5.4, the steady state free rolling conditions are used for the derivation of
the eﬀective radius (푅푒푓 values, which are presented in ﬁg. 5.10 for the examined velocity range. As it may be
observed, the eﬀective radius increases almost proportionally with the velocity. In physical terms, the rotating
system balances along the vertical to the ground direction at a larger distance from it, corresponding to a
decreased structural deformation. In other words and in comparison to the static contact case, a percentage
of the vertical load of the wheel is now counterbalanced by the damping forces at the front of the contact
area, deteriorating the stiﬀness (deformation induced) ones along the rest of the contact length.
5.6 Slip cases examination
Moving from the examination of the free rolling case to the steady state slip conditions, the 80푘푚/ℎ velocity
case is selected for further analysis. The vertical pressure distributions for various values of positive slip
(accelerating wheel) are presented in ﬁg. 5.8, in comparison to the respective free rolling one. The eﬀect
of the positive slip is to a great extent similar to the one of the velocity, as the vertical load is primarily
supported by the leading section of the contact, while the whole contact area is transposed to the same
direction. In this case, though, the shape of the pressure distribution changes for trapezoidal to parabolic
and a maximum pressure value (peak) may be obviously identiﬁed. This peak moves towards the leading
edge of the contact as the slip increases, given that the damping forces are primarily excited at this section
of the contact.
243
10 20 30 40 50 60 70 80 90 100
316.4
316.6
316.8
317
317.2
317.4
317.6
317.8
318
318.2
Rolling velocity [km/h]
Ef
fe
ct
ive
 ra
di
us
 [m
m]
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Figure 5.11 – The vertical pressure distribution for various values of positive slip (accelerating wheel), in comparison to
the free rolling one.
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Figure 5.12 – The horizontal pressure distribution for various values of positive slip (accelerating wheel), in comparison
to the free rolling one.
The horizontal pressure distribution for the same slip values is presented in ﬁg. 5.12. Presumably, the
negative pressure values of the free rolling case (also presented in the ﬁgure) have been transformed into
positive ones. The pressure magnitude increases almost linearly from the leading edge of the contact along its
length and reaches a maximum value (located towards the trailing edge), after which decreases parabolically.
As the slip percentage increases, the peak magnitude value also increases and its position moves towards
the front edge of the contact area, resulting in the shrinkage of the linear sector and the relative to that
expansion of the parabolic one.Additionally, the pressure value developing at the leading edge of the contact
increases. Above a slip value, although the peak position continues to move towards the leading edge of the
contact, its value does not increase further, a behaviour that has a signiﬁcant eﬀect on the macroscopically
observed shear force, as it will be later noticed.
The eﬀect of the shear velocity of the tread on the development of the contact pressure distribution is
examined in ﬁg. 5.13. The sliding velocity of the tread along the contact area is presented for various values
of slip and in comparison to the free rolling case. Starting from the latter one, it may be observed that the
tread remains attached to the ground along the whole contact area as the particular operating conditions
(vertical load and coeﬃcient of friction) totally suspend its shear motion. In the accelerating wheel case,
the tread develops a slip motion (backwards directed) at the front edge of the contact, the velocity of which,
though, reduces further down the contact area and the tread sticks to the road surface. This behaviour is
supported by the increase of the vertical pressure towards the centre of the contact area, which results in
the proportional increase of the frictional force.
As the imposed slip increases further, the magnitude of the shear velocity increases accordingly and
the shear slip suspension point moves towards the rear of the contact area. The point deﬁnes the relative
dimensions of the slip and the stick sections (zones)of the contact area and the increase of the imposed slip
level results in the magniﬁcation of the ﬁrst zone and the shrinkage of the second one. Above a certain
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Figure 5.13 – The horizontal shear velocity distribution for various values of positive slip (accelerating wheel), in com-
parison to the free rolling one.
slip value, although apparently the slip velocity continues to increase (in magnitude) along the whole slip
section, the relative dimensions of the two sectors remain constant. Examining together ﬁgs. 5.12 and 5.13
it may be concluded that the slip level which corresponds to the ﬁxation of the zones’ relative dimensions is
also associated with the no further increase of the maximum pressure value.
The horizontal deformation of the tread along the contact area for the same slip cases is presented in
ﬁg 5.14. Although in the free rolling case a negative tread deformation may be observed along the whole
contact area, in the accelerating wheel cases a positive tread deformation is observed. Starting from the
leading edge of the contact, the deformation increases, reaches a positive value (maximum) and decreases
towards the trailing edge. The displacement of the maximum deformation point towards the rear of the
contact for increasing slip follows closely the displacement of the transition point between the stick and the
slip zones. Apparently, though, as the tread shear velocity increases further with the slip (ﬁg. 5.13), above
a certain value it hardly aﬀects the slip deformation magnitude.
The vertical contact pressure distribution of a braking wheel (negative slip values) is presented in ﬁg.
5.15. The negative slip eﬀects emerge as opposite ones to the positive slip eﬀects. The contact area is
transposed backwards and although the change from trapezoidal to parabolic distribution shape is again
obvious, in this case the maximum value point moves towards the trailing edge of the contact. As the slip
value increases, the maximum pressure is developed further down toward the trailing edge of the contact
and the the whole contact area is displaced towards the same direction. It is worth mentioning that the
pressure value at the initial contact phase remains higher at the leading edge of the contact (similarly to the
accelerating wheel case), due to the signiﬁcant eﬀect of the damping reaction at the particular area.
The horizontal pressure distribution for the same slip conditions is presented in ﬁg. 5.16. In contrast
to the accelerating wheel case (ﬁg. 5.12), the pressure is negative (instead of positive) along the whole
contact area and a maximum value may be observed towards the trailing edge of the contact (instead of the
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Figure 5.14 – The horizontal tread deformation distribution for various values of positive slip (accelerating wheel), in
comparison to the free rolling one.
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Figure 5.15 – The vertical pressure distribution for various values of negative slip (braking wheel), in comparison to the
free rolling one.
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Figure 5.16 – The horizontal pressure distribution for various values of negative slip (braking wheel), in comparison to
the free rolling one.
leading). For a modest slip value linear and parabolic sections may be identiﬁed but as the magnitude of the
slip increases the distribution becomes parabolic-like along the whole contact area. Interestingly, comparing
ﬁgs. 5.12 and 5.16 it may be observed that for conditions corresponding to the same slip magnitude but
opposite signs of it, the contact distributions, apart form the obvious opposite directions, exhibit diﬀerent
shapes. This diﬀerence results form the fact that under the followed slip deﬁnition the physical eﬀect of the
free rolling is imposed to the predicted pressure distributions but is not included in the derivation of the
slip value. For this reason , alternative slip deﬁnitions that take into consideration the free rolling eﬀects
(assuming a diﬀerent eﬀective radius deﬁnition) have been developed and can be found in the respective
literature [1].
The tread shear velocity for the braking wheel case is examined in ﬁg. 5.17. Similarly to the accelerating
one, for small slip values shear motion is developed at the front of the contact area, in this case, though,
having positive direction, and it is suspended towards the rear. Accordingly also, the increase of the slip
magnitude increases the slip velocity of the tread and transposes the border between the slip and the stick
sections towards the rear. Further increase of the slip magnitude above a certain value increases the shear
velocity, retaining though the relative dimensions between the two zones. For the examined slip values, the
slip zone extends to the whole contact area, a diﬀerence (from the accelerating case) which is justiﬁed by
the above mentioned free rolling eﬀect.
The horizontal tread deformation corresponding to the braking wheel cases is presented in ﬁg. 5.18.
Although negative deformation is developed along the whole contact, the development pattern follows the
one observed in the accelerating wheel case. The maximum deformation position moves towards the rear
of the contact as the slip magnitude increases, while its ﬁxation along the contact (together with the no
further increase of the deformation magnitude) are apparently justiﬁed by the extension of the slip zone to
the whole contact area (ﬁg. 5.17).
The parallel examination of the tread shear behaviour with the total shear force development, as a
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Figure 5.19 – The tyre traction force as a function of the slip percentage.
function of the macroscopic slip (ﬁg. 5.19), leads to interesting conclusions. Typically, the force increases
proportionally to the slip for small slip values but for higher slip values the force saturates, reaches a maximum
value and remains constant for any further slip increase. Apparently, the initial linear behaviour corresponds
to the slip values for which the relative length of the stick and slip zones varies while the saturation behaviour
corresponds to the ﬁxation of their relative dimensions. Apparently, the belt and tread damping mechanisms
introduce a progressive transition of the force from the ﬁrst zone to the second.
Incorporating in the same approach the capability of modelling the structural deformation, the damping
mechanisms and the tread shear motion was found able to predict the experimentally observed nonlinear
force development with the macroscopic slip, although an oversimpliﬁed friction law was used (Coulomb).
The above conclusion supports the argument that the tyre forces nonlinearity should not be exclusively
assigned to the tread viscoelastic friction characteristics but to a combination of structural and frictional
phenomena.Obviously, the incorporation of a more realistic friction model (e.g. Savkoor [228], LuGre [42])
would improve the accuracy of the model, in case the coincidence with an experimental derived behaviour was
to be enhanced. The qualitative agreement of the predicted pressure distributions, the tread slip development
and the macroscopic tyre behaviour with a series of experimentally derived, published ones ([1], [18], [8]) is
suﬃcient, though, for the purposes of this theoretical investigation.
5.7 The eﬀect of the operating conditions on the modal partici-
pation
The use of a method based on the modal expansion for the simulation of the belt structural response,
apart from the obvious computational advantage, also leads to the association of the tyre behaviour and
performance with the participation of certain modes in its structural response. For this reason, the modal
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Figure 5.20 – The participation factors of the contact, free rolling and rolling under slip conditions.
participation factors corresponding to some of the above steady state operating conditions will be compared
to the one corresponding to the contact equilibrium, derived in section 4.4.2 of chapter 4.
Following the respective analysis presented in chapters 3 (section 3.2) and 4 (section 4.4), every 푛 ≥ 1
mode is included in the modal basis twice (with a relative to each other angle of 휋/2푛), so that any orientation
of the mode shape may be represented through the linear combination of the participation of these two modes.
Given that the global orientation of the two modes may be arbitrarily chosen, one of them may be chosen
to be symmetrical to the perpendicular axis, for every modal number value. Contact imposes a symmetrical
excitation and the respective structural deformation may be captured exclusively by these symmetrical
modes. Consequently, the examination of the modal participation factors in the contact case (e.g. ﬁg. 4.26),
is a straightforward process given that participation of the symmetrical modes only is examined. In the
rotation case, though, both modes participate in the non symmetrical response and the direct comparison
of the participation factors with the contact case is not possible. For this reason a combined participation
factor of every modal couple is derived using the equation:
휂푛 =
√
(휂1푛)
2 + (휂2푛)
2 (5.72)
Rolling operating conditions (both free and slip) do not impose radical changes to the contact induced
structural response of the tyre. The decreasing with the modal number pattern of the participation factors,
developed by the contact (ﬁg. 4.26), may be also identiﬁed in the simulation results of the rolling cases,
as comparatively presented in ﬁg. 5.20.This result practically validates the application of a computational
method based on the modal reduction on the simulation of the rolling operating conditions.
The percentage deviation of the modal participation factors from the contact equilibrium, induced by
the free rolling conditions , is presented in ﬁg. 5.21. Free rolling velocity values from 0 to 100푘푚/ℎ are
examined, in 10푘푚/ℎ intervals. Two signiﬁcant eﬀects may be identiﬁed, the intensity of which increases
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Figure 5.21 – The percentage variation of the participation of each mode from the respective static contact one, as a
function of the free rolling velocity. The arrows indicate the increasing rolling velocity which covers the
range from 0 to 100푘푚/ℎ, in 10푘푚/ℎ intervals.
with the velocity. In the low modal number range a slight increase of the participation of the modes is
observed, which becomes maximum for the 6푡ℎ and 7푡ℎ modes. In the high modal number range a decrease
of the participation factor followed by a radical increase is the dominant eﬀect of the rotation. For low
values of the velocity this behaviour is developed in the region of the 19푡ℎ and 20푡ℎ modes, but as the rolling
velocity increases it is transposed to the 18푡ℎ and 19푡ℎ modes.
The 80km/h case is chosen for further investigation under steady state slipping conditions and the
percentage deviation of the participation factors from the free rolling respective ones is presented in ﬁg.
5.22. The range up to 60% positive slip is examined, in 2.5% intervals. As it is expected, the tyre slip
primarily results in the radical increase of the participation of the radial 푛 = 0 mode, as the particular mode
expresses the rigid torsional deformation of belt, relatively to the wheel. Examining the ﬂexural modes, a
slight participation decrease is noticed for the 푛 ≥ 1 modes and a local minimum is noticed for the 3푟푑 mode.
The most signiﬁcant eﬀect of the slip on the participation of the ﬂexural modes, though, may be identiﬁed
in the high modal number range, where a radical increase of the participation of the 18th mode is dominant.
Revisiting the discussion of section 4.4.2 of chapter 4, the drawn conclusion that the contact distribution
shape may be associated with the mode shapes of the excited modes and their wavelengths, through the
respective deformation of the belt, may be used for the analysis of the above participation factors variations.
In the free rolling case, the trapezoidal distribution was retained but the pressure values decreased along
its length, a shape variation matching the long wavelength of lower modal number modes (ﬁg. 4.29). This
change is depicted by the slight increase of the low modal number factors. Accordingly, the loss of symmetry
and the increase of the pressure at the front section of the contact area are both, in terms of shape, highly
localised changes, depicted by mode shapes of very short wavelength, such as the high modal number ones.
These changes are associated with the radical variation of the participation factors which may be observed
in the high modal range. The latter mechanism is also present in the slip rolling cases, given that the
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Figure 5.22 – The percentage variation of the participation of each mode from the respective free rolling one, as a
function of the slip. The arrows indicate the increasing slip values, which cover the range from 0 to 60%,
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respective distribution shapes also exhibit signiﬁcant non symmetry. Moreover, the distribution shape was
found to transform from a trapezoidal to a parabolic one, a distribution which corresponds to mode shapes
of higher modal number. Accordingly, the participation of the very low modal number modes, which are
responsible for the long wave length trapezoidal shape representation (such as the 3rd, the 4th and the 5th
ones), decreases and the participation of the successive higher modal number modes, which are associated
with shorter wavelength parabolic mode shapes,increases.
Furthermore, the concentration of the rolling eﬀect in the high modal number range, in terms of per-
centage and not absolute eﬀect, may be examined in combination with the sensitivity of the modes to the
model’s physical properties (section 3.4.1, chapter 3). In particular, it was found that each of the main
physical properties of the model has a dominant eﬀect on the modes across a certain modal number range:
the radial sidewall on the low range, the inﬂation pretension on the medium range and the elastic modulus
on the high one. The deviation of the rolling cases structural response from the respective contact one is
captured by modes lying in the latter, elastic modulus dependent, zone. In respect, the eﬀect of the struc-
tural properties on the tyre’s shear force performance is primarily depicted by the one of the elastic modulus,
in the same way that the corresponding eﬀect on the contact behaviour was found to be depicted by the
sidewall stiﬀness.
5.8 Summary of the chapter
In this chapter the simulation of the transient rolling operating conditions was investigated. Given that the
small displacement assumption (on which the previous contact analysis was based) could not be justiﬁed, the
wheel translational and rotational degrees of freedom were incorporated in the model. The large displacement
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simulation was accomplished at two levels: the ﬂexural response of the belt and the relative belt to wheel
motion were captured by the modal response of the combined wheel and belt model, following the modal
expansion method which was presented in chapter 3, expressed here in a moving system of reference. The
translational and rotational rigid motions of the system were prescribed by the respective inertial equations
of motion, calculated in the global (stationary) system of reference. The rigid motions were accordingly
deduced from the modal motion calculations subtracting the corresponding to them force terms (composed
as products of the respective accelerations and inertia terms) from the excitation expression of the transient
system. The global system was also used for the calculation of the contact excitations and the expression of
the external ones applied to the wheel.
The composed algorithm was used for the study of the launch process of a tyre, initially being in contact
equilibrium under a constant vertical load applied to the wheel. The diﬀerences in the launch behaviour of
the tyre, as imposed by the rotational or translational excitation, were analysed, corresponding to the driving
or the driven wheel case respectively. In both cases, the roles of the friction and the damping mechanisms
in the development of the respective horizontal or rotational velocity responses were found to be crucial.
Commonly, the tyre performance (at an experimental or simulation level) is investigated and expressed for
steady state operating conditions. Theoretically, in order such conditions to be simulated by the dynamic
algorithm, the respective excitation has to be known in advance and suﬃcient time for the equilibrium
establishment should be provided. Both of these conditions, though, impose practical diﬃculties in their
application to the model. Moreover, the assignment of certain kinematic values (e.g. global position or
velocity) to certain degrees of freedom of the system is impossible as their kinematic conditions are calculated
by the superposition of the modal vibrational response and the inertial motion of the system. Accordingly,
the kinematic conditions could theoretically be prescribed by inﬁnite combinations of the above responses.
Two diﬀerent methodologies were proposed for the tackling of the above problem. The kinematic conditions
could be imposed to the wheel degrees of freedom while at the same time their respective modal response
along the same global direction should be calculated and eliminated. Alternatively, the conditions could
be applied to the total system’s motion (instead of its degrees of freedom), omitting the respective inertial
equations and allowing for the unrestricted development of the modal response.
Using the second method, which is also computationally more eﬃcient, the free rolling of the tyre was
examined, in terms of the two-dimensional contact pressure distribution development. Applying certain ratios
of horizontal and angular velocity values to the system, steady state slipping conditions were simulated and
the respective pressure distributions were derived. The saturation of the total shear force with the slip
was found to be associated with the relative dimensions of the stick and slip zones along the contact area.
Moreover, the prediction of the force saturation pattern using an oversimpliﬁed (non velocity dependent)
friction model (Coulomb) proved that the the structural deformation and the damping mechanisms of the
tyre certainly contribute to this characteristic behaviour, obviously in combination with the viscoelastic
frictional properties of the tread.
The participation factors of the modes, excited by the rolling and slipping conditions, were investigated,
in comparison to the ones corresponding to the static contact equilibrium conditions. Although the general,
decreasing with the modal number pattern, was in general retained, in both rolling and slipping cases the
participation of certain modes was found to increase radically. These modes belong to the high modal number
range, which, as discussed in chapter 3, is mainly aﬀected by the elastic modulus of the belt. In conclusion,
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the respective eﬀect of the structural deformation on the shear force performance was mainly assigned to
the sensitivity of these modes to the elastic modulus property, in addition, obviously, to the obvious eﬀect
of the sidewall stiﬀness on the contact deformation and on the rigid body (relative to the wheel) torsional
displacement of the belt.
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Chapter 6
Conclusions and future work
6.1 Summary of the work
Following the initial brief presentation of the various tyre modelling approaches, the theoretical background
for the development of a transient in-plane tyre model, able to capture the interaction between the structural
response and the shear force development, was investigated. The proposed model was based on the modal
representation of the tyre structural deformation for reasons associated with the computational eﬃciency of
the method and the possible expression of the tyre response under varying operating conditions through the
excitation of certain modes. The sensitivity of these modes to the model’s physical properties was found
to prescribe the eﬀect of these properties on the performance characteristics and the behaviour of the tyre,
something that the pure spatial modelling approaches cannot accomplish.
The investigation starts from the structural modal representation and progressively evolves to the simu-
lation of the contact phenomena and later to the incorporation of the rolling and slipping conditions. These
steps were respectively examined in the three basic chapters of the study and in each of them certain mod-
elling enhancements to the initial vibrational model were proposed. In result, the eﬀect of each of them on
the accuracy and the simulation behaviour of the model was highlighted. Furthermore, having identiﬁed the
key factors and mechanisms that deﬁne the tyre behaviour and the interaction of the structural response
and the shear force development, the possible validity or not of various modal modelling approaches, which
in many cases are a priori adopted and incorporated in the physical models, were critically examined. The
basic ﬁndings of the study are brieﬂy summarised in the following section.
6.2 Basic ﬁndings and conclusions
6.2.1 The simulation of the tyre modal behaviour
The modal prediction of both analytical (rectilinear or circular) and discretised modelling approaches was
analysed across a broad modal range, as the suﬃcient breadth of the modal basis for the accurate capture
of the structural mechanisms of the tyre behaviour is neither constant or a priori known. The analytical
ring on elastic foundation model was used as a comparison basis, given that, at least in the low frequency
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range, its correlation with the tyre modal behaviour has been experimentally established. The structural
mechanisms that deﬁne the modal behaviour of the ring model and the physical properties that support
their development were analysed. These factors were found to have a varying eﬀect across the modal range
and based on their possible capture or omission by the rest of the modelling approaches, their modal range
of agreement with the ring one was identiﬁed, something that later deﬁned their applicability or not on the
particular study.
The primal vibration mechanism of a ring model is the circumferential bending deformation. Due to its
circular shape, the respective strain is composed by both radial and tangential deformation contributions. It
was found that both the radial and tangential groups predict a decreasing with the modal number partici-
pation in their mode shapes of the supplementary deformation to the one they are named after, which starts
from an almost equal level to their primal one and progressively reduces with the modal number. Above a
certain number, the radial modal group exhibits a pure radial deformation and the tangential modal group a
pure tangential one. For this reason, the rectilinear modelling approaches were found to be insuﬃcient for the
capture of the low and medium modal range behaviour as they fail to predict such a deformation coupling.
The low frequency range of the ring is primarily composed by the radial low and medium modal number
modes and in respect the modelling capture of various mechanisms and properties’ eﬀects is necessary for
the accurate simulation of the modal behaviour across this range. In contrast, the high frequency modal
behaviour of the tyre is associated with a decoupled deformation pattern and pure bending or extensional
deformation characteristics, that justify the use of simpliﬁed models. The modal prediction of the discretised
models, was found to be in good correlation with the analytical ones as the deformation coupling in this case
is induced by the angular transformation of the elements prior to their assembly. The modal characteristics
of the modes that lie close to the upper limit of the available range deviate from the respective analytical
ones, being usually signiﬁcantly stiﬀer. In respect, the discretisation of the structure should be accomplished
taking into consideration that not all the predicted modes correspond to modal behaviour of the structure,
as induced by the respective physical mechanisms.
Using the ring model, the eﬀect of three mechanisms across the predicted modal range was analysed: the
non linear sidewall, the incorporation of the wheel in the modal expansion and the rotational phenomena.
A membrane mechanism was proposed for the capture of the pressure and shape variation eﬀects of the
sidewall on the tyre behaviour, as an enhancement to the ring model. The incorporation of the wheel was
found to aﬀect only three modes of the ring model resulting in either an out of phase deformation response
between the wheel and the belt, or an in-phase rigid mode one. Both the coriolis and centrifugal rotational
phenomena were analysed. Given that they impose a non linear deviation to the ring model equations, the
use of the modal basis, which is acquired for a particular value of the angular velocity, across a broader
velocities range introduces a computational error. The magnitude of this error depends not only on the
properties and the breadth of the range but also varies according to the modal number. It was found that
the rotation phenomena primarily aﬀect the low modal number modes and deteriorate in the high modal
number range, a conclusion which supports the above stated argument that the low-medium range modal
representation is more demanding in terms of mechanisms’ and eﬀects’ consideration, compared to the high
one. Finally, the eﬀect of the common energy dissipation mechanisms on the predicted modal behaviour was
also analysed. The correlation of the experimentally acquired damping characteristics with the respective
ones predicted by some simpliﬁed modelling assumptions was investigated.
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6.2.2 The simulation of the tyre contact behaviour
Based on the contact stiﬀness concept, a discretised foundation of tread elements was proposed for the
simulation of the tyre contact behaviour. Each of the elements was composed by two, vertical to each
other, Kelvin-Voigt elements, able to capture the slip displacement of the tread on the road surface, as
imposed by the frictional conditions and its viscoelastic properties. This tread model was paired with
a discretised form of the analytical ring model, decoupling the discretisation level from the modal range
breadth and characteristics prediction. Assigning one tread element to each of the belt nodes, the physical
mechanism of interaction between the belt deformation, the tread slip behaviour and the development of the
two-dimensional contact pressure distribution ﬁeld was identiﬁed.
The incorporation of the nonlinear, string based, sidewall mechanism to the model was found to have
a signiﬁcant eﬀect on the predicted behaviour. Although for low deformation levels the vertical pressure
distribution is a parabolic one independently from the sidewall mechanism, the actual buckling sidewall
behaviour results in a concave (radial inwards) belt deformation as the load increases, which is not predicted
by the linear sidewall model. This belt deformation pattern results in a similar pressure distribution shape,
as opposed to a trapezoidal one for the linear model, and in a relative lower magnitude of the developed
pressure ﬁeld. In general, the conformation of the circular belt shape to a plane surface is associated with a
horizontally outwards displacement, which is reacted by the friction force and results in an inwards directed
horizontal pressure ﬁeld. The radially inwards belt deformation was found to aﬀect also the horizontal
pressure distribution development as the respective belt points also move horizontally inwards. In this case,
the respective friction force generates an outwards directed pressure ﬁeld. The possible formation and the
dimensions of the concave belt shape was found to aﬀect the direction of the horizontal pressure ﬁeld and
also to justify a respective discrepancy between various experimental studies.
Examining the tyre contact from a computational point of view, it was found that the participation
of both radial and tangential modes decreases with the modal number but also that the tangential modes
participation is insigniﬁcant compared to the respective one of the radial modes. This conclusion theoretically
validates the use of a reduced modal basis for the calculation of the contact induced structural deformation.
Moreover, the reduction method may be based on the application of a frequency cut-oﬀ limit as the contact
deformation was found to be accurately captured by a low and medium frequency range model. In particular,
a modal basis reduced to 1푘퐻푧, composed by 22 radial and 3 tangential modes, was found to oﬀer a good
combination of accuracy and computational eﬃciency, for typical tyre properties. The above conclusions
justify the choice of the pretensioned ring model, as opposed to its simpliﬁed forms and the rectilinear
representations, for the contact simulation modal basis construction, as the rest of them exhibit a signiﬁcant
modal characteristics deviation across the particular range of interest.
Interestingly, the increase of the deformation level was found to narrow the suﬃcient modal range for the
achievement of a certain degree of accuracy. The profound belt deformation and contact length dimensions
correlate better with the longer wavelength deformation patterns of the low modal number modes. In
contrast, the study of moderate deformation cases requires shorter wavelength patterns associated with the
mode shapes of the higher modal number modes.
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6.2.3 The simulation of the tyre rolling and slipping conditions
The conceptual diﬀerence between the simulation of the contact and the rolling conditions is that in the
second case the wheel and belt displacements cannot be assumed to be small, given that apart from the
respective deformations a profound translational and rotational contribution to them develops. The small
displacement assumption, though, is a necessary simulation requirement for any modal based method, given
that the modal expansion is a linear transformation. A simulation methodology is proposed according to
which a combined modal-time and space time-domain solution is accomplished. The belt deformation and
the relative wheel to belt response are acquired using the respective modally expanded representation in a
moving system of reference, while the rigid mode translation and rotation of the complete system is calculated
in the space-time domain by the corresponding to it inertial equations. Using the above method, the tyre
launch process was investigated and the diﬀerences between the driving and the driven wheel cases were
identiﬁed. In both cases, the eﬀect of the friction development and the damping characteristics (of both
the tread foundation and the belt structure) were found to play a signiﬁcant role in the development of the
rolling conditions.
The problem of the application of steady state operating conditions to the model was examined, as
in general the displacement superposition of the rigid and modal motion contributions imposes an inﬁnite
number of combinations resulting in the same macroscopically observed kinematic conditions of a degree
of freedom. Applying, though, the steady state conditions to the system’s motion, instead of the degree
of freedom one, the free rolling conditions were imposed to the model. Based on them, the concept of the
eﬀective radius was derived in order the steady state slipping conditions to be deﬁned using the macroscopic
kinematic characteristics of the motion. The rolling and slipping conditions contact pressure distributions
were found to lose their symmetry, compared to the static contact ones and the centre of pressure was found
to move forward in the free rolling and accelerating wheel cases and backwards in the braking wheel ones.
The relative length of the tread adhesion and slip zones varies as a function of the macroscopic slip and
the shrinkage of the adhesion zone was found to be related to the force saturation for profound slip values.
The prediction of the force saturation pattern of development using a simpliﬁed (non velocity dependent)
Coulomb friction model proves the contribution of the structural deformation and damping mechanisms to
the macroscopically observed tyre performance characteristics.
The participation of the modes in the contact and rolling deformation was found to follow the decreasing
with the frequency pattern associated with the contact deformation. The loss of the deformation symmetry
and the tangential excitation of the friction (in the case of slip) impose the radical increase of the participation
of certain modes, lying in the high modal number zone. The actual mode associated with this behaviour
depends on the model’s physical properties and the imposed conditions. The modal basis of the model
should be suﬃciently broad so as to be able to capture such structural phenomena. Moreover, for the ring
model, these modes were found to belong to the modal zone where the, elastic modulus dependent, bending
stiﬀness is the predominant property. In respect, the association of the particular property with the shear
force performance of the tyre may be proposed in addition to the already established sidewall mechanism
dependent contact and torsional behaviour.
In general, the structural response of the tyre to contact and rolling -slipping operating conditions may
be captured by a reduced modal basis, omitting the high modal number modes. Although this conclusion
makes such models computationally superior to the pure space domain structural representations, at the
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same time it imposes the necessary incorporation of certain physical mechanisms that may be neglected
in the higher frequency range modal prediction. Low and medium frequency range phenomena associated
with the coupling between the radial and the tangential deformations, the sidewall non linear behaviour,
the pretension eﬀects, the coriolis and centrifugal accelerations and the participation of the wheel in the
modal behaviour cannot be neglected as they bear a signiﬁcant eﬀect on the tyre structural characteristics.
This should be thoroughly considered when a modelling approach is to be proposed for the capture of the
interaction between the modal behaviour and the shear force performance of the tyre, as usually the modal
representations of the tyre structure are focused in the related NVH characteristics, primarily associated
with the bending behaviour of it.
6.3 Future work
Apparently, the above work may be extended by the introduction of the lateral shear force and aligning
moment development, together with the three-dimensional structural response of the belt. Such an approach
would be able to oﬀer a physical insight in the interaction between the frictional characteristics of the tyre
along the two horizontal dimensions and would identify the actual mechanism and the structural contribution
of the shear force reduction in the case of their coexistence.
The concept of using the participation factors of the excited modes for the study of the eﬀect of the
tyre physical properties on its performance characteristics may be further investigated. A respective study
should be based on a more accurate tyre physical representation, than the ring model used here, oﬀering
a direct association of the modal characteristics with the used materials, the diﬀerent tyre zones and the
construction methods. A modal basis composed by such a model could lead to interesting conclusions
regarding the possible operational tunning of certain modes of the tyre. Especially in the cases that the
tyre performance under strictly deﬁned conditions is to be investigated (e.g. anti-lock braking systems,
launch process control, e.t.c.) the respective modes may be used for the optimisation of the tyre behaviour.
Obviously, such an investigation should deﬁnitely include the experimental validation of the method and the
possible conclusions.
The theoretical background of the combined space-time and modal-time domains simulation could be
applied to a broader subsystem including the suspension of the vehicle. The interaction between the tyre
shear force generation, its structural response and the suspension characteristics should be investigated.
Although methods for the modal coupling of the tyre and the suspension have been proposed, they focus in
the combined NVH characteristics and their eﬀects on the vehicle’s chassis. The inclusion of the transient
shear force and slip development eﬀects in the interaction necessitates a tyre modelling approach similar to
the one developed in the present study.
Finally, the above, large-displacement but modal based, simulation methodology could be applied to
various systems exhibiting an operational response following certain deformation patterns. The latter char-
acteristic was found to promote the applicability of a modally reduced structural representation which oﬀers
a signiﬁcant computational eﬃciency advantage compared to conventional space domain simulation methods.
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Nomenclature
훼 global angle of tread orientation
훽푑 stiﬀness proportional viscous damping coeﬃcient
Δ푅푡 axial (radial) deformation of tread element
Δ푇푡 tangential (vertical to axial) deformation of tread element
Δ푋푡 horizontal deformation of tread element
Δ푌푡 vertical deformation of tread element
Δ푌푤 vertical relative approach between the road and the wheel, measured from the critical contact initial
condition
∂
∂
partial derivative
˙ time derivative
휖푠푠 tension (membrane) strain of an arch
휂 modal participation factor
훾푑 inertia proportional viscous damping coeﬃcient
휄 complex value
√−1
휅푠푠 bending strain of an arch
휆 modal damping coeﬃcient
Ψ eigenvector
Ψ푑 damped eigenvector
A푠푠 matrix coeﬃcient of the discretised state space model representation
B푠푠 matrix coeﬃcient of the discretised state space model representation
C푚 modal damping matrix
F vector of the belt nodes’ excitation forces
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F푠 excitation vector of the discretised belt, including the acceleration terms corresponding to the tran-
sient system’s acceleration
F푡 vector of the contact forces applied from the tread elements to the corresponding belt nodes
K stiﬀness matrix
K푚 modal stiﬀness matrix
M inertia matrix
M푚 modal mass matrix
T global to local system of axis transformation matrix
u vector of the belt nodes’ deformation response
u푠푠 vector of nodes’ state space response
Ω belt angular velocity of rotation
휔 natural frequency
휔푑 damped natural frequency
Ω푚푠 angular propagation velocity of a mode shape of a rotating tyre
Φ푠 global orientation of the moving system of reference, measure in the stationary one
Φ푚푤 modal amplitude of the wheel angle of rotation
휌 belt material density
Ldr/t damping force partial diﬀerential operator
Lsr/t stiﬀness force partial diﬀerential operator
t time
Θ central angle of rotating belt, in the stationary system of axis
휃 central angle of belt arch, used as a position variable along it’s circumference
휃푛 the central angle of the mode shape wavelength of the 푛th mode
Θ푚푠 global rotation angle of a mode shape of a rotating tyre
휃푛푏 the central angle of two successive belt nodes
휂˜ vector of modal participation factors of the modal basis modes
Ψ˜ eigenvectors’ matrix (modal basis)
휑 orientation angle of mode shape analytical function
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휑푔→푙 the global to local system of axis transformation angle of the rectilinear elements of a discretised belt
model
휁 modal damping ratio
휁ℎ hysteretic damping ratio (loss factor)
푇 matrix transpose
퐴 belt cross section area
푏 belt width
푐 contact indicator
푐푚 viscous modal damping coeﬃcient
퐶푡 axial viscous damping coeﬃcient of tread element
퐷 bending stiﬀness of an arch, normalised to its length
푑 belt cross section height (radial dimension)
퐷∗ bending stiﬀness of an arch, normalised to its length and width
퐷푂퐹 degree of freedom
퐸 belt material elastic modulus
퐹 (t) concentrated or total force, as a function of time (t)
푓(휃, t) belt excitation force, as analytical function of time (t)and central angle (휃)
푓푚 modal force
퐹 푏→푤 total force applied from the belt nodes to the wheel, through the non linear sidewall foundation
퐹푡 contact force applied to the belt node from the tread element along its direction
퐹 푑푡 viscous damping contact force applied to the belt node from the tread element along its direction
퐹 푠푡 stiﬀness contact force applied to the belt node from the tread element along its direction
푓푟 free rolling steady state tyre operating conditions
퐺(휃, t) energy dissipation analytical function
퐼 belt cross section second moment of inertia
푖 belt node index
퐼푏 belt moment of inertia
퐼푤 wheel moment of inertia
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푗 mode index
퐾 tension stiﬀness of an arch, normalised to its length
푘 sidewall stiﬀness, normalised to circumference length
퐾∗ tension (membrane) stiﬀness of an arch, normalised to its length and width
푘푚 modal stiﬀness
퐾푡 axial stiﬀness of tread element
퐿 wheel to belt distance
푙 length of the rectilinear element of a discretised belt model
푙푠 string arch circumferential length
푙푡 initial axial length of tread element
푙표푐푎푙/푔푙표푏푎푙 local/global system of axis index
푀(t) moment of rotation, as a function of time (t)
푚푚 modal mass
푀 푏→푤 total moment applied from the belt nodes to the wheel, through the non linear sidewall foundation
푚푏 belt mass
푚푡 mass of tread element
푚푤 wheel mass
푀푠푠 bending moment of an arch, normalised to its length and width
푛 modal number
푛푏 number of nodes/elements of a discretised belt model
푛푚 number of modes of modal basis
푁푠푠 tension (membrane) pressure of an arch
푝(휃, t) belt excitation force, as analytical function of time (t)and central angle (휃), normalised to the cir-
cumferential length and belt width (푏)
푃0 tyre inﬂation pressure
푃 ∗0 discretisation normalised inﬂation pressure
푞(휃, t) belt excitation force, as analytical function of time (t)and central angle (휃), normalised to the cir-
cumferential length
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푅 belt radius
푟/푡 radial/tangential index
푅푚 radial deformation amplitude of a mode shape
푅푠 radius of curvature of an arch
푟푠 string or membrane proﬁle radius of curvature
푅푤 wheel radius
푅푚푤 modal amplitude of the wheel displacement projected on the radial direction
푅푒푓 the eﬀective rolling radius of the tyre
푠 length variable of an arch along its central axis
푠푙 the macroscopic tyre slip
푇 string tension force
푇푚 tangential deformation amplitude of a mode shape
푇푛 out of plane component of the string or membrane tension force
푇푟 in plane component of the string or membrane tension force
푇푚푤 modal amplitude of the wheel displacement projected on the tangential direction
푈(휃) belt deformation, as analytical function of the circumferential position (휃)
푢(휃, t) belt deformation, as an analytical function of the central angle (휃)and the time (t)
푢푠 displacement of the moving system of reference
푢푤(t) wheel translational displacement, as a function of time (t)
푢푤Φ(t) wheel angle of rotation, as a function of time (t)
푢푠.푣. generalised state variables for the damping force calculation
푢푠Φ angular displacement of the moving system of reference
푤 central angle of the string or membrane proﬁle arc
푋/푌 global horizontal/vertical index
푥/푦 local (moving) system horizontal/vertical index
푋푠 horizontal global coordinate of the moving system of reference, measure in the stationary one
푋푡 global horizontal coordinate of the tread element’s tip
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푋푤 global horizontal coordinate of the wheel
푋푚푤 modal amplitude of the horizontal wheel displacement
푋푂푌 global (stationary) system of reference
푥푂푦 local (moving) system of reference
푌푏 vertical global coordinate of a belt point
푌푟 vertical global coordinate of the road proﬁle at the contact point
푌푠 vertical global coordinate of the moving system of reference, measure in the stationary one
푌푡 global vertical coordinate of the tread element’s tip
푌푤 global vertical coordinate of the wheel
푌 푚푤 modal amplitude of the vertical wheel displacement
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